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A. Will

HOMOGENEOUS SUBMANIFOLDS

OF THE HYPERBOLIC SPACE

1. Introduction

In [8] was defined the concept of rank of a submanifold of a euclidean space as the maximal
number of linearly independent, locally defined, parallel normal vector fields. It was proved
there (see also [7]) that a homogeneous, irreducible and full submanifold of a euclidean space
of rank at least 2 coincides with an orbit of ans-representation (i.e., the isotropy representation
of a simple symmetric space). This completely characterizes homogeneous submanifolds of
euclidean space with parallel mean curvature vector (not minimal in a sphere).

A natural question that arises is whether these results still hold in hyperbolic space. The
answer is no; in this paper we exhibit a wide family of homogeneous, irreducible and full (in a
sense that will be clarified later, using Lorentzian space) submanifolds of a real hyperbolic space
with flat normal bundle and codimension at least 2 (and hence non isoparametric by [12]).

Nevertheless, in a forthcoming paper we will prove that irreducible and full submanifolds
of hyperbolic space must have isoparametric rank zero (see also [1]). In particular, there do not
exist homogeneous, irreducible and full, non-minimal submanifolds of hyperbolic space, having
parallel mean curvature vector.

Now observe that a compact homogeneous submanifold of hyperbolic space must be con-
tained, by Cartan’s theorem, in a geodesic sphere (hence it is not full in the sense given in the
next section). So the only interesting case is the noncompact one.

For the construction of the examples, we proceed as follows:we begin with a lower di-
mensional hyperbolic space embedded as a totally geodesic submanifold, and we consider two
distributions, one that foliates the submanifold with parallel horospheres, and the orthogonal dis-
tribution, whose leaves are geodesics. We introduce a deformation of this submanifold through
the Lorentzian space in such a way that the normal bundle remains flat, and the deformed sub-
manifold is irreducible, full, and still homogeneous. In fact, the family of shape operators of this
new submanifold is abelian and has two common eigendistributions, given by the deformations
of the original ones. Both distributions play a crucial role(it is used very strongly that the hy-
perbolic space can be decomposed asN A with A one dimensional Lie group andN a nilpotent
one, so that the action is simply transitive).

Finally, notice that, following the proof in [8], if the generic condition〈n1, n2〉 6= 〈n2, n2〉

should be satisfied, the submanifold would be isoparametric(wheren1, n2 are the principal
curvature normals).
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2. Preliminaries

Let
�n,1 be

�n+1 with the Lorentz pseudometric〈(x1, . . . , xn+1), (y1, . . . , yn+1)〉 = −x1y1+

· · · + xn+1yn+1, andHn = {X ∈
�N,1 : 〈X, X〉 = −1} then-dimensional hyperbolic space,

embedded as the sphere of radius−1. Just like in the euclidean case, the tangent space ofHn at
a point p turns out to be the subspace ofTp

�n,1 orthogonal to the position vectorθ(p), and the
geodesic ofHn joining two pointsX, Y ∈ Hn is just the 2-plane generated by them through 0,
intersected withHn.

Let M be an immersed submanifold ofHn. We say that it is full if it is not contained in a
proper totally umbilical submanifold. By [4], the totally umbilical submanifolds of the hyper-
bolic space are precisely the intersections of hyperplanesof

�n,1 with Hn, so a submanifold is
full if it is not contained in a proper affine subspace of

�n,1: if the hyperplane is space-like (the
ambient Lorentz pseudometric induces a riemannian metric)then the intersection is a standard
sphere in

�n ; if the hyperplane is light-like (the restriction of the Lorentz pseudometric is degen-
erated) then the intersection is isometric to a euclidean space, and if the hyperplane is time-like
(the induced metric is once again a Lorentz pseudometric in the hyperplane) then the intersection
is isometric to a lower dimensional hyperbolic space.

Similarly, a submanifold(M, i ) of Hn is reducible if it is a product(M1 × M2, i1 × i2) of
submanifoldsi1 : M1 −→

�n1 , i2 : M2 −→
�n2,1, n1 + n2 = n.

We will only be interested in full and irreducible submanifolds of Hn.

We will need the following

LEMMA 1. Let Mm be a submanifold of a space of constant curvature Q, and let Pm−1 be
a codimension 1 submanifold of Mm, whose tangent space is invariant under the shape operator
of Mm in Q. If Pm−1 has flat normal bundle in Q, then so does M.

Proof. Let R⊥ be the normal curvature tensor ofM in Q. Then, by the Ricci identity,R⊥(X, Y)

= 0 for all X tangent toP andY normal toP in M. The result now follows from [7, appendix].

3. The deformation

If we considerG = SO(n, 1) acting on
�n,1, then the groupG acts transitively onHn with

isotropy K = SO(n − 1). Furthermore,Hn is diffeomorphic to the rank one symmetric space
G/K = SO(n,1)/SO(n − 1) with origin e1 = eK. If we take an Iwasawa decomposition
G = N AK of G, thenG/K ' N A = S and we have that the nilpotent subgroupN and the
one-dimensional subgroupA determine a solvable Lie groupSof isometries of

�n,1 which acts
simply transitively inHn = S.e1.

In these conditions, the orbit ofA throughe1 = eK is a geodesicγ (t) = A(t).e1, and the
orbits of N are codimension 1 equidistant horospheres with the same point at infinity γ (∞) =

limt→∞ γ (t) = limt→∞ A(t).e1 (recall that given a geodesicγ , a horosphere is a level sub-
manifold of the functionhγ (p) = limt→∞ d(γ (t), p) − t).

So we have two foliations onHn, one determined by the orbits ofN and the other, which
is orthogonal to it, whose leaves are geodesics (sinceN acts by isometries, the action ofN
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preserves the leaves of the orthogonal foliation and the leaf through the origine1 = eK is
a geodesic). And just like in euclidean spheres,A.e1 = A(eK) = S{e1, X0} ∩ Hn and
N.q = V(q, nN(q))∩ Hn (whereS{e1, X0} is the 2-plane generated in

�n,1 by the two vectors,
V(q, nN (q)) is the degenerated hyperplane throughq in

�n,1 orthogonal tonN(q)), andnN is
the curvature normal ofN.q in the ambient space which must be a light vector (see Preliminar-
ies).

Then we can extendN andA to subgroups̃N and Ã of SO(n+2k, 1) in the following way:
Consider the usual inclusioni :

�n,1 →
�n+2k,1 : (x1 . . . , xn+1) 7→ (x1, . . . , xn+1, 0, . . . , 0)

and letÑ act asN on
�n,1 ⊂

�n+2k,1 = i (
�n,1) ×

�2k and trivially on
�2k = (i (

�n,1))⊥.

Similarly, we extendA to Ã such that it acts asA on
�n,1 and by rotations on

�2k :

Ã(t) =




A(t)
cos(θ1t) − sin(θ1t)
sin(θ1t) cos(θ1t)

. . .

cos(θkt) − sin(θkt)
sin(θkt) cos(θkt)




whereθ2
1 , . . . .θ2

k are all different from each other and different from 1.

Finally we takeMr = Ñ Ã.ξr ,

ξr = e1 + ren+2 + ren+4 + · · · + ren+2k

For small values ofr , dim(Mr ) = dim(M0) = Hn (becauseM0 has no isotropy, so the orbit
can only be parallel or focal). Moreover, since the holonomygroup of M0 is SO(n − 1), the
holonomy group ofMr is also SO(n − 1) for small values ofr , so Mr is intrinsically (and
then also extrinsically) irreducible. On the other hand it is easy to see thatTξr Ñ.ξr = Te1 N.e1,

that{γr (0), γ ′
r (0), γ ′′

r (0), . . . , γ
(2k+1)
r (0)} are linearly independent (because the corresponding

matrix is formed by two independent(k+1)×(k+1) Vandermönde matrices in{1, θ2
1 , . . . , θ2

k }),

and that these two spaces are independent (becauseÑ acts trivially in
�2k). Thus,

Affine(Mr ) ⊇ γr (0) + Te1(N.e1) ⊕

〈{
γ ′

r (0), . . . , γ
(2k+2)
r (0)

}〉

which is a(n + 2k + 1)-Lorentzian space, so the affine subspace spanned byM is
�n+2k,1, and

Mr is full.

Now, since the action of̃N on the second factor is trivial, the orbits are parallel to the
original ones so they are still totally umbilical, parallelhorospheres with dimensionn − 1 (in a
different radius hyperbolic space,Hn+2k = {p ∈

�n+2k,1 : 〈p, p〉 = 〈ξr , ξr 〉 = −1 + kr2}).
In particular, the tangent space to the orbits ofÑ is invariant under the shape operator ofMr in
�n+2k,1, and the normal bundle of the orbits is flat in

�n+2k,1. It turns out then, using Lemma
1, thatMr has flat normal bundle.

So we get a familyMr of homogeneous, irreducible and full submanifolds ofHn+2k(−1+

kr2) with flat normal bundle, but non isoparametric (see [12]) andsuch that the∇⊥-parallel
translation is not given by the group action.

4. Final remarks

A number of natural questions arise:
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• Are these all the examples? In other words, is every irreducible, full, homogeneous sub-
manifold of a hyperbolic space with rank at least one obtained by this procedure?
A positive answer to this question would lead to a classification result. A negative answer
would follow, for instance, from the existence of any odd codimensional examples, or of
examples with more than two eigenvalues of the shape operators.

• Is it true that every irreducible, full, homogeneous submanifold of a hyperbolic space with
rank at least one (at least of even codimension) has flat normal bundle?
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