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Abstract

We study relations of an infinitesimal generator A and its restric-
© tions A“,w > 0 which correspond to a family of unbounded operators
(S(t))t>0 and a family of Banach spaces (D.,, ||-||). Results are applied
to a Cauchy problem ditu(t) = Au(t) + f(t), u(0) = ug with appropri-
ate f and uq.
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1. Introduction

Since the appearance of Arendt’s papers ([1],[2]), integrated semigroups of
bounded linear aperators have been studied by many authors in the last
decade ([4],[5),[8],[12],[13],[14],[17],[18]). On the other hand in [7] Hughes’s
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studied families of unbounded operators forming Cy-semigroups on appropri-
ate domains. Hughes’s paper inspired us to introduce and study integrated
semigroups of unbounded linear operators.

This paper is a continuation of [9], where we have given the structural
properties of Banach spaces (F,, || -|l») and infinitesimal generators A%, w >
0 which are related to a family of unbounded linear operators (5(t)):>0 on a
Banach space F satisfying the composition law for an integrated semigroup
on a subdomain D C E.

First, by introducing an equivalent norm in each (E,,|| - ||o),w > 0, we
characterize the infinitesimal generator A (equal to 4“ on E, ) of (5(%)):>o0.

Then we apply the theory to a Cauchy problem au(t) = Au(t) + f(1),

We note that the infinitesimal generator A4 is not closed. But the inte-
grated semigroup of unbounded linear operator (5(%)):>0 is analyzed through
the families (5“(t))s>0, w > 0 of exponentially bounded integrated semi-
groups whose infinitesimal generators A“ are closed on the family of sub-
spaces (D, )u>0 with the stronger norm || - |lu(A is the restriction of A).
Moreover, in this case, differentiability and integrability are conserved. Thus
we can find solutions to inhomogeneous Caushy problems with A% instead
of A. With the aid of these solutions we find a solution to the posed Cauchy
problem.

2. Notation

Let (5(t))¢>0 be a family of unbounded linear operators in a Banach space
(E, ||| Denote by D(S(t)) a domain of S(¢) and set

D={ze¢ ﬂ D(S5(s)S(t)) | S(0)z = 0, S(t)z is strongly continuous for ¢ > 0,

5,20
s

1) S(9)S()e = /(S(r +1) = S(r))edr = S(t)S(s)z for s,t > 0}

0

If D # {0}, the (S(¢)):>0 is sald to be an integrated semigroup of un-
bounded operators in E.

Differentiation spaces C*,n € Ng = NU {0} are: C° = D, (" = {z €
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D; S(t)z is n— times strongly continuously differentiable function of ¢ > 0}.
A set
N ={z € D;5(t)z =0,t > 0}

is called a degeneration space. A semigroup (5(t))s>o is called non-degenerate
if N = {0} and degenerate otherwise.

We will assume that (S(%)):>0 is a non-degenerate integrated semigroup
of unbounded linear operators.

Definition 1. Forw € Rt = (0,00), and ¢ € [} D(S(t)), let E, := {z €
>0
D;||z|le < oo}, where

llzllo := sup e™*||S(t)z]].
>0

Let E,, denote the closure of the set E,, under the norm ||-|| and S(t)|E,,
- is the part of S(t) in E,, i.e.

D(S(t)|E,) = {z € E,;x € D(5(t)) and S(t)z € E, }.

Remark 1. We have

2e%! (s 2
15@alle < 2zl and e+ $()S W2 < = el
In this paper, we assume

(2) For every w > 0 there exists C,, > 0 such that ||z||, > C,{z||,z € D.
Also, we assume that S(t)|E,, is closed in E,, for t > 0, and w > 0, which
implies E,, is a Banach space ([9], Theorem 1).

For fixed w > 0 and A € C, ReA > w,
R(\)e = A / e MS§(t)zdt, e € Eo.
0

In general, R¥()) is unbounded in (E, || -|]), while
2{A|
wCy(ReX —w)
Therefore, the family (R“()A))Rer>w is the resolvent of a closed linear oper-

ator A“ in the Banach space (E,, || |l.) and A¥ = A\ — (R¥(X))~! (I is the
identity operator) for A € C, ReA > w, D(A“) = Range(R*())).

I [ e S tadr) <
0

In general, the operators A“ are not closed in the norm of F.
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Definition 2. [9] Let D(A) = |J,5o D(A¥). For z € D(A) let w > 0 such
that z € D(AY). There ezists y € E,, such that z = R“()\)y for ReA > w.
We define

(3) Az =z —y.
We call A the infinitesimal generator of (S(t))i>o.

Thus, Az = A%z for z € D(A¥), and it is easy to prove that this
definition does not depend on w with the property & € D(A%), ie. if z €
D(A®), then Az = A¥z.

Theorem 1. [9] Fizw > 0 and A € C with Re) > w.
a) R“(N)z € D(S(t)) and S(t)R¥(A)z = RY(A)S(t)z,t > 0,z € E,.
b) i) R*(A)(E,) C E,. Moreover,

w(Re — w)
—'—2|—/\—|——‘”Rw(’\)x”w <l2llw, z € Eu.

i) For every z € E,, ||z||gpe < 00, where

. (A _ w)n+l Rw(A) (n)
lz||rw := :élé)o il;g — ( 3 ) z|,A > w.
The norm || - ||re is equativelent to the norm || - ||o-

i) If vy < wy and ReA > wy, then R (A)z = R“2(A)z,z € E,,. Thus,
as operators in E, R“1(A) C R“2(A) if ReA > wy.

Theorem 2. [9] The family of operators (R“(A))Rer>w 01 Ey,w > 0 is the
resolvent of a closed linear operator A“ in E, (closed in the || - ||, norm

topology).

3. Infinitesimal generator

We have D(A“1) C D(A“?) or D(A“?) C D(A“?), where wy,ws, € (0,00). It
is easy to prove that D(A) is a subspace of E and A is a linear operator in
E.
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Theorem 3.

a) For z € E,,, the resolvent equation
(4) (AT-A)y=1=z,Red > w, -

has a unique solution belonging to E, and y = R“(\)z.

b) Let w > 0. Then fort > 0 S(t)D(A%) C D(A¥) and
S(t)AYz = A¥S(t)z, = € D(AY).

¢) If ¢ € D(A), then there exists w' > 0 such that
R“(M\)Az = AR(V)z, w > W',
Proof. a) Let z € E,. Then, by Theorem 1b), R“(A\)z € E, and,

by Theorem 2, R“(A)z is the unique solution of the resolvent equation

(M — A)y = = and therefore is the unique solution of resolvent equation
(4) because A|E, = A“.

b) Let £ € D(A%“). Then, z = R*(A)y = A Te”’\‘S(t)ydt forsome y € E,
0

and Rel > w. Using Theorem la), we have S(t)R“(A)y = R“(A)S(t)y €
D(A“) and
A¥S(t)e = AYS)RY(AN)y = AYR*(AN)S(t)y

= AS(t)z — R“(A)'RY(N)S(t)y
=AS(t)r — S()y = S(t)( Az —y) = S(t)A%=z.

¢) For z € D(A) there exists o’ > 0 such that ¢ € D(4*') and
RY(0)Az = BY (V) (A - (R (V) ™'2) = AR (W) — a,

AYRY (N\)z = ARY' (Ve — z.
If w > o then A¥ > A% and R¥()A) D R¥(A). Then,
(5) AYR¥(A\)z = R (M) A%z.

Since A|D(AY) = A¥, (5) implies
ARY(M)z = R¥(A)Az. O
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Theorem 4. [10] a) For z € D(A),S(t)z is a differentiable function of
t,t > 0, with respect to || - || and
(6) S'(t)e —z = S(t)Az

or equivalently

(7) S(t)x — tz = fS(s)Axds.

b) Ifz € D(A™) and t > 0, then
$M™ () = A" e + S(H)A"z, nEN.

¢
c)Ifz € B/ =,so Ew, then gS(s)mds € D(A) and
¢
A/S(s)xds = 5(t)z — tz.
0

Spaces D,

Definition 3. For w > 0, let
Dw = D(Aw)“”w.

Clearly, D, C E,. Let A“|D, denote the part of A“ in D, with the
domain

D(AY |D,)={z € D,; z € D(A¥) and A“z € D,}.

Theorem 5. a) For all z € D,,..
Alim JAR“(N)z — z||, = 0.

b) For all integersn > 1,

D((Aw)—n)ll-llw =D, D((Aw)n_) = E, and D(A) = 7,
where E' = Uys0 Ew.
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Proof. a) We will prove the statement for + € D(A“) and then for
z € D,. From A%z = Az — (R¥(}))™ 1z, it follows
R¥(A)A%z = AR (A)x — z.

Note, A¥ C A and this implies §'(t)z — z = S(t)A“z. We have

I|/\ 7&““5(75)A‘”mdt||w = u/\ 76“’“(5'(75):0 — m)dt"w
0 0

s>0

< sup Ae™* /e“MHS(s)S'(t)m — §(s)z||dt
0

)

< sup e ™ ( / e M2edt + / e~ M||S(s + 1)z — S(s)z||dt + / e M|S(t)zl|dt)
5>0
- 0 [ [

< sup [2(1 —e M)+ A / e~ P-wltew(e+)| (s 4 t)z||dt
s>0
= 5

+A / e=Me=ws||(S(s))z||dt + A / Ot 5 (1) ]
) 6

< 2(1— e et flaflo (e[ - )

2
(w=X)§ Y
. we +e )

Here we use [[S(s +t)z — S(s)z|| < € and [|S(¥)z|| < efor 0 < t < 6, because

=2(1 = e )e + ||l (

1
sup e~ “*||S(t + s)z — S(s)z|| < sup e —||S(t + s)z — S(s)z|.
520 520 Cw

' 1,2 2
<sup e (= a, + =e[Jzlly) < =— (e + DJe]l..

s>0 Cov \w w Cow
Let z € D, and {z,} C D(A“) be such that z, — = as n — oo. Then,
IAE (N =2l < AR (A2 — AR (\llu+ AR (\)an = 2n -+ |0 — 2]l

< (MR“Wllw +2) e
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for sufficiently large A and n.

b) In order to prove D((A‘”)”)”'”w = D,, n € N. To do this it sufficies

7~
to prove that D ((A“’)z) = Dy.
Let z € D(A¥). Then there exists y € E, such that ¢ = R¥(u)y for
some g > w. Then a) implies

Jim [IAB*(A)R*(1)y — R“(w)yllw = 0.

From A“R“(A)R“(p)y = R“(A)A“R“(u)y it follows I?;'(A)R“’(u)y € D((A¥)?)
and D((Aw)?)”'”‘” > D(A¥). This implies D((A“)2) > D(A*)"". 1t is

(N[>

obvious D((A‘”)z) C W“'““’, Thus, D((Aw)Z)”.“w _ D—(A‘—w)ll-llw _

we

— M
By induction, we have D((A‘”)”) =D

w*

Let us prove D((A‘”)”) =E, forneN.Let z € E,. For A > w,pu > w
and A # p we obtain

(8) Iim [ARC()R(w)z — Ryl = 0.
First resolvent equation implies

Jim (|2 (R(u)z ~ R*(N)e) - R W)zl = 0

and
/\lim IR (A)z|l, = 0.
The norm || - ||, is stronger that the norm |- || (i.e. |- ]| < C’L“ - ||w) and
implies v
(9) lim [[R*(A)a]| = 0.

From AYR“(p)z = AR*(p)z — (R¥(A))"1R¥(p)z it follows
RY(N)AY R (u)e = AR“(NR® () — B ().
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This implies
/\]jm |R“(A)AY R (p)z||» = 0 and ,\lim ||RY(p)A*R*(MN)zfl, =0

because the operator A comutates with R¥(A) on D(A%).

The injective operator R¥(y) is a bounded linear operator with respect
to the norm || - ||, and

,\]jm ||A“R¥(A)z||, = 0.
It implies
(10) ,\]jm ||A“ R (M)z]|| = 0.

From (9) and (10) it follows that for a given € > 0 there exists Ag > w such
that

|R“(A)x — A“R¥“(A)z|| < € for A > Aq.
Since R“(A)z € D(AY), it follows AYR¥(A)z € D(A¥).

Let z € E,. We have z = ARY(A)z — A“R“(X)z. This implies z € D(Av)
and D(A¥) D E,. The converse inclusion is obvious. Thus, D(A%) = E,,,.

From D(A¥) € Dy, D{(A=)) ™ = D, and D{(A=7) " ¢ DA
it follows D(A“) ¢ D((4¥)"), D(A¥) C D((A¥)*) and E, C D((A¥)").
This implies

D((A¥)") = E,.

Moreover,

F'= U E, C U E, = U D(Av) = U D(A«) = D(A)
w>0 w>0 w>0 w>0

and

D(A)= | J D(A¥)c | J E, = F".
w>0 w>0

Remark. Since A¥ is closed related to |- ||, and ,\]jm |ARY( Mz —z|l, =

0 for z € D(A%), Lemma 12.2.1 in [6] implies

Dw — D(Aw)“”w = D(Awl'Dw)““w
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Theorem 6. Let w > 0 be fized. Then, for t > 0,5(t)D, C D, and
(5“(t))ez0 = (5(2)|Du)e>o0 s an exponetially bounded integrated semigroup
on (D, || - |o) with the infinitesimal generator which is equal A“|D,,,.

Proof. Fix t > 0. Since, S(t) is a bounded operator on (E,, || - |l.) and
S(t)D(A¥) ¢ D(A“) (Theorem 3) it implies S(¢)D, C D,. Let z € D,
and {z,} be a sequence in D(A¥) such that ||z, — z||lo — oco. We have
[|S@t)zn — S(t)z||lw — 0,n — oo. Since S(t)z, € D,, it follows S(t)z € D,

2 wi
and [|S(D)all, < Ze“![oll implies [|S(t)]lo < 2.

We will prove the strong continuouty of S(¢) on D,. Let z € D(A¥) and
t,t1 > 0. Theorem 4 implies

S(t)z =tz + /S(T)A:z:dr
0

and

tq
S(t)z =tz +/S(7‘)Amdr.
0

Moreover,

t 11
1S(t)e — S(t1)ellw = [tz — t1z + / S(r)Azdr — / S(r)Azdr]|,
0 0

2 2
< ft =t lello + —e*lldallult — 11l < (loll + =(e* + Oll Azl )t - al,

for |t — t,| sufficiently small. This implies ||S(?)z — S(¢1)z|lo — 0 as t — ;.

Let z € D, \D(A%). Then, for a given ¢ > 0 there exists 2. € D(A%) such
that ||z ~ 2.l < €. Moreover, there exists § > 0 such that 0 < |t — t1| < §,
implies e*! < ¥ + ¢ and ||S(¢)ze — S(¢1)2¢|lw < €. Thus,

15 (@)z—S5(t1)zllw < [1S(B)z-S(D)zcllu+ 5Bz —S5(t1)zcllo+H|S(t1)ze— 5 (1) 2]l

2 2
< =€z~ zelly + €+ —e“" |z — 2l
w w

wiq

2
< ;(eth +€e)e+e+ €,

w
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which implies ||S(t)z — S(t1)z||o — 0 as t — ;. It follows that S(¢)z is
strongly continuous on D, for ¢t > 0.

Since S(¢)D,, C D,, and D, C D, so that

S(s)S(t)e = / (S(r + 1) = S(r))zdr, 2 € D

Let A be the generator of the exponentially bounded integrated semi-
group (5“(t)):z0 on the Banach space (Do, || - [|w). Then, z € D(A“) and
A¥z = y implies §’(t)z —z = S(t)y where S(t)z is differentiable in the norm
(|  lw- Thus S(t)z is differentiable in the norm || - || and S'(¢)z — z = S(¢)y.
Then we have z € D(A) and Az = y.

For z € D, we have (A¥|D,)z = Az, it follows Av ¢ A“|D,,. Since
p(A“)Np(A¥|D,) # 6, Lemma 2.17 [7] implies A“ = A“|D,,. Thus (S“(t)):>0
is an exponentially bounded integrated semigrop on the Banach space
(Du, || - |lo) with the generator A“. O

Note that the infinitesimal generator of this integrated semigroup is
densely defined.

4. Inhomogeneous Cauchy problem

Consider a Cauchy problem

du(t) = Au(t) + /(2)
(11) t € [0,
u(0) = o
where b > 0, f € C([0,8],D), D = U D, and A is the infinitesimal gen-

erator of an integrated semigroup of unbounded linear operators (S(t))s>o-
Then, u is a solution of (11) if u € C*([0,8],D), u(t) € D(A),t € [0,b] and
-(11) holds.

Assume that for every b > 0 there exists wp > 0 such that

(12) - fE€D,,,t€]0,b],uy € D(A“?).
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Let v € C([0, b], D) be given by

(13) MQ=SUM0+/SGVU—3M&
0

Note that (12) implies the existence if the integral in (13) in the norm || - ||,
for every w > wy because the function ¢ — S(¢)z is strongly continuous in

(Do ] - flw)-

t
Lemma 1. For everyt > 0 /v(s)ds € D(A) and
0

i

(14) A/dﬁ@:vm—mm—/@—ﬂKMMJGWﬂ.
0

0

Proof. Recall, A¥ = A%|D,,. Since this is the generator of an exponen-
tially bounded integrated semigroup on D, the proof which is to follow is
similar to the one given in (2], Lema 5.3.

t
From (2) it follows v(t) € D,, for w > wp. This implies [ v(s)ds €
0

D(A*)(c.f. Proposition 3.3 in [2]) and

/i“’/tv(s)ds = /i“’/tS(s)uods+A“’/t/sS(r)f(s— r)drds,
0 0 00

where the integrals are considered in the norm || - ||,,. We have
t

(15) _P/S@wmzsm%-m&
0

Fubini’s theorem and the change of variables imply

(16) /t/sS(r)f(s— r)drds = /t/tS(r)f(s—— r)dsdr
00 ‘ o r
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o~

7

Since f(s) € D,, for w > wy,s € [0,b] and A“ is closed with respect to the
norm || - ||o, we have

S(r)f@dpdr = [ [ 5(r)f(r)drap.
0 0

(17) /t/s (r)f(s—r)drds = A“’/t 7p5(r)f(p)drdp
00 0 0

-/ i [ s fyrdp = [156-p)(0) ~ (~ ) f(P)ldp.

Now (15) and (17) imply

i

(18) A¥ / v(s)ds = v(t) — tup — /(t —r)f(r)dr

0

The integrability with respect to the norm || - ||, implies the integrability
with respect to the norm || - || in E. Since A = A“ in D, (w > wy) it follows

Aj v(s)ds = v(t) — tug — /t(t —7r)f(r)dr

Theorem 7. a) If there exists a solution of the Cauchy problem (11), then
C?([0,0],D) and u = v'.

b) If v € C%([0,b],D), then u = v’ is the solution to (11).

Proof. a) Let t € [0,b] and w(s) = S(t — s)u(s),s € [0,t]. After dif-
ferentation with respect to || - ||, we obtain

w'(s) = —u(s) + S(t — s) f(s).

This implies

(19) S(t)ug = w(0) — w(t) = /w'(s /tu(s)ds - jS(s)f(t — s)ds
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¢
Now (13) and (19) imply v(s) = [ u(s)ds.
0
b) Since A“ is closed (with respect to || ||,,) for w > wp, by differentation
of (18) we obtain

(20) A%o(t) = o/(8) — tug — / F(r)dr
and
(21) A¥'(t) = v"(t) — f(b).

Thus, with the respect to || - ||,

Av'(1) = (1)~ £(1)

because A = A“ in D, and the norm || - || is weaker than || - [|,. This
implies that v’ is a solution to (11). Also (3) implies »(0) = 0 and by (20)
0 = v'(0) — up i.e. u(0) = up. m)

Proposition 1. Let f € C%([0,b],D),uo € D(A),u; := Aup + f(0) € D(A)
and let (12) holds. Then, the problem (11) has a unigue solution.

Proof. Since up € D(A) it follows
1
S(t)ug — tug = /S(s)Auods.
0

Thus . .
v(t) = tug + / S(s)Auods + / S(s)f(t— s)ds.
0 0

So, v € C1([0, b}, D). By differentation
t
V() = uo + S(£)(Aug + £(0)) + / S(s)f'(t - s)ds.
0

Since Aug + f(0) € D(A) if follows v € C%([0,b],D), and u = v’ the solution
to (11) according to Theorem 7. a
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Consider now a Cauchy problem in the space (D, | - ||o)- Let
Luw(t) = Au(t) + f4(2)
(22) t € 0,5
uv(0) = uy

where A is the infinitesimal generator of the integrated exponentially bounded
semigroup (5“(t))s>0,u§ € D., f € C([0,5],Dy). Suppose that u” € D(A*)
is the solution to (22). For every w; > w the Cauchy problem (22) in D, is
in fact the Cauchy problem in the space D, because D, C D, , A C Aw1,
and | -{lw 2 | - flur -

Corollary 4.1. For a sufficiently large w > 0 the Cauchy problem (11) with
the assumption (12) reduces to the Cauchy problem (22).
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