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ON EXPONTENTIAL AUTOREGRESSIVE TIME
SERIES MODELS

Momeéilo Novkovié!

Abstract. This paper presents some recent time series models (the so-
called NAREX(1) models) for exponential variables with first order au-
toregressive structures. They are analogs of the standard AR(1} model
and of the EAR(1), NEAR(1), TEAR(1) and AREX(1) models, intro-
duced by Lawrance, Lewis, Gaver, Maligi¢ and others. Some of their
models can be obtained from NAREX models as special cases.

The distribution of the innovation sequences (a probability mixture}
and the autoregressive structure of NAREX processes are discussed as
well.
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1. Introduction

It is a well-known fact that the standard first-order autoregressive model
(AR(1) model) for a stationary sequence of random variables {X,,t € T =
{0,+1,£2,...}} is defined by the difference equation

Xi=e1+ 08Xy, teT

where § is a parameter (8 € (0,1)) and {&;,t € T} is a sequence of independent
and identically distributed (i.i.d.) randoin variables.

In the Gaussian AR(1) model, the innovation sequence {g;,t € T'} is a se-
quence of Gaussian random variables. However, many naturally occurring time
series are clearly non-Gaussian and for this reason several different models for
the generation of non-Gaussian time series have been recently constructed. For
example, in many positive-valued time series we have an exponential marginal
distribution. This provides strong motivation for introducing some new time
series models using exponential variables.

Some earlier papers on exponential time series models can be sumarized as
follows.
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Gaver and Lewis (1980) considered an AR model with an exponential £(})
marginal distribution in the following from:

pet wp. p
Xt =
pXi—1+& wp. (1—p)

where p is a parameter (0 < p < 1) and &, t > 0 are i.i.d. exponential random
variables ¢()) with the parameter A > 0. This is an AR(1) model.

Lawrance and Lewis (1981) discussed some new AR models using exponential
variables - TEAR(1):

(1-plee wp. l—p
Xt =
o

1—plet+Xe—1 wp. p
and NEAR(1)
et +BXi—1 wp. p
Xt =
Et wp. 1—-p
Finally, Malisi¢ (1987) considered some new AR models with an exponential
€(A) marginal distribution - AREX(1) model (and some of its applications)
€t w.p.  Po
X = aXi w.p. P
BXi-1+e wp. @

where 0 <pp, pr,1 <L, po+p1+ @1 =1,0<e, <L

In this paper we present a new form of time series models where marginal
distributions are in fact exponential distributions. The forms of these models
(the so-called NAREX models) are quite distinct form the previous forms of
time series models using exponential variables.

2. NAREX(1) models

Let the stationary sequence of random variables {X:,t € T} be defined by
the equation
aXe_1+e 5 po

(2-1) X, = BXizi+e 3 M

YXi-1 ;P2

where 0 < pg, p1,p2 <1, po+p1+p2=10<a,B,7v <1and ¢, are some
ii.d. random variables. Let us also, suppose that {X,;} and {g,} are "semi-
independent”, i.e. that X, and &,, are independent if ¢t < m.
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Our first objective is to obtain the distribution of the i.i.d. sequence {/}
which will ensure that the sequence {X,} in (2.1) has an exponential marginal
distribution £()).

Let the Laplace-Stieltjes transformation of the X and e variables be denoted
by '

(2.2) px(s) = E(e™X),  ¢e(s) = E(e™™)
We know that the following applies

A
A+s

if X has an e()) distribution. If we assume stationarity and ”semi-indepen-
dence”, then (2.1), (2.2) and (2.3) give

#x(s) = podx (as)pe(s) + p1ox (B5)pe(s) + padbx (vs)

_ ¢x(s) —padx(ys)
Pe(s) = S x(ad) + P (B

(2.3) $x(s) =

24)pu(s) = X Pt _ (O F )+ 89)[(po +pA+ (v~ p2)s]
T T bostm teixdn | O OO H9[eo +p)X + (poB? + pra)s]

Let a, 3, v, po, p1 and p2 be chosen in such a way that in (2.4) there are no
common fractions. In this case we shall have

A A
—Ag+ A A iy :
¢<(s) 0 NFs A+s Swo + pOX + (B + prov)s

Further calculation gives

_ _aB(y—ps) A = (1-a0)(1-58)
YpoB+pe) 1 (1-Bpo+ (1 —a)pr’

—p2(y ~a)(y = B)
¥y = B)po + (v — )1}’

Ap =

pop1(po + p1)(a — B)2[y — (pof + pra + p2)]
(1 = a)p1 + (1 = B)pol[y — a)pr + (v — B)po]

Az =

It is obvious that A;, As, A3 and ]Tffﬂ are the probabilities whose sum equals
to 1 if and only if

1. if a < pa+ap; + Bpo < B (or B < p2 + ap1 + Bpo < «) follow
¥ € (p2 + ap1 + Bpo, B) (or v € (p2 + ap1 + Bpo, @),

2. if pp < o < SR < 3 (o1 py < B < LI < ) follow

v € (p2, @) (or v € (p2, B))-
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Then &, is the following mixture

0 ;o Ao
& ; A
R(e) = e 4
t ; 2
api +ﬁEn {1‘ . Ay
po+pi © potp?

with & : e(A), A > 0.
Taking the expectation of both sides in (2.1) we have

E{X:} = polaB{Xi—1} + E{ar}] + m[BE{X:1} + E{er}] + p2vE{ Xyt }

or

)= 1—(apo+PBp1+yp2) 1
Pot P A

It follows that the autocovariance function for the NAREX(1) time series model
(2.1) is defined by

E(Et

Y(h) = E(XiXi_n)— E(X)E(Xi—n) =

= (apo+ Bp1+yp2)y(h —1) = ... = (apo + Bp1 + 7p2)"¥(0)
so that the autocorrelation function of {X;} is

p(h) = z—ggg = (apo + Bp1 +vp2)", b > 0.

3. Some special cases
a) If pp = p2 = 0, the EAR(1) model will apply
b) If &« = p2 = 0, the NEAR(1) model will apply
¢) fa=0,vy=aq, pp=p and p; = q1, the AREX(1) model will apply
d) FNAREX(1)
Let p» = 0. Then

OtXt_l +é&; W.p. Po
Xt =
BX¢—1+e wp. pr=1—po
e (A -+ as)(r +Bs)
: + as + s
Pe(s) =

N (A+s)(A+8s)
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‘We shall have

of (-e)d-p) A  (-o)B-8) X

te(s) = s 1-6 ./\+S+ 5(1—68)  A+6bs
0 wp. &
Re)={ & wp =500
66 wp. C5pGY

where &;; e(A), A > 0.
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