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ABSTRACT

In this paper some properties of weakly K-sequen-
ces are proved. The main result Is that a linear weakly con-~
tinuous operator from a normed K-space into a normed space -
is continuous.

1. [INTRODUCTION

In 1953. S. Mazur and W. Orlicz haverintrodu-
ced a kxind of summable convergence in a topolegical vec-
tor space. Recently,this convergence was rediscoveféd by
members of the Katowice Branch of the Mathematical Institu-
te of the Polish Academy of Sciences. They have developed
the theory of K-conVergent spaces (K = Katowice). The noti-
on of K-convergence has proven to be quite useful in studying
various topics in functional analysis ( [2], [3], [u], [6],
(71, [81, [9)).

In this paper we study the notion of K-property of
the weak convergence on a normed space. '
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2. WEAKLY K-SEQUENCES

Let X be a normed vector space. A sequence {xn}
from X is a weakly K-sequence if each subsequence of {xn}
has a subsequence {xp;} such that the sequence

{1

i=1
is weakly convergent to an element x € X. We shall say
that {xn} is weakly convergent with respect to (X,G)#%, vhe-
re G is the convergence induced by the norm on X and (X,G)*
is the dual of (X,G), i.e. the space of linear functionals
which are sequentially continuous with respect to G. X is
a weakly K-space if each weakly convergent sequence from X

to zero is a weakly K-sequence.

Let us recall the Banach-Saks theorem: If {xn}
is a sequence from a Hilbert space H such that it weakly con-
verges to an element xeo from H,then there exists a subsegence

{xni} of {xn} such that the sequence {yn}, where

is norm convergent to Xeo.
We have for normed vector spaces the following

version of the Banach-Saks theoren.

Theorem 1. Let {xn} be a sequence from a normed
vector space X guch that the sequence {xn - Xol 25 a weakly
K-sequence. Then the sequence {x } has a subsequence {xp;}
such that the sequence {yn}, where

18 norm convergent to Xo-

Proof. Since the sequence {xn - X0} is a weakly
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K-sequence,there exists a subsequence {xn_} of {xn} such

1 .
that for some x € X
n
FCJ (x. = x0)) + £(x) (f € X*)
Ny
iz1
for n + = , Then the seduence
n
{ X (xni - Xo0) }
i=1

is weakly bounded.
Hence,by the uniform boundedness theorem,this
sequence is also norm bounded. Then,we have

n n
R

+>0

for n + ©, i.e. the seauence {yn} converges in norm to Xo.

Corollary.  Let f be a conver continuous functio-
nal on a normed vector 8space X. If {xn} i8 a 8equence from
X such that for some xo € X the sequence {x - Xol} i3 a

weakly K-sequence, then
Lim in4§ f(xn) 2 f(xo).

Proof. Let {yn} be a subsequence of {xn} such
that £im Ain§ f(xn) = &ém f(yn). By Theorem 1 there exists

a sulbsequence {yni} of {yn} such that the sequence

n
1
{ n X yni}
i=1

is convergent in norm to xo. Using the convexity of f and

the property of real sequences we have

k k
Limi ] fly )= Lim fly )z lim e Ty )=
ke < L0 i kee ko okee ST

f(xo).
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This implies the desired inequality.
3. WEAKLY CONTINUOUS OPERATORS

let X and Y be two normed spaces. A linear opera-
tor T : X + Y is weakly continuous if for each sequence {xn}
ﬁmemhmuxn+x%&Ufwsmex€LtMnﬂ%)+
+ T(x) weakly.

We have the following important theorem.

Theorem 3. Let X be a normed K-space and let Y be
a normed space. If T : X + Y i8 a linear weakly continuous

operator, then T i8 continuous.

Proof. Let {xn} be a sequence from X such that
Hxnﬂ + 0 for n + =, Suppose that the theorem is not true.
Then for arbitrary € > 0 there exists a subsequence {yn} of
{xn} such that

(1) I TCy Ol > g (n € X).

We may assume that Y is separable since we can
always replace Y by the closed linear subspace generated by
the sequence {T(yn)}. For each T(yn) there exists g, € Yy
such that llg I = 1 and

(2) gn(T(yn)) = HT(yn)H.
Applying the Banach-Alaoglu theorem on the sequence

{gn(T(yn))}, we obtain that there exists a subsequence {gy.!}
of {gn} such that {gni} weak # converges to an element g € Y#,

Let Xj4 = [(gni - g)(T(yj))[ for i # j (1,3 € N)
and Xs5 = 0 (i € N). Then &im x,. = 0 (i € N) and £im x.. =
- 1j . ij
J-H:D 1=
= 0 (j € N). So we can apply on matrix [xij] the Antosik

Diagonal Theorem from [1].Then there exists an increasing

sequence {pi} of natural numbers such that
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(3) tim 'z 0.
ive sy P3Py

. Since X is a K-space there exists a subsequence {s;} of
{pi} such that

n .
tim J oy, =y
i+ j=1 3
for some y € X.

Then we have

n
(g - 8)(T( 1 Vg.)) * gy - g)NT(y)) for j + =,
i s 3 i
j=1
We have for arbitrary p € X
‘ i+p
(1) |<gs¢g>('r(ysi))l s I legg - g)T(ysi>l +
i j=1 i
j¥i
i+p i+p
|1 gy -y, D= T lgg ~edTlyg ) |+
3= 7 . jz1 1 *
i+p J*i
+l(gg - @)TCL y  MI.
i je1 3

Hence, letting p * © we obtain by (3) and (4)
-]

1

|(Ssi‘8)(T(ysi?)|§ .I xsisj + '(gs. ',s)(T(y))l.

J=1
This implies

(gs.-g)(T(ys_)}* 0 for i+ =,
i i

Hence

(T(ys.)) +0 for i+,

gsi i
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which is in contradiction with (1) (using (2)). So we have

proved Theorem 2.
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NEKE TEOREME FUNKCIONALNE ANALIZE SA
K~-KONVERGENC IJOM

U radu su dobijene neke osobine sliabo K-konvergent-

nih nizova. Tako je dokazana verzija Banach-Saksove teoreme.
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Dokazana je vaZ’na teorema, koja kaZe da je svaki
slabo neprekidan operator nad normiranim K-prostorom,a sa
vrednostima uv normiranom prostoru, reprekidan coperator.

Recedlved by the editors Manch 11, 1685,



