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Abstract

The behaviour of the Stieltjes transformation at the origin is inves-
tigated for a function f from L},., supp f C [0, c0) with the asymptotic

expansion of the form
[~}
Y aitt, t—o0.

t=p
This new result follows from the known one for the asymptotic ex-
pansion at co. Since the notion of the quasiasymptotic expansion of
distributions is used, the result can be formulated for the dlstrlbutlonal
Stieltjes transformatlon of distributions.
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1. Notations and known results

By & and S’ we denote the space of rapidly decreasing functions and tem-
pered distributions, respectively. The space J'(r), r € R \(—=N) is defined
in [2] as a subspace of S} = {f €8 supp f - [0,00)} consisting of all f of
the form _

(1) f = F™) for some m € Ny = N U {0},
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F e L, supp F C [0,00),
such that

) I

I’(r) is the subspacc of J'(r) consisting of all f € J'(r) for which (1) holds
and instead of (2) there holds

F(t)
(t + z)r+m+l

|rit<oo z>0.

(3) |F@) < C(A+t)y*t™c, t >0, for some C = C(F), ¢ =¢(F) > 0.
The distributional Stieltjes tansformation S, of index r, r € R\ (-N),

©__F@)

@ ENE =+ [
where (a)n = a(a+1)...(a+m—-1), me€N, (a)o = 1.

It is easy to see that S, f is a holomorphic function of the complex variable
z on the domain C\ (-o0,0)].

By L we denote a slowly varying function at oo (0%). For the properties of
such a function we refer to [5] . '

In our investigations of the distributional Stieltjes transformation, the notion
of quasiasymptotic behaviour at co (0%) plays a fundamental role ( [1]).

Recall, f € S} has the quasiasymptotic behaviour at oo (0%) with re-
spect to k®L(k) ((1/k)*L(1/k)) with the limit g € &} if

f(kt)
11 <k°’L(k)

y (1) >=<g(1),p(t) >, ¢ €S

(5)

S(t/k)
(im < 7y Lrm)

It is well known that g in (5) must be of the form g = C f,41, where

, 9(1) >=< g(1),0(t) >, ¢ €5).

H(t)te
Fla+1)? a> -1

Jat1(t) = (teR)
g_:_)n_'_l(t) a < —1forsomen € Nwithn+a> -1

where H is Heaviside’ s function.
We shall need the following relation from [4].
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Let f € J'(r) have the quasiasymptotic behaviour at 0% with respect to
(1/k)*L(1/k). Then,

(6) (z/k)*mHY(S, £)(2/k) = (7 + Dm(Sr4m B)(K/2),
where ®(¢) = t™+™ -1 F(1/t) for t > 0 and ®(¢) = 0 for ¢ < 0. Obviously,
lim () ¢

tmoo =1L (1) _ T(a+m+ 1)
(L1(k) = L(1/k) is slowly varying at oo) and @ is locally integrable on R.

We also need the following proposition from [3]

Proposition 1. Let f € L}, (0,00) and let

loc
0 ..
1
f(t)NEt_,i t — o0.
=1

Then for r € Ng and n > 2 we have the asymptotic expansion at infinily

(-1D)™am(r+ 1)pm—11Ink
(m — 1)kr+m

1 n-1
(8- F)(k) ~ Ff(alBl +Ti+anmo) + Y

m=1

= 3 ai(r + 1);
+ ; T [r(’ + ’)E R ED N D (S

- l‘v:i T ey R ot R I)HJ '
T ) it e
i g Tty S i et ‘)"-2] *
+((—;—1_)"—1')1!(r + Daet Ink/™ 4 o(ln k/E7H7),
where .
m 10 ?’}L;]’— A L

B; = 1/(r + s)B,,
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- 93 g O
Tl—a2+2+ +(n_2)’
B, 8 i It
e=grtgat t e o3)
- ay as an_l(n hand 5)!
B=grtas2t Y T moay
_  QGn-1
T2 = 20
and

1o H(t - 1)/t
=1 9 ( i dt, i=1,...,n—2.

2!

o o0 ,'f(t) -
ms —A t L]
2. Application

We shall investigate the behaviour of the Stieltjes transformation at the
orgin for a function f, supp f C [0,00) and f € L} (A,00), A > 0, with
the ordinary asymptotic expanion of the form

w »
Za;t', t— 0

i:p

using (6) and Proposition 1.
Let m = 0, z = 1, then from (6) we obtain

(8) (1/EY*Y(S  F)(1/k) = (S, ®)(k),

where

(1) = t" 1 f(1/1).

Let r € Ng, supp f C [0,00), f € L},.(A,00) for some A > 0 and

f(t) ~ Zaiti’ t— 0,

i=p
then - -
r— a; Qg p—
)= (/) ~ Y o= D Tt

=p j=p+l1-r
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and ® € L},.(0,1/A). If p > r then the integral of ® over (1/A4, 00) is finite.
From Proposition 1 we have:

Proposition 2. Let supp f C [0,00), f € L} .(A,00) for some A > 0 and

f(t) ~ ia.-t", t—0.

i=p

Then forn > p4+2 —-r,

(9) (S,-f)(S) ~ Tl + Gnyr—1MM0—

’il ( 1) Qrgr— l(r+1)m—l m_11n3+

m=p-r+1 (m - 1)'

n—2 _ idr— +1 d
+ 3 (~1)s-? [F("f’) 2 i)!r(ta++1 —l(igr(r)ﬁ)(i-l)’—

=2 1—p—r+l

-1

- ;} Il (_TJT;I}(),.J.?T*_ y + Gi4r-1(r + l)l(’ Bi D! — my_a(r + 1)1-1] +
i=

— & ai+r—l(r + 1)‘
+(=1)"7IT(r + n — 1)s"H-1 LEH (m—1-)(r-)T(r+ DG+ 1)

= (r + 1);T5 Anpr—2(7+ - .
" LT —J?)I{(t‘l+j) - - 1)! = = (74 Daa | =

(=)t
“(n-1)

(r+ Da-15"""Ins+ o(s" '1lns), s > 0

where

= ap An4r-2
h p—r (n—2)
~ Gpi1 On4r—2
= + -4 —_—,
T l-r+)-1) (n—2)(n-3)

- Gpy2 an4r-2(n — 5)!
(10)  Ts= (p+r-2)(pp-r+1)(p-r)+ ' (n-2)t °
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= _ an4r—-2
"2 (n—2)
, : 0o t,' . n-1 ;
(11) m,-:/o ol f(l/t)—j=§+laj+r_1fl(t—1)/t dt

i=0,1,...,n—2 and B}, s € N, is introduced by (7).
Proof. From (8) it follows that
(L/kY*US N)(1/k) = (S ®)(k) ~

n—1
. 2 - (—l)"‘am+r_1(r+ l)m_llnk
~ (1/EYYYT) + angr—1m0) + Z (m — 1)k +

m=p—-r+1

n—2 ! -1
(1) Qipr—1(r +1)i
+§ kr [F("“) B TN ++1——i)F(r+i)(i—- -

i=p-r+1

_ E (r+1);Tixs (r+ 1B}

r——‘—'_—-_ 1 -
ST+ 1+7) g ™ 1(r+ 1y 1]+

( 1)n—1[‘(r+n—1) niz a,'+,-._1(1'+1);' _
frtntl e (m T (- DI + D + 1)
= (r+ ) TJ+1 _ @ngr-2(r+ Dny

j=0

(=y~! ' Ink Ink

REr (n — l)l T+ 1)"" kr+n O(Lr+n)

where T4, i = 0,1,...,n — 1, is given by (10) and i, is given by (11) If we
put 1/k = s, then we obtam the Proposition 2.
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REZIME
PONASANJE STIELTJESOVE TRANSFORMACIJE U NULI

Dokazano je tvrdjenje o ponasanju Stieltjesove transformacije u nuli, funkcije

f sa osobinom supp f C [0,00), f € L} (A,0) za neko A > 0 ako f ima
asimptotski razvoj oblika

bl .
Za;t‘, t— 0.

i=p
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