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Abstract

In the present paper we treat an almost symplectic d-structure in
the bundle of accelerations E = Osc?M, defined as an alternate, non-
degenerate d-tensor field of type (0,2), we determine all almost sym-
plectic N-linear connections in the bundle of accelerations, we study
the group of transformations of these connections and its invariants.
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1 Introduction

Motivated by concrete problems in variational calculus, the differen-
tial geometry of higher order Lagrange spaces is introduced and studied by
R.Miron and Gh.Atanasiu in [6] — [9].

The various applications of the Lagrange geometry of order % in physics
and mechanics are considerable, [2], [12].

The study of higher order Lagrange spaces is grounded on the k- oscu-
lator bundle notion. The bundle space of accelerations correspond in this
study to k£ = 2,[1], [5].

The almost symplectic geometry of Finsler spaces was studied by many
geometers. (See e.g.[11],[2], [3])-

In the present paper we shall treat an almost symplectic d-structure,
defined as an alternate, nondegenerate d-tensor field of type (0, 2).

We first introduce the notion of almost symplectic d-structure, define the
notion of almost symplectic N-linear connection and study the properties of
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these notions (§2). And, the structure of the set of all almost symplectic N-
linear connections preserving a nonlinear connection is discussed (§3), and
finally the group of their transformations gives us the various important
invariants (§4).

As to the terminology and notations we use those from [10], which are
essentially based on M.Matsumoto [4].

2 The notion of almost symplectic d-structure in
the bundle of accelerations

Let M be a real n = 2n/-dimensional C®-manifold and (Osc*M, m, M)
its 2-osculator bundle, or the bundle of accelerations. The local coordinates
on the total space E = Osc®M are denoted by (z?,y(V¢ (%), If N is a
nonlinear connection on F with the coefficients N(l)i i N(Q)ij, then let be

DI (N) = (L, C(l);k, C(z);:k) an N- linear connection D on E = Osc’M.

Definition 2.1 A d-tensor field aij(w,y(l),y@)) of type (0,2) on a differ-
entiable manifold E = Osc®M is called an almost symplectic d-structure on
E, if it is alternate and nondegenerate:

(21) aij(wvy(l)ay@)) = —aji(:c,y(l),y@)),
(2.2)  det(ai;(z, ¥V, y®)) # 0, vy #£ 0, vy # 0,

with the restriction on TM = Osc' M, also nondegenerate.

Given an almost symplectic d-structure a;;, we associate Obata’s op-
erators:

(2.3) <I>§; = %(5;5} - asja"),@*j; = %(626;- + agja’),
where (a¥) is the inverse matrix of (a;;):

(2.4) aijajk = 5f

a¥ is also alternate. Obata’s operators have the same properties as ones
associated with the Finsler space [10].
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Definition 2.2 An N-linear connection DT(N) = (L]k,C(a)]k) (x=1,2),
with the property:

(a)
(25) a,-jlk = O, A4 | k= 0, (a —= 1,2),

is said to be an almost symplectic N -linear connection, or compatible with
the almost symplectic d-structure (2.1), (2.2).

Proposition 2.1 Let DI'(N) be an almost symplectic N-linear connection.

Then Obata’s operators are h-and va—covariant constants (a = 1,2) :
(@)

(2.6) ®ir =0, B

sl =0, &%, =0, @*" ] 1—0 (a=1,2),

sj | silt

and the Ricci identities, applied to a d-tensor field a;;, give:

27)  aimRp + ami R, = 0,

(2.8) aimP(a)jmkh + aij(a)i'"}ch =0, (¢ =1,2)

(2.9) @imS(91y; "kn T @miS(a1yi & = 05

(2.10) aimS(aa)jmkh + aij(aa)zfmkh =0, (a=1,2),

where R, ijk, P(a)hijk, S(Zl)hijlw S(aa)hijk are curvature d-tensor fields.
From (2.6), (2.7), ..., (2.10) we easily get

Theorem 2.1 The curvature d-tensor fields R,,",,, P(a)mrpq, S(Zl)mrpq’

S(aa)mrpq, (a =1,2) of an almost symplectic N -linear connection have the
following properties:

(2.11) @R %, =0, ®TR° Kllly..tp = 05
(a)

@*;;Rrskl I Loy = 0, (a =12, p= 112"')7

(212) @%rP, ,Cl =0, &~

517 (a =0,

SJ (a)r klll; dp T

(213) Q*;;S(Zl)rskl =0, Q*;;-S(Zl)rsk”ll...lp =0,
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. ()
(I)*;;S(?l)rskl | T (=12 p=1,2..),

(214) q)*"S(aa)r Kkl = =0, q)*si]z‘s(aa)rskllh...l = 07

(8)
q)s]S(aa)rkl|lll-0 (a_12p—12 ﬂ=172)'

3 The set of almost symplectic N-linear connec-
tions

00
Let D I‘ (N) = (L]k, C(a);k), (@ =1,2) be a fixed N- linear connection

on E. Then any N-linear connection on E : DI'(N) = ( ]k, C(a)]k)
(a = 1,2) can be expressed in the form

. 0'.
(3.1) Lj =L} —Bj, Cioye —C( 1k ~Diayiir (@=1,2),

where Bﬁc D(a)]k, (@ = 1,2) are components of the difference d-tensor

0
fields of DT'(N) from DT (N) [4].
In order that DI'(N) is almost symplectic that is (2.5) holds for DI'(N), it
is necessary and sufficient that B]k, Doy (a = 1,2) satisfy

(=)
0
(82) a o +asBle+aisBie =0, aiy | s+ agDiayi +aisDigyye = 0, (@ =
1,2),
which is eguivalent to
(8)
(3.3) @*”Brk =—-%a"a o, @S]D(a)rk —2a™am; |, (@=1,2),

mjlk

(a)
0

0
where | and | , (@ =1,2) denote the h-and v,-covariant derivatives

0
(e = 1,2), with rapport to D T (N).

S0
Proposition 3.1 Let DT (N) be a fized N-linear connection on E. Then
the set of all almost symplectic N-linear connections DI'(N) is given by

(3.1), where B]k, D(a)]’:k, (a = 1,2) are arbitrary d-tensor fields satisfying
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(3.3).
Especially, if D I‘ (N) is almost symplectzc then (3.3) becomes:

(3.4) @B =0, @D 2% =0, (a=1,2).

~ From Theorem 5.4.3[12], however, the system (3.3) has solutions in
o Doyje> (¢ = 1,2). Substituting in (3.1) from the general solution
we have:

0
Theorem 3.1 Let D T (N) be a fized N-linear connection. The set of all
almost symplectic N -linear connections DT'(N) is given by

- 0.
lek =lek 1azma o + (I)" er,
(3.5) mjlk
4]
C(a);k —C( )]k + G amJ ' k + q);] (0: Tk’ (a =1 2)’

(&)

(@)
0

0
where X ko Y( (a = 1,2) are arbitrary d-tensor fields, and |, I , denote

G)Jk’

0
the h-and v, -covariant derivatives (o = 1,2) with respect to DT (N).

As the particular case X]’:k = Y(cx)]?k =0, (a = 1,2) in Theorem 3.1 we
have

0
Theorem 3.2 [15] Let D T' (N) be a given N-linear connection. Then the
following N -linear connection DI'(N) is almost symplectic:

L]k: -ik +%aima 'Tk’
mj
(3.6) 0 @
Carfe =Clayix T30 amj | 1> (@ =1,2),
(o)
0
where | and | denote the h-and vo-covariant derivatives (o = 1,2) with

0
respect to D T (N).

If we take an almost symplectic N-linear connection (e.g.DT(N)) as
0
D T (N) in Theorem 3.1, we have:

Theorem 3.3 [15] The set of all almost symplectic N-linear connections
DT'(N) is given by:
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Lj, = Ljy + 95Xy,
(3.7) |
Clayi =€

where X]k’ Y(

e + Y gl (@ =1,2),

Jk, (e =1,2) are arbztmry d-tensor fields.

4 The group of transformations of almost sym-
plectic N-linear connections.

Let us consider the transformations DI'(N) — DI'(N) of almost sym-
plectic N-linear connections [13], which preserve the nonlinear connection
N. Owing to Theorem 3.3 they are given by:

Li =L} +2"X3,
(4.1)

Clarik = Clayge + ¥ ooy (@ =1,2),

where X Jk, ( a) ;k, (a = 1,2) are arbitrary given d-tensor fields.
Evidently we have:

Theorem 4.1 The set of all transformations (4.1) and the mapping product
form an abelian group G,s, which is isomorphic to the additive group of the
triads of d-tensor fields (<I>"ka, <I>"Y(])Tk, ‘I)lsT'Y(2):k)'

We determlne the 1nvar1ants of the group Gas. The torsion d-tensor fields

Tio) i Sta) 'jk> Rioey ‘it Plag)' b Qay’ s (@ = 1,25 B =1,2) are given
in §3.4 [12]. We denote with:

(42) t(a)ijk Jk{W} (a = 112)5

where Aji{...} denotes the alternate summation: A;x{A;x} = Ajk — Ag;.
Since R0 ik ta) Yo (=1, 2), Q( )]k’ P(12) ik P(21) depend on
N only, they are invariants of G;.
We make some notations:

t(a)*ijk Uk{azmt(a) ]k} T z]k_ ijk{ @im T} (0) ]k}
(4.3)

R(Oa)*ijk = Sijk{aimR(()a)w}k}, S(a)*ijk = Sijk{aims(a)mjk}’ (@=1,:

where S;jx{...} denotes the cyclic summation: S;jx{A;jx} = Ayjkx + Ajri +
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Akij’ and

1
k(aa)ijk= aka(O)"ij + Aij{aimp(aa)n;k}’

2

k(a)ijk= @imSo) ik T Ajk{armClori }s
(4.4) (@) j (a)ij

3 m 4 m
k(agyije= Ajx{armPop) i} kayije= Aiy{aimCji}

a=12; g=1,2.

\
It is noted that t(a)* ik R(Oa)*ijk, T(o) *ijk, S(a)*ijk are alternate, and

1 4 2 3
k(aa)ijk» k(a)ijx are alternate with respect to 4,7 and ka)ijk: k(ag)ijx are

alternate with respect to j, k.

Theorem 4.2 Thezd tensm;ﬁelds t(a) it Rioa) i]k, (a)* ik Bloay sk L) ik
Sa iz k(aa)t]ka E(ayijks k(aB)ijk, k(amk, (¢ =1,2; B =1,2), are invari-
ants of the group Gg;.

Proof. By a transformation of almost symplectic N-linear connections (4.1)
By direct calculations we have T(O) ik = T(o) ik etc.

Proposition 4.1 Between the invariants in Theorem 4.2 there ezist the fol-
lowing relations:

(

1 2
Sijk{kaniget = 2T(g) "k + ta) sk Sisk{k@yiik} = 280 e
(45) J ’Jk{k(ll)uk} - CZ-'(CI ) ijk + t(l) ijk? z]k{k(a z]k} S(a ) i3k’

2 4
k(ayijk + k(@)jki= S(a) e (@ =1,2).

Theorem 4.3 Let N be a nonlinear connection on E = Osc*M. .
(1) The invariant T(o) ik (resp. S(a)*ijk’ (a = 1,2)) vanishes if and only if
there exists an almost symplectic N-linear connection DT'(N) with T(o) =
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0 (resp. S(a)ijk =0, (@ =1,2)).

(2) The invariants Tig) s and S5 venish if and only if there ezists an
almost symplectic N -linear connection DI'(N) with T(o) ijk = S(a)ijk =0,
(a =1,2)).

Proof. If we put X;k = )‘T(O) ijk in (4.1}, where X is a real number, we have
Fog ; i 3 j A g *
T(o) ik = T(o) ik T Ajr{ @5 X0} = (1 + EAZT(O') ik Ea"T(o) rik’

Taking A = -—%, T(O)*i ik =0 implies T(O) t k- The converse is evident.
The statement about Sa)*ijk,

follows from the independence of two procedures in (1).
(a)
Paying attention to a;; | =

(a = 1,2) is proved in the same way. (2)

daij h h _ _dai;
Syak C(a)ika‘hj - C(a)jkaih = ek
1
— k(a)ijt= 0, (a =1,2), Proposition 4.1 tells us the condition that a;; be a
usual almost symplectic d-structure:

Theorem 4.4 An almost symplectic d-structure a;; does not depend on

y@,

4 2
(a =1,2), if an only k(ayijk= 0, (o = 1,2), which is equivalent to k(q)ijx= 0,
(a =1,2). In this case it holds St ijk? (a=1,2).

1
Proposition 4.2 (1) If kq1yix= 0, then 2T(g)", 0 = —t) 1k

1 2 3
(2) Assume that k(ll)ijk +aka(Ol)mij = O’ k(a)ijk + k(ll)ijk: O’ (a — 1’2)
and S(a)*ijk’ (a = 172) Th’fn; R(Ol)* ik = 0 s equivaleth to T(O)*ijk =0.

4
(3) Assume that k(ayijk +A k(1yijk FarmBon™; = 0, A kayije +

3
+ k(11)ijk= 0 and S(a)*ijk =0, (o =1,2), where A # 1 is a real number.
Then, T(O)*ijk + )‘R(m)* ik =0 s equivalent to T(O)*ijk =0.
Proof. Forming the cyclic summations of each of the assumed formulas,
the proof follows from Proposition 4.1.
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