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MECHANICS OF PLANAR BEAMS BY STROBOSCOPY

Abstract. The nonstandard analysis is herewith involved within areeniag point
of view, in order to set up continuos planar beam modelstistafrom a discrete
description. The beam is discretized as a set of rigid rodsmected with flex-
ional springs ; we thereby intend to describe the mechabigadviour of a planar
inextensible yarn undergoing pure rotations. The poteatiargy of the yarn is
established, and the lemma of stroboscopy leads to a contndescription, con-
sidering asumptions regarding order of magnitudes of gé&draband mechanical
parameters of the system of rods. The obtained continuoweinappears as a
planar generalization of the classical Euler’s elastioggliving a corrugation term
corresponding to a variation of the curvature of the beam.

1. The mathematical frame: Non Standard Analysis

A new way to master the transition from microscopic mechanicodels to their macroscopic
properties is to use the consistent deal with absolute safenagnitude which is possible in the
frame of Non Standard Analysis. This extension of classitathematics, first introduced by
A. Robinson [3] in the sixties, axiomatized by E. Nelson [2[l977, introduces a new concept,
standardness, which cannot be defined within classical ematics, but is ruled by specific
axioms called Transfer (T), Idealisation (I) and Stand=ation (S). The concept of standard-
ness formalizes the intuitive concept of well defined matigral objects, like the numbers
0,12 ...,m,exp.... the setN, Z, Q, R, etc. Indeed, axiom (T) implies the standardness of
any object which can be explicitely defined within classicalthematics. Axiom (I) implies
that there are integers larger than atgndardnteger. Thus the field of real numbers contains
very largepositive reals (larger than any standard reedy little reals ( 0 orl—)%| very large),
and moderatereals (x| is not very large). Writex ~ y whenevery — x is very little. The
computational rules are these of Leibnitz’s infinitesimaltalus in accordance with engineering
intuitions. Axiom (S) insures that every moderate ne& very near an unique standard réa|
called itsshadowand also that a real functiohwhich takes only moderate values has a shadow,
that is a standard functichf such that fox standard? f (x) =° (f(x)). Within NSA, all clas-
sical limit concepts have a counterpart in terms of the nemcepts. For instance, a standard
real functionf (x) tends to a standard limitasx tends to a standard poir§ if X =~ X5, X # Xo,
implies f (x) =~ f(X,). The derivative is such that

f(X +h) — f(%
et r: )~ i)
forh~0,h #0o0r

f(Xo +h) — F(X) = hf'(X,) + he
wheree means an unknown very little number. From the logical pofnti@wv, NSA is a conser-
vative extension of classical mathematics. This meansatmatheorem in NSA which may be
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expressed without using the new concepts is also true withssical mathematics. Consistency
of NSA follows. NSA is useful to shorten the proof of theorersgt it is also the right context
to express the micro-macroscopic duality of models releiaphysics or engineering. To this
end an important tool is Stroboscopy for ODE and some PDE[@e¢6]). We describe this
technique and show its use on modelisation of beams.

2. Stroboscopy

In order to get a continuous model from a discrete model, oeguently has a sequence of
points which gives the approximate shape of a curve. Stoupysuses a differential system as
an intermediate object to get this curve. More preciselg [4& [1]) the following lemma holds:

LEMMA 1. Let f : RP — RP be a standard continuous function with p standard and
(S, Xi)o<i <n a finite sequence iR x RP such that:

i) sp<a<sy<--<S-1 <b< s, where aandb are standard,;
ii) forevery0 <i < n,we haveis.; ~ 5 and ¥ moderate;
i) foreveryO <i < n,wehave x.1 — X = (541 — 5)(f(X) + nj) where|n; || ~ 0.
Then there is a standard solution of the ODE:

{ dX — f(x(9)
x(0) = °xg

defined on the intervdh, b], such that for ever® <i < n — 1, we have x~ X(5).

If fis a function of clas€l, x(s) is clearly the unique solution of the ODE with initial
value®°xg.

The stroboscopy lemma has many applications in the asyimptetory of oscillations,
as an alternative to the KBM averaging method (see [4]). Thace of accurate observation
times which satisfy condition (i) in a rapidly oscillatingstem is a crucial point. In the sequel,
the valuess are directly provided by a macroscopic mechanical modetob®scopy can be
extended to some PDE (see [6]).

3. From microscopic to macroscopic mechanics of planar beasn

We study the classical rigid-rods model of planar beams wwhemumber of rods is very large.
More precisely, consider rigid rods of lengtH linked byn — 1 springs which keep the system
in a(x,y) plane. Callfy, 65, -, 0n the deviation of the rods from the— direction, andg;,

i = 1,...,n the equilibrium deviation of the rods = i andi + 1 for the springn = i. Thus
the couple between successive rods(® — 611 — «j)(6; — 611 — «j). Suppose the first rod
fixed at the end0, 0) and the last end constrained on thexis is submitted to some constant
horizontal force(—F, 0). Moreover, each inner articulation is submitted to a farte gj). The
energy of the system is then:

k n-1 n
E = 5 Z(ei — 641 —a)?+FI Zcossi +
i=1 i=1
n-1 n-1

— 1> sing(fi + ..+ fa_) +1 Y Coi (Gi + ... + Gn_1).
i=1 i=1
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with the constraintZin:1 singy = 0. One supposé ~ 0. Then, from the Euler-Lagrange
equation (see [5])and the fact that there is no spring atridgé@ 0), we get:

01— 03— a1 = g[(F+ 01+ + gn_1)Sid1 + (f1 + ... + fn_1)cOP1] + pcos

@ — 61— i) — Bi—1— 6 — ai_1) = K[(F +Gi + - + gn_1)SinG; +
+(fi +... 4+ fh_1)cow;] + uco; for2<i<n-1

~(On-1 — 6n — an_1) = TLsingn + pcosn

Adding the lines withk = # anda not very little we get:

w | Y e gnon)sing +1 N 4+ fao)cos)
2 aY ', lcoss

Suppose nownl is moderate with. = °(nl), n is very large F is moderate and
o .
l—' ~ p(il),

—Tl ~ f(l), %"— ~ g(il) where f, g, are some standard continuous real functions aus a
standard derivable one.

Thus:
u o Jg fsIgwsing(®) + fw)cop@)]ldvds A
12 afOL cog(s)ds
with oo
- o
L2~ a0
and ; ;
-1— on—
T xS a (L),
Put
_bip1 =6 G100
i = =
I S+1—S
wheres =il . Then we have:
-1 n-1
di_1 — Pi o —oj_ F . R .
% - 'T'l + 1 Sindi + sing, > " gj +costi Yy fj + Al )cos)
-1 =t
dp F n—1 n-1
~ gD+ Zsing +sing jX_:lgj + cosb jX_:lfj + Al )cos; .

Applying stroboscopy, we get standard functiers), ¢ (s) on [0, L] such that, if

n1==oﬂg),
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we have:

g% = ¢(s)
a% = %%(S) + msiné(s) + sind st g(&)d& + cosh jﬁs" f (§)dé + A(s)cod

with:
{ $0) = —p(0
P(L) =—p(L)

and for every 1< i < n, we have®; ~ 6(il ). Moreover, the springs are located at:

X =1 Zijzlcos% A fé' co¥(s)ds
Yi =13 _gsing] %f(',' sind(s)ds
Thus the curve:
X'(s) = coH(s)
Y (S) = sing(s)
is the shadow of the discrete beasgris the arc length, ané(s) satisfies the integro-differential
equation:

L L
§(s) + msing(s) + 3—/;(5) + sin@/ g&)dg + 0039/ f (£)d& + A(s)co® =0,
S S

with 6(0) = —p(0) andd(L) = —p(L), is the equilibrium equation of the planar smooth beam.
Itis easy to show thai(s) is the curvature of the free beam,( f, g are vanishing).The corruga-
tion term appearing in the equation of equilibrium of a beiam,%%, is the only component of
the director related to the micropolar (local) bending éhealled “corrugation”) corresponding
to a local torque. The shape of the beam can be obtained gdfvémet equations.
Obviously, this model is a planar generalization of thesilzed Euler’s elastica.

The constank can be identified from the variational formulation of the ditium of the
beam

Equilibrium equations:

d

1 _— = 0
(1) gs TP
dMm
— n = 0
ds +2n
projection of (1) om:
dN
__ﬂ + n = 0
S L
The constituve law is:
U
(2 N-z=EA1=EA (S
M=EI U,ss
from the displacemeid = v - n, we get
ouU dn

2s = UV,sN+vgg
z
ds = "o

9s — (S) = V,ss
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thus

which inserted in (2) one further has

N
AL=—Evvss
M=Elv,ss=> N-n= —%% =—Elv,sss
d(Nn) d
N=-E (' V,sssh + AEUU’SSZ) = ds  ~ ds (—Elv,sss) = —Elv,ssss
but
d(Nn) dN dn dn
— = —— N— =—n-— R N
ds dsD T hgs T gst T Vs IR =
dn d(Nn) 2
&t = v,ssTN + s = -E (' v,sssstAv (v,ss) )
~ —ElI l),ssssWith (v K v,s5)
then
(3) pn=p2=Elv,ssss

multiplying (3) by a test functiomw | w (0) = 0 = w (L) gives

L

/ (—pow + Elv,ssssw)ds=0
0
integrating by part further gives
- L
/;J (—pow — Elv,sssw,s)ds+ [Elv,sssw]g =0
We next evaluate
L L
/ (—Elv,sssw,s)ds= / (—Elv,ssw,ss)ds— [Elv,ssw, Ls]§
0 0

but
M = Elv,ss= [E|U,sswys]|d = [MW,slld =

L
/(‘) (—pow — Elv,ssw,ss) ds=[Muw,s]§

We select forw the real solutionv
L L
/ El(v,ss)zds=/ pz(s)v(s)ds+[Mw,s]'6
0 0

The choiceM (0) = 0 = M (L) gives the continuous formulation and

L L
4 / El (Uvss)2d5=/ f (§)dé with f (s) = p2(s) v (9)
0 0



462 M. Magno - J.F. Ganghoffer

in the discrete problem, we have instead:

kn_1 0 — 611 — qj 2
(5) E=§Z'?(7',fl “)
i—1

The identification of (5) and (4) gives

k
—=El = k=2EI
> =
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