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ABSTRACT

We consider endomorphisms of M , a free R-module of arbitrary rank, where R is an
associative unital ring with the property that every element of R is a sum of two units
of R. We prove that every endomorphism of M is a sum of two automorphisms of M .

1. Introduction

The question of when the automorphism group of a module or abelian group

additively generates its full endomorphism ring has been of interest for many years

(see [3]). Of more specific interest has been the determination for various modules M

of n , the least positive integer (if such exists), such that every endomorphism of M is
a sum of exactly n automorphisms of M . There is a considerable body of literature

on this topic including [1; 2; 6�/16]. To aid our discussion we recall the following

definitions from [9]: an associative ring R is said to have the n-sum property (for a

positive integer n ) if every element of R can be written as the sum of exactly n units of

R. Clearly, if this property holds for an integer n , then it also holds for any integer

k �/n , and so we can make the following definition of the unit sum number of a ring

R: usn(R) :�/min{njR has the n-sum propertyg: If there is an element of R which is

not a sum of units we set the unit sum number to be � while if every element of R is a

sum of units but R does not have the n -sum property for any n , we set usn(R)�/v .
The unit sum number of an abelian group or module is defined to be equal to that of

its endomorphism ring.

In 1954 Zelinsky showed for a vector space V over a field F that usn(V )�/2 unless

V is one-dimensional and F is the field of two elements, in which case usn(V )�/v

(see [16]). In 1985 Goldsmith [7] considered unit sum numbers for reduced torsion-

free modules over a complete discrete valuation ring. This was further developed by

Scott in [13] and by Goldsmith et al . in [9]. In [15] Wans considered free R-modules,

where R is a PID, and showed that if the rank of M is finite and greater than 1, then

usn(M)�/2, while, in the case where M has infinite rank, Wans showed that M has
the 3-sum property but did not determine usn(M ). Note that PIDs may have unit

sum numbers of 2 or v and certain rational groups have been shown to have a finite

unit sum number greater than 2 (see [8; 11]).
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