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In this paper a theorem which gives the necessary and sufficient co-
ndition for the existence of a unique fixed point for the mapp-
ings S,T and A (defined in Theorem 2) is proved.

First we shall give some definitions and notations which

we shall use later.

DEFINITION 1 [1] . Let X be a linear space over the
real or complex field K and for every i in the index set I there
8 a function Fl:x-a" s Wwhere At is the family of distribu-
tion functions F such that F(o) =0 . We shall denote F (p) by

i
F iel, €X).
P ( P

(x,{pﬁjﬁllt)is called a locally convex probabilistiec space
(LCP-space) tf and only tf for each ieI the following conditi-

ons are satisfied:

i_ _ o, €<0
1. Fo = H, where H(e) = { 1, e>0 *
2. Fl (e) = Fl( -,ir-) for every A €K,.pe€X, €>0,(1#0)
3. p+q(e +e )>t(F (e,), F;(ez)) for every p,qeX,

€,>0, €,>0, where the mapping t: fo,11 x 0,1]~» 00,17 <s a

T-norm |2|
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The (e,A)- topology is introduced by the following de-

finition.

DEFINITION 2 [1]. 4 net {pglqep converges to 6 if and
only if for each i €I, every € >0 and every A e (0,1) there exi-
sts do €D such that

F;d(e)i;—x if aza_ .

In what follows we suppose that

F; = H for each i eI if and only if p-=o.
In a similar way one can introduce the notion of a Cau-

chy sequence and the notion of completeness.

Some fixed point theorems in probabilistic spaces are
proved in |[1], |2!.

THEOREM 1 |3]. Let S and T be continuous mappings of
) into istelf. Then S and T have

a complete normed space (X,!]|-)
a common fized point in X 1f and only if there existe a conti-
nuoug mapping A of X into SXN TX which commuteg with 8§ and T

and satisfies the inequality
Hax-ay [l <a |lsx-Ty||

for every X,y € X, where 0 <a<1l. S ,T and A then have a unique

common fized point.

i

THEOREM 2. (X, {F 1, 17
i€

probabilitic locally convex space with continuous T-norm t and

t) be a sequentially complete

S and T be continuous mappings of X into X.

The mappings S and T have a unique common fixed point
in X 2f and only if there exists a continuous mapping A :X »+
+ SXNTX which commutes with S and T so that AX is a probabi-
listic bounded subset of X and satisfies the following conditi-

ons:



A common fixed point theorem of a family of ... 79

1. For every 1 €I there exists q(i) >0 and £(i) eI such

that
i

f(i) €
FAx-Ay ( )

(€) 2 Fryesy ¢ g

for every € >0 and every x,y €X.

2. For every i€ 1 there exist numbers n  eN and Q(i)e(0,1)
such that
q(£7(1)) <Q(i) <1

for every n > n;

3. For every i€l there exists g(i) € I such that
n
£7(1) g (i)
F (e) 2F (€)
for every € >0, every x € X and every n €N.

Then there exiets one and onlyone element x*e€ X such that Ax*

18 the unique common fixed point for the mappings ‘A,S and T .

Prooft. First, let us prove the necessity of the
conditions 1, 2 and 3. Let z € X be such an element that

z=Az=Sz=Tz .
The mapping A is defined by Ax =2z for all xeX.

The mapping A commutes with S and T since

Sz = 2z

A(Sx) Ay = z , S (Ax)

and

A(Tx) Av = z, T (Ax) Tz = z.

Condition 1 will be satisfied because

i

= pi = £
(e) = F, p(€) = 12Fpy oy E(—i_T)

i
FAx—Ay
for all x,y€X, i.e. £(i) =i for all i €I and g(i) is any ele-

ment from (0,1).
Since f£(i) =i, contition 3 is also satisfied, i.e.

£ (1) i
Fx (e) = Fx (e)
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for all x €X and all € >0. We have that g(i) =i, 1 €1I.

Now, we shall prove that conditions 1,2 and 3 are suffi-

cient. We form a sequence {x 1} such that

n neNu{0}

Ax2n—2 = SX2n—l ' 2n-1 2n

for all n € N. Such a sequence always exists because AXCTX 15X .

First, we prove that the sequence {Axn}neNU[o} is a

Cauchy sequence . It is easy to see that

i £(4) e

F (e) >F (=— ) =

Ax2n-Ax2n—l — szn—szn_l a(i)

- pE() (> pEl (1) ( e s
BXone1™AXon o a() T =TTxy, o-Sx,  G(IIQ(E(D) -

> F - (‘-E—.—r)>‘...>
T A¥on-p App 3 alPlalEE) = 1t~

2n-1

£ (1) 1>
2 FAxl—Axo ¢ 2n-2 s )
M q(e® (1))
S=0

for all ¢e>0, i€I, neN. Also we have that

i i
F ae (E) = F () > .0 >
AXon+17BXgp 2n"P*zn+1

2n
£77 (1) 3
i]':‘174\.x1-1xx0 ( 7n=1 s )
™1 a(£°(i))

sS=0

for all ¢ >0, i€I, n€N. So for every n € N we have

i (e) >an—l(i)( S —
FAX — "Ax -Ax n-2

n=A¥n-1 VO T S
s=o0

for all ¢ >0, ieI.
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We see that for all m>k

i £(4) e
Fr_  _ (e) >F _ (=) =
AXox AX2m+1 ~ SXomel Tx2k q(1)
= (1) <-§.—)>...>Ff2k‘i’ ( 2 ).
Ao BXgp-y )T =TT AR SAXy -2k 2?1]1(1“5(1))
S=0Q

If 2k >2m+l1 then we have

i £(1) €
F (e) >F _ (=) > 000>
Ay =AXome1 | T BXgp TAX,, ad)t =ttt =
>Ff2m+l(i) ( 2 c )
— "Ax -Ax m
2k-2m-1 (o] [——‘ q(fs(i))
s=0

for every €>0.

From the last two inequalities we can prove easily that
for n=2k, p=2m+l or for n=2k+l, p=2m+l the following is sa-

tisfied

i

n,.
F T G -

(e) > F
Ax ~AX - _ n-1

n+p Axo Axp !-j q(fs(i))
§=0

when n=2k, p=2m or n = 2k+1, p=2m we have

1 € €
F _ (e) = - _ (5 +35) >
Axn+p Axn Axn+p Axn+1+Axn+l Axn 2 2 =
i € i €
> £ (F _ (), F _ (5 ))> s >
Axn+p Aanrl 2 Axn+l Ax 2
n+l . n,,
>el 1) £ o FE )< N
-1 %o n s ., Ax ) —Ax, n- s, .
P 2 [] a(£7 (1)) 2 [] at£ ()
8S=0 S=0Q

Now we shall prove that for every e€>0 /A€(C,1)and i €1

there exists N(i,e,A) such that
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i
F _ (g) >1-2X
Axn+p Axn

for every n>N(i,e,A) and pe€N.
The set AX is probabilistic bounded which means
that
i -
sup DAX(e) =1
€
for all 1 €I and so for each X€(0,1), there exists ei(x) >0
such that
i
- A
DAX(ei(A)) >1 .
Since
i _ .
DAx(ei) = zgg inf F (8)
i u,veAX
it follows that:

sup inf F___ (8) >1-21,
6<ei u,veAx

and we have that

inf Fy_ (e, (M) > inf F__ (8)
a,Ve€AX u,veax

which implies

: i ; i
inf Fu_v(ei(l))_zsup inf Fu_v(6) >1=-2.

u,veAX 6<ei u,veAX
n,+1
o' (i)e
Let for every ieI: e€(i) =4 , for every € >0.
i
M q(£® (1))
s=0
et n > n; . Then we have
€
_ €
n-1 s - n; s 11 - 2
MaeS 1)) [T aeS@HaE™it )y . qe™ ay)
s=0 sS=0
> c _ _e(i)
- n n-nj-1 o™ (1)

1 q(£°(i)o (1)

|
s=0



A common fixed point theorem of a family of ... 83

The mapping t is continuous and since t(1,1)=1, for A €(0,1)
there exists r e (0,1) so that for all x>r and all y >r we have
t(x,y) >1-2X. Let ei(r) be such that

inf Fg(i)(ei(r))>r
u,verx WV

Suppose that r > 1 - )\, Further, let n(i,r)€ N be such that
e (i)
—>e.(r) ,
20" 1
for every n>n(i,r).

If n=2k, p=2m+l or n=2k+1, p=2m+l1l and nzn(i,r) +ni
it follows that:

i £7(1) (i)
F _, (e) >F ~ —_—
Axn+p Axn - Axo Axp Qn(i)
ni+l .
where (i) = ——n-—Q——(—]is—
i
M q(£% (1))
s=0
Furthermore
fn(i) gfi) £ (1) e (i) g(i)
Fre _ (—== ) >F,_ ' (——== ) >F; "7 fe, (x) P> r>1-A.
AxO Axp Qn(i) Axo Axp 2Qn(i) — Axo Axp i

If n=2k, p=2m or n=2k+l, p=2m and n>n(i,r)+ni then

i g(i) - e (i) g(i) e (i)
F - (e) > £(F "~ (——==), F _ (———)) >
Aer_p Axn - Axl Ax 207 (1) Axp—l Axo 20" (1)

> t(r,r) >1 -\ .

So we have proved that the sequence {Axn}neN is a Ca-

uchy sequence and since X is sequentially complete, there exi-
sts x* € X such that

lim Axn = x*
n-»oo
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According to the construction of the seguence {xn}neN

we have

1 = i = *
lim Sx2n+1 lim Tx2n xX* .

Since

lim Axn = x*
n-w

we have the following implications

. ok — . —m* . - x
lim Ax2n X > T(lim szn) Tx = lim Tszn Tx* =
n-oo n—-w« n-w

. - * — . = * e * = *
= A(lim Tx2n) Tx* => A(lim Tx, _,) Tx > Ax Tx*.
n->w n-e
Also

i =y i = * i =
lim Ax2n—l x* = S(lim Ax2n-l) Sx* = lim Sszn_1
n-+oo n-+ow n-o

= * 1 = * = i =
Sx* = A(lim Sx2n_1) Sx* = A(lim szn_z)
n-+ow n-=w

= Sx* = Ax* = Sx* ,
and it follows that
Ax* = Sx* = Tx*

Now we shall show that Ax* is a fixed point of the mapping

A.
i £(1) 3 _ of(i) £ -
Faxr-n2x+ (€) 2Fg ilmayes (Gray) = Foxr-arxr G =
£(1) (€ £ (1) €
= FAx*—Azx*(ETfT)3"'-ZFAx*-A2x* (=7 " ) >
T oa(f (1))
£7 (1) (1) (1) W
1 €Ll gl €1
>Fy (1 ( £y L @9l L 2R
Ax*—-Acx* Qn(i) Z TAx*-A<x Qn(i)
n;+1 .
where e (i) = —Hzg—i——ille r (n >ni).
Ma £ (1))

o —_r
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We have that
FI) o (—E ) »1, for nse
Ax*-A"x* Q (1)
and so
Fr (e) = 1

Ax*-Azx*

for all € >0 and all i ¢I. This implies that
Ax* = A"x* = A(Ax*) ,

i.e. Ax* is a fixed point of the mapping A.

It is easy to see that Ax* is a fixed point of the ma-

ppings S and T

1

S (Ax*) A(Sx*) = A(Ax*)

and

A (Ax*) Ax*

T(Ax*) A (Tx*)

Now we shall show that Ax* is a unique fixed point of

the mappings A, S and T. If we suppose that X, is another co-

mmon fixed point of the mappings A, S and T, we have that

i . f(i) € _ Sf(1) €
FAx*—Axl\E)-iF Sx*—Txl( g (i) ) = Fax* - X, (q(i)) z
£ (1) e(i), . .g(i) £ (i)
=ttt = Ax*—Axl(Qn(i))iFAx*—Axl( Qn(i)) >1
Qni+1 (i)e . .
for n+« and (i) = oo and for all ie I, which means
i
M ae® @
$=0
that
i _ i _
Fax#- xl(g) - FAx*—Axl(e) =1

for all € >0 and for i e I. From the last equality we have that

Ax* = Xy o

which means that Ax* is the unique fixed point for the mappings
A, S and T.
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REZIME
TEOREME O ZAJEDNICKOJ NEPOKRETNOJ TACKI FAMILIJE
PRESLIKAVANJA U VEROVATNOSNIM LOKALNG KONVEKSNIM
PROSTORIMA
(X,{Fi} ie I”ﬂ je sekvencijalno kompletan verovatnosno lokalno konveksni

prostor sa neprekidnom T-normom t. U radu je dokazana teorema

u kojoj je dat potreban i dovoljan uslov za postojanje jedins-
tvene nepokretne talke za dva preslikavanja S i T gde je S : X+
+X, T:X »X. Teorema glasi: Neprekidna preslikavanja S i T ima-
ju jedinstvenu zajednifku nepokretnu tadku u X ako i samo ako
postoji neprekidno preslikavanje A : X > SX N TX koje je komutativ-
no sa $ i T, AX je verovatnosno ograni¢en podskup od X i zadovo-

ljeni su sledeéi uslovi:
1. Za svako i €I postoji g(i) >0 i f(i) € I tako da je

£(1) €
(e)zFTx_sy( D )

Fth—Ay
za svako € >0 i svako x,y € X.
2. Za svako 1 €I pecstoje brojevi n; eN i Q(i) e (0,1) *ako da
je n
g(f (1)) <Q(i) <1 za svako n >ny

3. Za svako i €I postoji g(i) €I tako da je
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n,. .
F,f< (1!)(8) >F3(1) ()

za svako £ >0, svako x€X i svako n €N.

Tada postoji jedan i samo jedan elemenat x* € X takav da
je Ax* jedinstvena nepokretna tadka za preslikavanja A, S i T.



