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Abstract

A singleton characterization of an atom of regular null-additive
monotone set function is given. Autocontinuous from above monotone
set function which is inner regular and exhaustive on the family of
compact sets is always regular.
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1. Introduction

Fuzzy measures were introduced by Sugeno [4]. A fuzzy measure is a non-
negative extended real - valued set function u defined on o - algebra F and
with the properties:

(FMy) /‘(w) =0,
(FMy) ECF = w(E) < p(F),
(F Ms) E, C E; C .. JE, € F = wUs  En) =
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(FMy) EiDE;D ... , E, € F and there exists ng such that
K(En,) < 00 = (N5 By) = limy, o0 p(En).

Wang [7] and Suzuki [5],[6] have investigated fuzzy measures with special
properties as null - additivity and autocontinuity. In this paper we shall in-
vestigate the regularity of set functions with properties (F'M;) and (FM,)
defined on o - algebra B of Borel sets of a locally compact set. Using our
previous methods from papers [1],[2] and [3] on L - decomposable measures
with respect to a t -conorm 1 we shall prove a theorem on singleton char-
acterization of an atom of regular null - additive set function and that inner
regularity together with autocontinuity and exhaustivity on compact sets
imply regularity of set function.

2. Null - additive set functions

Throughout this paper, let X be a locally compact Hausdorff topological
space and let K be the lattice of all compact subsets of X. Borel ¢ - algebra
B is the smallest o - algebra containing K. We shall denote by O the class
of all open sets belonging to B.

All the considered set functions in this paper are supposed to be with values
in [0, 00] , monotone and equal to zero on the empty set.

We have by Wang [7]

Definition 2.1.

A set function u,
u: B —[0,00],

s called null - additive, if we have
wEUF) = uE)

whenever E€ B, Fe B, ENF = { and u(F) = 0.

Example 1. L - decomposable measure m : B — [0,1] with respect to a t -
conorm L is always null - additive.

Example 2. Let u(E) # 0 whenever E € B,E # (. Then p is null -
additive.
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Example 3. Let X = {z,y} and define p in the following way : u(X)=1
and w(E) =0 for E # X. Then p is not null - additive.

Definition 2.2. A set function u is called o - finite if there exists a sequence
{X,} such that

XicXpC..., Use1Xn €B and wXp) <o (neN).

Throughout this paper the set function yu always will be o - finite.

Definition 2.3. A set A € B is an atom of p iff u(A) > 0 and either
w(B) =0 or u(B) = u(A) and uy(A\ B) =0 for BC A,B € B.

Remark 1. By o - finiteness of u, every atom has a finite measure.

Definition 2.4. A set function u is regular if for each set A € B and each
€ > 0 there exist K € K and V € O such that K C ACV and

wWV\K)<e

Remark 2. A set function u is regular iff
inf{iu(V\K): KCACV,KeK,Ve0}=0
for each set A € B.

Proposition 1. Regular monotone set function u is O - ezhaustive, i.e.,

lim 4(0,) =0

n—oo

for each sequence {0, } of open sets from O which are pairwise disjoint.

Proof. or a sequence {O,} of open sets we have
Up210, € 0.

Therefore by the regularity ofu we have that for any € > 0 there exists a
compact set K such that

K Ccu;2,0, and U0, \ K) < e
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Since {O,} is an open cover of K and therefore exists ng € N such that
K C U ,0,. The monotonicity of y implies

#(Ok) < p(Ok U (U311 00 \ K)) < (U1 On \ K)

for k> ng + 1.

We shall give a singleton characterization of atoms of regular null - ad-
ditive set function.

Theorem 1. Let u be a regular null -additive set function. If A € B is an
atom of u, then there exists a point a € A such that

#(A) = p({a}).

Proof. Let A € B be an atom of u. If we denote by K; the family of all
compact sets K C A such that

A\ K) =0,

then we shall prove that any K from K; is an atom of u. Since for any
B cC K,B € Bwehave K\ B C A\ B, we obtain by the monotonicity of u
that either u(B) = 0 or u(K\ B) = 0 and so u(K) = u((K\ B)URB) = u(B).
For both cases the null - additivity of u implies

W(K) = p((A\ K) U K) = u(A) > 0.
Let We have forKy, K3 € K1 that
(AN K1) U (A\ Kz)) = p(A4\ (K1 1 K2))
and p(A\ K;) = 0. Hence by the null - additivity of p
m(A\ (K1 N Ky)) = p(A\ K1) =0,
i.e., K1 N Ky € K1. We shall prove that

Ko = ﬂ K
KeK,

is a non - empty compact set . If we would suppose contrary, i.e., Ko = 0,
then it would exist some finite subcollection of {K }kek, with the empty
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intersection.This is impossible, since this finite subcollection would belong
to K1, but it is an atom as an element of Ky, which is non - empty.

We shall prove that Ko € K;. For K € K; it has to be (K \ Ko) = 0. If
we suppose that this is not true, then for B C K \ Ky either y(B) = 0 or
p((K \ Ko) \ B) = 0, which imply

(K \ Ko) = p(((K \ Ko)\ B)U B) = u(B).

For both cases by the supposition p(K \ K¢) > 0 and so K\ K¢ would be an
atom of p.Since A and K are atoms of ;4 we have pu(A) > 0 and p(Ko) =0
(namely, Ko C K and p(K \ Ko) > 0). Null- additivity of 4 implies

u(A) = p((A\ K)U (K \ Ko) U Ko) = u(K \ Ko).

By the supposition pu(K \ Kp) > 0 and the preceding equality we obtain by
the atomness of A

H(A\ (K '\ Ko)) = 0.
Therefore K \ Ky have to contain an element of K1, what is impossible, since
Ky is non - empty. Therefore pu(K \ Ko) = 0. Hence by null - additivity of u

p(A) = p((A\ K)U (K \ Ko) U Ko) = p(Ko),

i.e., f(A\ Ko) = 0 by the atomness of A. This implies Ky € K.

Finally,we shall prove that Ky is a singleton. If we suppose the contrary,
i.e. that Ky contains at least two distinct elements @¢; and a,, then, since
X is a locally compact Hausdorff topological space, there exists an open
neighbourhood V of a; such that ¢/V does not contain a;. Hence

Ko = (Ko \ V) U (KonelV).

Since one of the sets Ko\ V or Ko N clV have to belong to Ky, but Ky is
the least element of K;, we obtain a contradiction. Hence there exists a € A
such that

#(A) = p(Ko) = p({a})-

In a special case we obtain the following result from [2]:

Corollary 2.1. Let m : B — [0, 1] be a regular L - decomposable measure
with respect to an arbitrary but fizred t - conorm L. If A € B is an atom of
m, then there ezxist a point a € A such that

m(A) = m({a}).
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Corollary 2.2. Each continuous from above (i.e. with the property (FM,)
regular Borel null - additive set function p , u : B(R) — [0, 00], which has
the property
#((a,b)) = g(b—a)
on each finite interval (a,b) for some continuous at 0 function g with g(0) =
.0, 18 non - atomic.

Proof. If we suppose that the theorem is not true, then there exists an atom
A € B(R) of p. therefore by Theorem 1 there exists an element a from A
such that u(A4) = p({a}). So we would have

u({a}) = W0y (a— Tat 1)) = lim p((a— o+ 1)) = lim g(>) =0,

ie., p(A) = p({a}) = 0, what is a contradiction.

3. Autocontinuity from above

We have by Wang [7]

Definition 3.1. A set function p is called aytocontinuous from above if we
have

W(AU Ba) = u(A)
whenever A € B, B, € B, ANB, =0 (n € N), u(Bp,)— 0.

Proposition 2. A monotone set function u is autocontinuous from above
iff for every A € B and € > 0 there ezists § = 6(¢, A) > 0 such that, whenever

AeB, BeB, ANB=0, u(B)<$é
implies

#(A) — €< p(AU B) < p(A) + e

Remark 3. Obviously, autocontinuity from above of p implies null - addi-
tivity of p.
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Proposition 3. Let y be an autocontinuous from above set function. If
{E,} and {F,} are two decreasing sequences from B such that E, N F; = 0
and
im p(E,)=0 and lim u(F,)=0,
n—00 n—oo
then
n]-Lngo w(E, U F,)=0.

We have that inner regularity and autocontinuity from above implies regu-
larity:

Theorem 2. Let i be a set function which is autocontinuos from above, K
- exhaustive and satisfies the equality

(1) w(A) =sup{u(K): K e K,K C A} (A € B).

Then p is a regular Borel set function.

Proof.Suppose that the theorem is not true. Then there exist a set A € B
and a number € > 0 such that

(2) wV\K)>e

for each K € K,V € O,K C A C V. Let us fix such sets Ky and V5. The
equality (1) implies that there exist

Ci,D1ekK, C; C V()\A, D, C A\I(O
such that
1 1
#(C1) 2 Zu(Vo \ 4) and w(D1) 2 (AN Ko).

Let Vi = Vp\ Cy and Ky = Ko U D;.1t is obvious that V; € O , K; € K and
K, C A C V1.Then (2) implies

wVi\ Ay) > e

Repeating the preceding procedure after n - steps we obtain sets

Cn,D,ek,C,CV,1\A, D, CA\K,3
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such that
() WO > gaVai\A) D) > (AN Kai).

We have obtained two sequences {C,} and {D,} of pairwise disjoint sets
from K. Now K - exhaustivity of u implies

lim p(Cr)=0 lim p(D,)=0.
Hence by (3)
(4) lim p(V,\4)=0 and lim p(A\ K,-1)=0.

In this way we have obtained decreasing sequences {V,,\ A} and {A\ K,,_;}
from B (namely,V,, C V,—1 and K, D K, 1 ) such that (4) holds and

(Vo\A)N(A\ Ko) = 0.
Therefore by Proposition 3.
lim (V. \ K,)= lim u((V, A)Uu(A\ K,)) =0.

Contradiction with (2).
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