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1. Introduction

One of the important results in the investigation of ranges of measures is
‘Lyapunov’s theorem on compactness and convexity. This theorem has many
generalizations ([2], [3], {4], [6], [L3]) and many applications, specially in the
mathematical economy ([3], [5]).

. We shall continue in this paper investigatibns on E) -decomposable mea-
sures ([9] - [12], see also [1], [4], [14] - [17]). As a direct consequence of our
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earlier results [10] we shall formulate in this paper a one-dimensional ver-
sion of Lyapunov ’s theorem for an atomless ¢ — L- decomposable mea-
sure. M.Fedrizzi, M.Squllante and A.G.S.Ventre [4] have proved a ver-
sion of a one- dimensional Lyapunov theorem for strongly continuous L-

decomposable measures with respect to the Archimedean ¢t-conorm. L. The
~ closedness part of Lyapunov’s theorem cannot be generalized for the many
dimensional case even for additive set functions (charges)-see [13], Example
11.4.8. In this paper we shall generalize the convexity part of Lyapunov’s
theorem for many dimensional Fy— decomposable measures with respect to
the non-strict t-conorm F,,0< A< 1. .

2. One dimensional Lyapunov theorems

An operation L : [0,1] x [0,1] — [0,1] is said to be a t-conorm if it is
commutative, associative,nondecreasing in each argument and has zero as a
neutral element.

An operation T : (0,1] x [0,1] — [0,1] is said to be a t-norm if it is
commutative, associative, nondecreasing and has 1 as a unit.

A t-conorm L is said to be partially continuous if it satisfies condition

(F) For each € > 0 and each z € [0,1],z < ¢, there exists y € (0, 1] such
that 21y < ¢ (see E.Pap [10]).

A t-conorm 1 is said to be Archimedean if L is continuous and L(z,z) >
z for all z € (0,1). An Archimedean t-conorm is said to be strict if 1 is
strictly increasing in (0,1) x (0,1).

Ling’s r;apresentation theorem [7]: An operation L is an Archimedean
t-conorm if and only if there exists an increasing and continuous function
g :[0,1] — [0, 1] with g(0) = 0, such that

L(z,9) = ¢ Ng(z) + 9(v)),

where g(~1) is the pseudoinverse of g, given by

iy [ gV @) fory € [O,g(l)]
g7 (y) = { 1, for y € [g(1), 0]

Function -g is called an additive generator of 1 and it is unique up to

L
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a positive constant factor. If L is a non- strict t-conorm with the additive
generator g such that g(1) = 1, then we shall call g a normed generator.

For any t-conorm 1 we define (S.Weber [16]):
' b—ja:=inf{y:aly > b}.
For any 'non-strict Archimedean t-conorm 1 with additive generator g
b—ysa=g""(g(b) - g9(a))
for a < b holds.

Let ¥ be a o-algebra of subsets of a non empty set X. A set function
m: E — [0,1] with m(®) = 0 will be called a 1-decomposable measure, if

m(A|JB) = m(A)Lm(B)

holds for all A, B € T such that A(\B = 0. A set function m : £ — [0,1]
with m(@) = 0 will be called a ¢ — L ~ decomposable measure if it holds
that

(L) An) = LE21m(As)

a=1

for each sequence (A,) of pairwise disjoint elements from X.

A set function m : ¥ — [0,1] is order continuous if lim, o m(E,) = 0
for any sequence (E,),E, € X (n € N), such that E,, \, .

A set A € ¥ is an atom of a L-decomposable measure m iff m(A) > 0
and either m(A(\B) = 0 or m(A\ B) = 0 for any B € X. A set function
m: L — [0,1] is atomless, if it is without atoms.

As a consequence of Theorem 1.3.4. (the Darboux proporty) from [10],
we obtain the following version of Lyapunov’s theorem.

Theorem 1. Let m : ¥ — {0,1] be an atomless order continuous o — 1-
decomposable measure with respect to a t-conorm L, which is partially con-
tinuous. Then the range of m is the interval [0, m(X)].

For the second version of Lyapunov’s theorem we need the following
definition: . 1-decomposable measure m : ¥ — [0,1] is strongly continuous
on ¥ if for esery € > 0 there exits a finite partition

{Al,Ag,...,An},Ag EX (2 = 1,2,...n),
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of X, such that
m(A;) <e

for i = 1,2,...,n. Then we have, according to [4](Theorem 4.1)

Theorem 2. Let m : X — [0,1] be a L- decomposable measure with respect
- to the Archimedean t-conorm L. If m is strongly continuous, then range
R(m) of m is the interval [0, m(X)).

3. The many dimensional case

Let E, for a fixed A,0 < A <1, be defined in the following way
zExy = min((z* + ')A 1) (2,9 €[0,1]).

Then E) is a non-strict t-conorm with the normed additive generator g(z) =

z.

The restricted distribution law
c.(zExy) = (c.z)Ex(c.y)
is valid for all ¢ € [0,1] and for all (z,y) € D, where
D={(z,9):z* +y* <1}

(sec. S.Weber [17] and Schwyhla {15]).

A subset C of [0,1]" is E;— convex if for each (21,22, ..., Zn), (%1, Y2, -y ¥n) €
C such that ((z1,31),(z2,%2), s (Zn,Yn)) € D™ and each t € [0, 1], we have
(21,224 ..-,2n) € C, where

zi = (c.zi) Ex((1 — 1 t).%i)

for i = 1,2...,n. The operation —; is with respect to E). The E,-dyadic
numbere from [0,1] is of the form

]

ay az
e= ?E'\EEE'\".E'\F’

where a;,t = 1,2, ..., k, are zero or one.
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Theorem 3. Let m,,m,,..., my, be strongly continuous E\-decomposable mea-
sures for a fized real number A,0 < A < 1 defined on a o-algebra ¥ of subset
of a set X. Then for the range

R(my,my,...,my) = {{(mi(A),mz2(A),...,mn(A)): A€ T}

of my,my,...,my, the set D, R(my,m3,...,my,) is an E)-convez subset of
the n-dimensional interval [0,1]*, where D, = {(z1,22,-,Zn) : 23 + 23 +

<1}

Proof. Let
pi = miExmi Ey.. . Exmy,

fort = 1,2,...,n. We have that the set D,N R(m,,mz,...,my,)is Ej - convex
if and only if the range (p1, p2, ..., in) of pi1, 2, ..., iy is Ex— convex. So we
shall prove that R(u1, p2,..., 4n) is Ex— convex.

For that purpose we shall show by inducition the following proprty of
Py 42y 0eey fin

(a) For every A € X there exists a set B in X, such that B C A a.nd
pi(B) = Jpi(A) fori=1,2,.

Then (a) will imply that for any arbitrary but fixed set A from ¥ and
every E\- dyadic number e from the interval [0, 1], there exists a set A, such
that:

Ao=0’ A1=A’ Ael CA=2

whenever for the E)— dyadic numbers e¢; and e;,0 < €; < 1 holds and

(1) Bi(Ae) = epi(A)
fori=1,2,...,n

Namely, by repeated application of (a) for A € ¥ and k € N J{0}, there

exists the set A 1 such that
2k

pi(Ay) = 2%#:-(/1)
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for i = 1,2,...,n. Using the sets A 3 e can construct the set A, for the

E, - dyadic number e = $-Ex33 E)...Ex34, where a;,1 = 1,2, .., s, is zero or

one. For example, if

1 1
EEAEE’

then A, = A\A 3 and

M(A\A;,) = (1 =1 gp)mi(4) = (3 B ni(A)

fori=1,2,.

Further, for any real number t from [0,1] we take all the E,\-dya.dxc
numbers e such that e < ¢. Then we have t = sup{e: e < t}. Therefore, if
we take

(2) t = U Ae’

e<t

where the union runs through the F) - dyadic numbers e < t, we have
A; € ¥ and

(3) 1i(Ar) = t.pi(A)
fori=1,2,...,n

Now we shall prove (a) by induction. For n = 1,(a) follows by Theorem
2.2. Let us assume (a) to be true for n = k and prove (a) for n = k + 1. Let

pi = m;Exmiyy Ex...Exmyyq

for i = 1,2,...,k + 1, where m;, mg,...,mi;1 are strongly continuous E)-
docomposable measures.

Let B’ € X be a set obtained by the induction step for n = k, i.e. B’ is
a subset of A such that

1
wi(B') = 5pi(A)
fori=1,2,..,k. Ifitis
Mk+1(B )= #k+1(A),

then we have proved the desired equality for n = k& + 1. If not, then it is
either.
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1
Pesr(B') < §Fk+1(A) < pr1(A\ B')
or 1
pee1(A\ B') < Sprea(4) < #r+1(B).

We shall suppose the first case. For the second case we proceed in an anal-
ogous way. By the induction hypothesis we take for ui,ps,...,pr the sets
B; (0<t<1)and (A \ B): (0 <t < 1) which are corresponding sets to
the sets B and A\ B’, respectively, and defined by (2) such that satisfy (3).
For any two real numbers a and b such that b < a, we have

Bi+1(Bg) =1 Bk41(By) = pi41(Bo \ By) < pi(By\ By) = pi( By — 1 pi(By) =

(a -1 b)/‘k(Bl)a
and analogously

#e+1((A\ B')a) =1 pe1((A\ B) < (a -1 b)ur(A\ B').

Since the operation —, is continuous, we obtain by the preceding inequalities
that the functions piyq(B}) and px41((A\ B'):) are continuous with respect
to t.

Namely, if an arbitrary but fixed sequence (z,) from [0, 1] converges to
ce[0,1], then z, — ¢ — 0 implies z,, —; ¢ — 0. The last inequalities imply
Be+1(Bz,) —1 pk+1(B;) = 0,
i.e.
(B ) =1 pea (B — 0.
Hence,
Br+1(Bz,) = pi1(Be),

i.e. py1(B") is continuous. This implies that the function

F(t) := pry1(B; U(A \ B')'l_Lt = #k+1(B:)EAFk+i((A \ B),)

is also a continuous function of t for 0 <t < 1. Then F takes all the values
between F(1) = ppy1(B’) and F(0) = pr41(A\ B’). So there exists ¢, € [0,1]
such that

F(t,) = %#Hl(A)-
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Taking B = B; (A \ B')1—,t, we find the desired set in (1) for n = k +
1.Namely, we also have for each i between 1 and k '

ui( B) = pi( By, ) Expi((A\ Bf)l-_lto) =
= toui(B')Ex(1 - to)ui(A\ B') =

=t,, -;—.p,‘(A)E,\(l -1 to)-%l‘i(A) =

= (toEx(1 ~1 1)) 5.4i(4) = Sp(A).

Now, we can prove that R(uy,p2,..., k4+1) is Ex-convex. Taking 7,5 € ¥
and 0 <t <1 we have

t.pi(T)EA(1 — L )pi(S) =
= (t.pi(T\ S))Ex(t.4i(T [ S)EA((1 - L )pi(S\T))Ex((1 — L 1).us:(S\T)) =
= T\ S)INEAW((S\ Th- ) Ex(i(SNT)) =
p((T\S)U(SNT)U(S\Th-,+)
for every t = 1,2,...,k + 1.

Therefore we have proved our theorem by induction.
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REZIME

VISEDIMENZIONALNA TEOREMA LJAPUNOVA O
KONVEKSNOSTI ZA E, - DEKOMPOZABILNU MERU

U radu se dokazuje teorema tipa Ljapunova o konveksnosti skupa vrednosti
visedimenzionalne E\-dekompozabilne mere u odnosu na t-konormu E,,0 <
A<
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