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Abstract

This article is intended to give a review of the history of the classical aspects of unified field
theories in the 20th century. It includes brief technical descriptions of the theories suggested,
short biographical notes concerning the scientists involved, and an extensive bibliography. The
present first installment covers the time span between 1914 and 1933, i.e., when Einstein was
living and working in Berlin — with occasional digressions into other periods. Thus, the main
theme is the unification of the electromagnetic and gravitational fields augmented by short-
lived attempts to include the matter field described by Schrodinger’s or Dirac’s equations.
While my focus lies on the conceptual development of the field, by also paying attention to
the interaction of various schools of mathematicians with the research done by physicists, some
prosopocraphical remarks are included.
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On the History of Unified Field Theories 5

1 Introduction

1.1 Preface

This historical review of classical unified field theories consists of two parts. In the first, the
development of unified field theory between 1914 and 1933, i.e., during the years Einstein' lived
and worked in Berlin, will be covered. In the second, the very active period after 1933 until the
1960s to 1970s will be reviewed. In the first version of Part I presented here, in view of the immense
amount of material, neither all shades of unified field theory nor all the contributions from the
various scientific schools will be discussed with the same intensity; I apologise for the shortcoming
and promise to improve on it with the next version. At least, even if I do not discuss them all in
detail, as many references as are necessary for a first acquaintance with the field are listed here;
completeness may be reached only (if at all) by later updates. Although I also tried to take into
account the published correspondence between the main figures, my presentation, again, is far
from exhaustive in this context. Eventually, unpublished correspondence will have to be worked
in, and this may change some of the conclusions. Purposely I included mathematicians and also
theoretical physicists of lesser rank than those who are known to be responsible for big advances.
My aim is to describe the field in its full variety as it presented itself to the reader at the time.

The review is written such that physicists should be able to follow the technical aspects of the
papers (cf. Section 2), while historians of science without prior knowledge of the mathematics of
general relativity at least might gain an insight into the development of concepts, methods, and
scientific communities involved. I should hope that readers find more than one opportunity for
further in-depth studies concerning the many questions left open.

I profited from earlier reviews of the field, or of parts of it, by Pauli® ([246], Section V); Lud-
wig [212]; Whittaker ([414], pp. 188-196); Lichnerowicz [209]; Tonnelat ([356], pp. 1-14); Jordan
([176], Section I1T); Schmutzer ([290], Section X); Treder ([183], pp. 30-43); Bergmann ([12], pp. 62—
73); Straumann [334, 335]; Vizgin [384, 385]%; Bergia [11]; Goldstein and Ritter [146]; Straumann
and O’Raifeartaigh [240]; Scholz [292], and Stachel [330]. The section on Einstein’s unified field
theories in Pais’ otherwise superb book presents the matter neither with the needed historical cor-
rectness nor with enough technical precision [241]. A recent contribution of van Dongen, focussing
on Einstein’s methodology, was also helpful [371]. As will be seen, with regard to interpretations
and conclusions, my views are different in some instances. In Einstein biographies, the subject of
“unified field theories” — although keeping Einstein busy for the second half of his life — has been
dealt with only in passing, e.g., in the book of Jordan [177], and in an unsatisfying way in excellent
books by Folsing [136] and by Hermann [159]. This situation is understandable; for to describe a
genius stubbornly clinging to a set of ideas, sterile for physics in comparison with quantum mechan-

1 Albert Einstein (1879-1955). Born in Ulm, Wiirttemberg (Germany). Studied physics and mathematics at the
Swiss Federal Polytechnic School (ETH) Zurich and received his doctor’s degree in 1905. Lecturer at the University
of Bern (Switzerland), Professor in Zurich, Prague (then belonging to Austria), Berlin (Germany) and Princeton
(U.S.A.). Nobel Prize 1921 for his work on the light-electric effect (photon concept). Best known for his special and
general relativity theories. Important results in Brownian motion and the statistical foundations of radiation as a
quantum phenomenon. Worked for more than 30 years on Unified Field Theory.

2 Wolfgang Ernst Pauli (1900-1958). Born in Vienna, Austria. Studied at the University of Munich with
A. Sommerfeld who recognised his great gifts. Received his doctorate in 1921 for a thesis on the quantum theory of
ionised molecular hydrogen. From October 1921 assistant of Max Born in Gottingen. After a year with Bohr, Pauli,
became a lecturer at the University of Hamburg in 1923. In 1928 he was appointed professor of theoretical physics
at the Federal Institute of Technology in Ziirich. From 1945-1950 guest professor at the Institute for Advanced
Study, Princeton. He then returned to Ziirich. Did important work in quantum mechanics, quantum field theory
and elementary particle theory (fourth quantum number (spin), Pauli exclusion principle, prediction of neutrino).
Fellow of the Royal Society. Nobel Prize winner in 1954.

3Vizgin’s book is the only one that covers the gamut of approaches during the period considered. Fortunately,
he has made accessible contributions in the Russian language by scientists in the Soviet Union. Vizgin also presents
and discusses attempts at unification prior to 1914.
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ics, over a period of more than 30 years, is not very rewarding. For the short biographical notes,
various editions of J. C. Poggendorff’s Biographisch-Literarischem Handwérterbuch and internet
sources have been used (in particular [1]).

If not indicated otherwise, all non-English quotations have been translated by the author; the
original text of quotations is given in footnotes.

1.2 Introduction to part I

Past experience has shown that formerly unrelated parts of physics could be fused into one sin-
gle conceptual formalism by a new theoretical perspective: electricity and magnetism, optics and
electromagnetism, thermodynamics and statistical mechanics, inertial and gravitational forces. In
the second half of the 20th century, the electromagnetic and weak nuclear forces have been bound
together as an electroweak force; a powerful scheme was devised to also include the strong interac-
tion (chromodynamics), and led to the standard model of elementary particle physics. Unification
with the fourth fundamental interaction, gravitation, is in the focus of much present research in
classical general relativity, supergravity, superstring, and supermembrane theory but has not yet
met with success. These types of “unifications” have increased the explanatory power of present
day physical theories and must be considered as highlights of physical research.

In the historical development of the idea of unification, i.e., the joining of previously separated
areas of physical investigation within one conceptual and formal framework, two closely linked
yet conceptually somewhat different approaches may be recognised. In the first, the focus is on
unification of representations of physical fields. An example is given by special relativity which,
as a framework, must surround all phenomena dealing with velocities close to the velocity of
light in vacuum. The theory thus is said to provide “a synthesis of the laws of mechanics and of
electromagnetism” ([16], p. 132). Einstein’s attempts at the inclusion of the quantum area into
his classical field theories belongs to this path. Nowadays, quantum field theory is such a unifying
representation?. In the second approach, predominantly the unification of the dynamics of physical
fields is aimed at, i.e., a unification of the fundamental interactions. Maxwell’s theory might be
taken as an example, unifying the electrical and the magnetic field once believed to be dynamically
different. Most of the unified theories described in this review belong here: Gravitational and
electromagnetic fields are to be joined into a new field. Obviously, this second line of thought
cannot do without the first: A new representation of fields is always necessary.

In all the attempts at unification we encounter two distinct methodological approaches: a
deductive-hypothetical and an empirical-inductive method. As Dirac pointed out, however,

“The successful development of science requires a proper balance between the method
of building up from observations and the method of deducing by pure reasoning from
speculative assumptions, [...].” ([233], p. 1001)

In an unsuccessful hunt for progress with the deductive-hypothetical method alone, Einstein spent
decades of his life on the unification of the gravitational with the electromagnetic and, possibly,
other fields. Others joined him in such an endeavour, or even preceded him, including Mie, Hilbert,
Ishiwara, Nordstrom, and others®. At the time, another road was impossible because of the lack
of empirical basis due to the weakness of the gravitational interaction. A similar situation obtains
even today within the attempts for reaching a common representation of all four fundamental
interactions. Nevertheless, in terms of mathematical and physical concepts, a lot has been learned
even from failed attempts at unification, vid. the gauge idea, or dimensional reduction (Kaluza—
Klein), and much still might be learned in the future.

4The inclusion of the quantum corresponds to Vizgin’s maximal unification problem [385], p. 169.
5See Section 1 of Vizgin’s book [385] for a treatment of the history of pre-relativistic unified field theories and
an exposition of Mie’s, Ishiwara’s, and Nordstrém’s approaches.
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In the following I shall sketch, more or less chronologically, and by trailing Einstein’s path, the
history of attempts at unifying what are now called the fundamental interactions during the period
from about 1914 to 1933. Until the end of the thirties, the only accepted fundamental interactions
were the electromagnetic and the gravitational, plus, tentatively, something like the “mesonic” or
“nuclear” interaction. The physical fields considered in the framework of “unified field theory”
including, after the advent of quantum (wave-) mechanics, the wave function satisfying either
Schrédinger’s or Dirac’s equation, were all assumed to be classical fields. The quantum mechanical
wave function was taken to represent the field of the electron, i.e., a matter field. In spite of this,
the construction of quantum field theory had begun already around 1927 [52, 174, 178, 175, 179].
For the early history and the conceptual development of quantum field theory, cf. Section 1 of
Schweber [322], or Section 7.2 of Cao [28]; for Dirac’s contributions, cf. [190]. Nowadays, it seems
mandatory to approach unification in the framework of quantum field theory.

General relativity’s doing away with forces in exchange for a richer (and more complicated)
geometry of space and time than the Euclidean remained the guiding principle throughout most of
the attempts at unification discussed here. In view of this geometrization, Einstein considered the
role of the stress-energy tensor T°* (the source-term of his field equations G** = —xkT*) a weak
spot of the theory because it is a field devoid of any geometrical significance.

Therefore, the various proposals for a unified field theory, in the period considered here, included
two different aspects:

e An inclusion of matter in the sense of a desired replacement, in Einstein’s equations and their
generalisation, of the energy-momentum tensor of matter by intrinsic geometrical structures,
and, likewise, the removal of the electric current density vector as a non-geometrical source
term in Maxwell’s equations.

e The development of a unified field theory more geometrico for electromagnetism and gravi-
tation, and in addition, later, of the “field of the electron” as a classical field of “de Broglie-
waves” without explicitly taking into account further matter sources®.

In a very Cartesian spirit, Tonnelat (Tonnelat 1955 [356], p. 5) gives a definition of a unified field
theory as

“a theory joining the gravitational and the electromagnetic field into one single hyper-
field whose equations represent the conditions imposed on the geometrical structure of
the universe.”

No material source terms are taken into account”. If however, in this context, matter terms appear
in the field equations of unified field theory, they are treated in the same way as the stress-energy
tensor is in Einstein’s theory of gravitation: They remain alien elements.

For the theories discussed, the representation of matter oscillated between the point-particle
concept in which particles are considered as singularities of a field, to particles as everywhere
reqular field configurations of a solitonic character. In a theory for continuous fields as in general
relativity, the concept of point-particle is somewhat amiss. Nevertheless, geodesics of the Rie-
mannian geometry underlying Einstein’s theory of gravitation are identified with the worldlines of
freely moving point-particles. The field at the location of a point-particle becomes unbounded, or
“singular”, such that the derivation of equations of motion from the field equations is a non-trivial
affair. The competing paradigm of a particle as a particular field configuration of the electromag-
netic and gravitational fields later has been pursued by J. A. Wheeler under the names “geon” and

6In present-day interpretation, the first two fields are fields mediating the interactions while the third, the electron
field, really is a matter field.
"This definition corresponds, in a geometrical framework, to Vizgin’s minimal unification problem ([385], p. 187).
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“geometrodynamics” in both the classical and the quantum realm [412]. In our time, gravitational
solitonic solutions also have been found [235, 26].

Even before the advent of quantum mechanics proper, in 1925-26, Einstein raised his expec-
tations with regard to unified field theory considerably; he wanted to bridge the gap between
classical field theory and quantum theory, preferably by deriving quantum theory as a consequence
of unified field theory. He even seemed to have believed that the quantum mechanical properties of
particles would follow as a fringe benefit from his unified field theory; in connection with his classi-
cal teleparallel theory it is reported that Einstein, in an address at the University of Nottingham,
said that he

“is in no way taking notice of the results of quantum calculation because he believes that
by dealing with microscopic phenomena these will come out by themselves. Otherwise
he would not support the theory.” ([91], p. 610)

However, in connection with one of his moves, i.e., the 5-vector version of Kaluza®’s theory (cf. Sec-
tions 4.2, 6.3), which for him provided “a logical unity of the gravitational and the electromagnetic
fields”, he regretfully acknowledged:

“But one hope did not get fulfilled. I thought that upon succeeding to find this law,
it would form a useful theory of quanta and of matter. But, this is not the case. It
seems that the problem of matter and quanta makes the construction fall apart.”” ([96],
p. 442)

Thus, unfortunately, also the hopes of the eminent mathematician Schouten'?, who knew some
physics, were unfulfilled:

“[...] collections of positive and negative electricity which we are finding in the positive
nuclei of hydrogen and in the negative electrons. The older Maxwell theory does not
explain these collections, but also by the newer endeavours it has not been possible to
recognise these collections as immediate consequences of the fundamental differential
equations studied. However, if such an explanation should be found, we may perhaps
also hope that new light is shed on the [...] mysterious quantum orbits.” ! ([301], p. 39)

In this context, through all the years, Einstein vainly tried to derive, from the field equations
of his successive unified field theories, the existence of elementary particles with opposite though
otherwise equal electric charge but unequal mass. In correspondence with the state of empirical
knowledge at the time (i.e., before the positron was found in 1932/33), but despite theoretical

8 Theodor Franz Eduard Kaluza (1885-1954). Born in Ratibor, Germany (now Raciborz, Poland). Studied
mathematics at the University of Konigsberg (now Kaliningrad, Russia) and became a lecturer there in 1910. In
1929 he received a professorship at the University of Kiel, and in 1935 was made full professor at the University
of Goéttingen. He wrote only a handful of mathematical papers and a textbook on “Higher mathematics for the
practician” (cf. [423]).

9 “Fine Hoffnung ist aber nicht in Erfiillung gegangen. Ich dachte, wenn es gelingt, dieses Gesetz aufzustellen, dass
es eine brauchbare Theorie der Quanten und Materie bilden wiirde. Aber das ist nicht der Fall. Die Konstruktion
scheint am Problem der Materie und der Quanten zu scheitern.”

10 Jan Arnoldus Schouten (1883-1971). Born near Amsterdam in the Netherlands. Studied electrical engineering
at the Technical University (Hogeschool) of Delft and then mathematics at the University of Leiden. His doctoral
thesis of 1914 was on tensor analysis, a topic he worked on during his entire academic career. From 1914 until 1943
he held a professorship in mathematics at the University of Delft, and from 1948 to 1953 he was director of the
Mathematical Research Centre at the University of Amsterdam. He was a prolific writer, applying tensor analysis
to Lie groups, general relativity, unified field theory, and differential equations.

11« )] Anhdufungen von positiver und negativer Elektrizitit, die wir in den positiven Wasserstoffkernen und
in den negativen Elektronen antreffen. Die &ltere Maxwellsche Theorie erklart diese Anhadufungen nicht, aber
auch den neueren Bestrebungen ist es bisher nicht gelungen, diese Anhdufungen als selbstverstdndliche Folgen der
zugrundeliegenden Differentialgleichungen zu erkennen. Sollte aber eine solche Erklarung gefunden werden, so darf
man vielleicht auch hoffen, dass die [...] mysteridsen Quantenbahnen in ein neues Licht gertickt werden.”
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hints pointing into a different direction to be found in Dirac’s papers, he always paired electron
and proton'?.

Of course, by quantum field theory the dichotomy between matter and fields in the sense
of a dualism is minimised as every field carries its particle-like quanta. Today’s unified field
theories appear in the form of gauge theories; matter is represented by operator valued spin-half
quantum fields (fermions) while the “forces” mediated by “exchange particles” are embodied in
gauge fields, i.e., quantum fields of integer spin (bosons). The space-time geometry used is rigidly
fixed, and usually taken to be Minkowski space or, within string and membrane theory, some
higher-dimensional manifold also loosely called “space-time”, although its signature might not be
Lorentzian and its dimension might be 10, 11, 26, or some other number larger than four. A
satisfactory inclusion of gravitation into the scheme of quantum field theory still remains to be
achieved.

In the period considered, mutual reservations may have existed between the followers of the new
quantum mechanics and those joining Einstein in the extension of his general relativity. The latter
might have been puzzled by the seeming relapse of quantum mechanics from general covariance
to a mere Galilei- or Lorentz-invariance, and by the statistical interpretation of the Schrodinger
wave function. Lanczos'?, in 1929, was well aware of his being out of tune with those adherent to
quantum mechanics:

“I therefore believe that between the ‘reactionary point of view’ represented here, aim-
ing at a complete field-theoretic description based on the usual space-time structure and
the probabilistic (statistical) point of view, a compromise [...] no longer is possible.” 14
([198], p. 486, footnote)

On the other hand, those working in quantum theory may have frowned upon the wealth of objects
within unified field theories uncorrelated to a convincing physical interpretation and thus, in prin-
ciple, unrelated to observation. In fact, until the 1930s, attempts still were made to “geometrize”
wave mechanics while, roughly at the same time, quantisation of the gravitational field had also
been tried [284]. Einstein belonged to those who regarded the idea of unification as more funda-
mental than the idea of field quantisation [95]. His thinking is reflected very well in a remark made
by Lanczos at the end of a paper in which he tried to combine Maxwell’s and Dirac’s equations:

“If the possibilities anticipated here prove to be viable, quantum mechanics would cease
to be an independent discipline. It would melt into a deepened ‘theory of matter’ which
would have to be built up from regular solutions of non-linear differential equations, —
in an ultimate relationship it would dissolve in the ‘world equations’ of the Universe.
Then, the dualism ‘matter-field’” would have been overcome as well as the dualism

‘corpuscle-wave’.” > ([198], p. 493)

121t is true that Dirac, in his first paper, in contrast to what his “hole”-theory implied, had identified the positively
charged particle corresponding to the electron also with the proton [55]. However, after Weyl had pointed out that
Dirac’s hole theory led to equal masses [409], he changed his mind and gave the new particle the same mass as the
electron [56].

13 Cornelius Lanczos (Kornél Léwy) (1893-1974). Born in Székesfehérvéar (Hungary). Studied physics and mathe-
matics at the University of Budapest with E6tvos, Fejér, and Lax. Received his doctorate in 1921, became scientific
assistant at the University of Freiburg (Germany) and lecturer at the University of Frankfurt am Main (Germany).
Worked with Einstein in Berlin 1928-1929, then returned to Frankurt. Became a visiting professor at Purdue Uni-
versity in 1931 and came back on a professorship in 1932. Worked mainly in mathematical physics and numerical
analysis. After 1944 he held various posts in industry and in the National Bureau of Standards. Left the U.S.A.
during the McCarthy era and in 1952 followed an invitation by Schrodinger to become head of the Theoretical
Physics Department of the Dublin Institute for Advanced Study.

14«Ich glaube darum, dass zwischen dem hier vertretenen ‘reactioniren Standpunkt’, der eine vollstandige feldthe-
oretische Beschreibung auf Grund der normalen Raum-Zeit-Struktur erstrebt, und dem wahrscheinlichkeitstheoretis-
chen (statistischen) Standpunkt ein Kompromiss [...] nicht mehr moglich ist.”

15«Sollten sich die hier vorausgeahnten Mdoglichkeiten als wirklich lebensfihig erweisen, so wiirde die Quanten-
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Lanczos’ work shows that there has been also a smaller subprogram of unification as described
before, i.e., the view that somehow the electron and the photon might have to be treated together.
Therefore, a common representation of Maxwell’s equations and the Dirac equation was looked for
(cf. Section 7.1).

During the time span considered here, there also were those whose work did not help the idea
of unification, e.g., van Dantzig'® wrote a series of papers in the first of which he stated:

“It is remarkable that not only no fundamental tensor [first fundamental form] or tensor-
density, but also no connection, neither Riemannian nor projective, nor conformal, is
needed for writing down the [Maxwell] equations. Matter is characterised by a bivector-
density [...].” ([367], p. 422, and also [363, 364, 365, 366])

If one of the fields to be united asks for less “geometry”, why to mount all the effort needed
for generalising Riemannian geometry?

A methodological weak point in the process of the establishment of field equations for unified
field theory was the constructive weakness of alternate physical limits to be taken:

no electromagnetic field — Einstein’s equations in empty space;

e 1o gravitational field — Maxwell’s equations;

“weak” gravitational and electromagnetic fields — Einstein—-Maxwell equations;

e no gravitational field but a “strong” electromagnetic field — some sort of non-linear electro-
dynamics.

A similar weakness occurred for the equations of motion; about the only limiting equation to be
reproduced was Newton’s equation augmented by the Lorentz force. Later, attempts were made to
replace the relationship “geodesics — freely falling point particles” by more general assumptions for
charged or electrically neutral point particles — depending on the more general (non-Riemannian)
connections introduced'”. A main hindrance for an eventual empirical check of unified field theory
was the persistent lack of a worked out example leading to a new gravito-electromagnetic effect.
In the following Section 2, a multitude of geometrical concepts (affine, conformal, projective
spaces, etc.) available for unified field theories, on the one side, and their use as tools for a descrip-
tion of the dynamics of the electromagnetic and gravitational field on the other will be sketched.
Then, we look at the very first steps towards a unified field theory taken by Reichenbécher'®,

mechanik aufhoren, eine selbstdndige Disziplin zu sein. Sie wiirde verschmelzen mit einer vertieften ‘Theorie der
Materie’, die auf regulére Losungen von nicht-linearen Differentialgleichungen aufzubauen hétte, — in letztem Zusam-
menhang also aufgehen in den ‘Weltgleichungen’ des Universums. Der Dualismus ‘Materie-Feld’ wiirde dann ebenso
iiberwunden sein, wie der Dualismus ‘Korpuskel-Welle’.”

16 David van Dantzig (1900-1959). Born in Rotterdam, Netherlands. Studied mathematics at the University of
Amsterdam. Worked first on differential geometry, electrodynamics and unified field theory. Known as co-founder,
in 1946, of the Mathematical Centre in Amsterdam and by his role in establishing mathematical statistics as a
subdiscipline in the Netherlands.

17Thus, in a paper of 1934 really belonging to the 2nd part of this review, Schouten and Haantjes exchanged the
previously assigned “induced geodesic lines” for “auto-geodesical lines” [311].

18 Ernst Reichenbiicher (1881-1944). Studied mathematics and received his doctorate from the University of Halle
in 1903 under the guidance of Albert Wangerin (a student of Franz Neumann in Konigsberg). At first, Reichenbacher
did not enter an academic career, but started teaching in a Gymnasium in Wilhelmshaven in North Germany, then
in Konigsberg on the Baltic Sea. In 1929 he became a Privatdozent (lecturer) at the University of Konigsberg (now
Kaliningrad, Russia). His courses covered special and general relativity, the physics of fixed stars and galaxies with
a touch on cosmology, and quantum mechanics. In the fifth year of World War II he finally received the title of
professor at the University Konigsberg, but in the same year was killed during a bombing raid on the city.

Living Reviews in Relativity
http://www.livingreviews.org/lrr-2004-2


http://www.livingreviews.org/lrr-2004-2

On the History of Unified Field Theories 11

Forster (alias Bach), Weyl'?| Eddington?’, and Einstein (see Section 3.1). In Section 4, the main
ideas are developed. They include Weyl’s generalization of Riemannian geometry by the addition
of a linear form (see Section 4.1) and the reaction to this approach. To this, Kaluza’s idea con-
cerning a geometrization of the electromagnetic and gravitational fields within a five-dimensional
space will be added (see Section 4.2) as well as the subsequent extensions of Riemannian to affine
geometry by Schouten, Eddington, Einstein, and others (see Section 4.3). After a short excursion
to the world of mathematicians working on differential geometry (see Section 5), the research of
Einstein and his assistants is studied (see Section 6). Kaluza’s theory received a great deal of
attention after O. Klein?! intervention and extension of Kaluza’s paper (see Section 6.3.2). Ein-
stein’s treatment of a special case of a metric-affine geometry, i.e., “distant parallelism” set off an
avalanche of research papers (see Section 6.4.4), the more so as, at the same time, the covariant
formulation of Dirac’s equation was a hot topic. The appearance of spinors in a geometrical setting,
and endeavours to link quantum physics and geometry (in particular, the attempt to geometrize
wave mechanics) are also discussed (see Section 7). We have included this topic although, strictly
speaking, it only touches the fringes of unified field theory.

In Section 9, particular attention is given to the mutual influence exerted on each other by the
Princeton (Eisenhart??, Veblen®?), French (Cartan®!), and the Dutch (Schouten, Struik®®) schools

19 Hermann Klaus Hugo Weyl (1885-1955). Born in Elmshorn, Germany. Studied at the Universities of Munich
and Gottingen where he received his doctorate in 1908 (Hilbert was his supervisor). From 1913 he held the Chair
of Mathematics at the Federal Institute of Technology in Ziirich, and from 1930 to 1933 a corresponding Chair at
the University of Gottingen. Then until retirement he worked at the Institute for Advanced Study in Princeton.
Weyl made important contributions in mathematics (integral equations, Riemannian surfaces, continuous groups,
analytic number theory) and theoretical physics (differential geometry, unified field theory, gauge theory). For his
papers, cf. also the Collected Works [411]

20 Arthur Stanley Eddington (1882-1944). Born in Kendal, England. Studied mathematics at Owens College,
Manchester and Trinity College, Cambridge. After some work in physics, moved into astronomy in 1905 and was
appointed to the Royal Observatory at Greenwich. From 1914 director of the Cambridge Observatory. Fellow of
the Royal Society. As a Quaker he became a conscientious objector to military service during the First World War.
Eddington made important contributions to general relativity and astrophysics (internal structure of stars). In 1918,
he led an eclipse expedition from which the first indications resulted that Einstein’s general relativity theory was
correct. Wrote also on epistemology and the philosophy of science.

21 Oskar Klein (1894-1977). Born in Mérby, Sweden. After work with Arrhenius in physical chemistry, he met
Kramers, then a student of Bohr, in 1917. Klein worked with Bohr in the field of molecular physics and received
his doctorate in 1921 at Stockholm Hogskola. His first research position was at the University of Michigan in Ann
Arbor, where he worked on the Zeeman effect. Back in Europe from 1925, he taught at Lund University and tried to
connect Kaluza’s work with quantum theory. In 1930 he became professor for mathematical physics at Stockholm
Hogskola until retirement. His later work included quantum theory (Klein—Nishina formula), superconductivity, and
cosmology.

22 Luther Pfahler Eisenhart (1876-1965). Born in York, Pennsylvania, U.S.A. Studied mathematics at John
Hopkins University, Baltimore and received his doctorate in 1900. Eisenhart taught at the University of Princeton
from 1900, was promoted to professor in 1909 and remained there (as Dean of the mathematical Faculty and Dean
of the Graduate School) until his retirement in 1945. All his work is in differential geometry, including Riemannian
and non-Riemannian geometry and in group theory.

23 Oswald Veblen (1880-1960). Born in Decorah, Iowa, U.S.A. Entered the University of Iowa in 1894, receiving
his B.A. in 1898. He obtained his doctorate from the University of Chicago on “a system of axioms in geometry”
in 1903. He taught mathematics at Princeton (1905-1932), at Oxford in 1928-1929, and became a professor at
the Institute for Advanced Study in Princeton in 1932. Veblen made important contribution to projective and
differential geometry, and to topology. He gave a new treatment of spin.

24 Elie Joseph Cartan (1869-1951). Born in Dolomien near Chambéry, France. Student at 1‘Ecole Normale
since 1888, he received his Ph.D. in 1894 with a thesis in which he completed Killing’s classification of semisimple
algebras. He lectured at Montpellier (1894-1903), Lyon (1896-1903), Nancy (1903-1909), and Paris (1909-1940). His
following work on the representation of semisimple Lie groups combines group theory, classical geometry, differential
geometry, and topology. From 1904 he worked on differential equations and differential geometry, and developed a
theory of moving frames (calculus of differential forms). He also contributed to the geometry of symmetric spaces
and published on general relativity and its geometric extensions as well as on the theory of spinors. For his Collected
Works, cf. [38].

25 Dirk J. Struik (1894-2000). Born in Rotterdam in the Netherlands. Studied mathematics and physics at the
University of Leiden with Lorentz and de Sitter. Received his doctorate in 1922. Then worked with Schouten at
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of mathematicians, and the work of physicists such as Eddington, Einstein, their collaborators,
and others. In Section 10, the reception of unified field theory at the time is briefly discussed.

the University of Delft and, with a Rockefeller International Education Fellowship, moved to Rome and Gottingen.
After a collaboration with Wiener, in 1926 he received a lectureship at the Massachusetts Institute of Technology
(MIT) in Cambridge, Ma. where he became full professor in 1940. He stayed on the MIT mathematics faculty
until 1960. As a professed Marxist he was suspended from teaching duties during the McCarthy period but was
reinstated in 1956. In 1972, he became an honorary research associate in the History of Science Department of
Harvard University.
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2 The Possibilities of Generalizing General Relativity: A
Brief Overview

As a rule, the point of departure for unified field theory was general relativity. The additional task
then was to “geometrize” the electromagnetic field. In this review, we will encounter essentially
five different ways to include the electromagnetic field into a geometric setting;:

e by connecting an additional linear form to the metric through the concept of “gauging”
(Weyl);

e by introducing an additional space dimension (Kaluza);

e by choosing an asymmetric Ricci tensor (Eddington);

e by adding an antisymmetric tensor to the metric (Bach, Einstein);
e by replacing the metric by a 4-bein field (Einstein).

In order to bring some order into the wealth of these attempts towards “unified field theory,” I
shall distinguish four main avenues extending general relativity, according to their mathematical
direction: generalisation of

e geometry,

e dynamics (Lagrangians, field equations),
e number field, and

e dimension of space,

as well as their possible combinations. In the period considered, all four directions were followed
as well as combinations between them like e.g., five-dimensional theories with quadratic curvature
terms in the Lagrangian. Nevertheless, we will almost exclusively be dealing with the extension of
geometry and of the number of space dimensions.

2.1 Geometry

It is very easy to get lost in the many constructive possibilities underlying the geometry of unified
field theories. We briefly describe the mathematical objects occurring in an order that goes from
the less structured to the more structured cases. In the following, only local differential geometry
is taken into account?°.

The space of physical events will be described by a real, smooth manifold Mp of dimension
D coordinatised by local coordinates z?, and provided with smooth vector fields X,Y,... with
components X*,Y? ... and linear forms w,v, ..., (w;,;) in the local coordinate system, as well
as further geometrical objects such as tensors, spinors, connections®”. At each point, D linearly
independent vectors (linear forms) form a linear space, the tangent space (cotangent space) of
Mp. We will assume that the manifold Mp is space- and time-orientable. On it, two independent
Sfundamental structural objects will now be introduced.

26For the following, it is assumed that readers have some prior knowledge of the mathematics underlying General
Relativity.
27For the precise definition of “geometrical object”, cf. Yano’s book [425].
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2.1.1 Metrical structure

The first is a prescription for the definition of the distance ds between two infinitesimally close
points on Mp, eventually corresponding to temporal and spatial distances in the external world.
For ds, we need positivity, symmetry in the two points, and the validity of the triangle equation.
We know that ds must be homogeneous of degree one in the coordinate differentials dz? connecting
the points. This condition is not very restrictive; it still includes Finsler geometry [281, 126, 224]
to be briefly touched, below.

In the following, ds is linked to a non-degenerate bilinear form g(X,Y), called the first funda-
mental form; the corresponding quadratic form defines a tensor field, the metrical tensor, with D?

components g;; such that
ds = 1/ gijdxidad, (1)

where the neighbouring points are labeled by z? and z* + dz?, respectively?®. Besides the norm
of a vector | X| := /g;; X*XJ, the “angle” between directions X, Y can be defined by help of the
metric: L
- ginlY]

(XY
From this we note that an antisymmetric part of the metrical tensor does not influence distances
and norms but angles.

With the metric tensor having full rank, its inverse g** is defined through?®’

gmig™ =& (2)

We are used to g being a symmetric tensor field, i.e., with g;x = g(x) and with only D(D+1)/2
components; in this case the metric is called Riemannian if its eigenvalues are positive (negative)
definite and Lorentzian if its signature is (D — 2)?". In the following this need not hold, so that

the decomposition obtains®!:

cos(£(X,Y)) :

Gik = V(ik) T Plik)- (3)
An asymmetric metric was considered in one of the first attempts at unifying gravitation and
electromagnetism after the advent of general relativity.
For an asymmetric metric, the inverse

is determined by the relations
vyt =6}, pij¢™ = o, hijh™* = 6F, fis % =67, (5)

and turns out to be [350]

W = 2o 2 (6)
f(ik) = §¢ik + g’yim’}’kngbmnv (7)

28The second fundamental form comes into play when local isometric embedding is considered, i.e., when Mp is
taken as a submanifold of a larger space such that the metrical relationships are conserved. In the following, all
geometrical objects are supposed to be differentiable as often as is needed.

29Here, the Kronecker-symbol 6ik with value +1 for ¢ = k, and value O for 7 # k is used. Eik keeps its components
unchanged under arbitrary coordinate transformations.

30Latin indices i, 7, k, ... run from 1 to D, or from 0 to D — 1 to point to the single timelike direction. We have
used the symmetrisation bracket defined by A(;;y := 1/2 (Ai; + Aji).

31In physical applications, special conditions for v and ¢ might be needed in order to guarantee that g is a Lorentz
metric.
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where g, ¢, and ~ are the determinants of the corresponding tensors g;x, ¢ir, and ;. We also
note that

v oL
g=7+o¢+ §7kl7mn¢km¢ln7 (8)

where g := det gix, ¢ = det ¢ir, v := det v;. The results (6,7,8) were obtained already by
Reichenbiicher ([273], pp. 223-224)%? and also by Schrédinger [320]. Eddington also calculated
Equation (8); in his expression the term ~ ¢;;*¢™* is missing (cf. [59], p. 233).

The manifold is called space-time if D = 4 and the metric is symmetric and Lorentzian, i.e.,
symmetric and with signature sigg = +2. Nevertheless, sloppy contemporaneaous usage of the
term “space-time” includes arbitrary dimension, and sometimes is applied even to metrics with
arbitrary signature.

In a manifold with Lorentzian metric, a non-trivial real conformal structure always exists; from
the equation

9(X,X) =0 (9)

results an equivalence class of metrics {A\g} with A being an arbitrary smooth function. In view
of the physical interpretation of the light cone as the locus of light signals, a causal structure is
provided by the equivalence class of metrics [67]. For an asymmetric metric, this structure can
exist as well; it then is determined by the symmetric part v;x = (x) of the metric alone taken to
be Lorentzian.

A special case of a space with a Lorentzian metric is Minkowski space, whose metrical compo-
nents, in Cartesian coordinates, are given by

Niw = 0,°0,0 — 6,16,1 — 6,25,2 — 6,36,3. (10)

A geometrical characterization of Minkowski space as an uncurved, flat space is given below. Let
Lx be the Lie derivative with respect to the tangent vector X>3; then Lx,mik = 0 holds for the
Lorentz group of generators X,.

The metric tensor g may also be defined indirectly through D vector fields forming an orthonor-
mal D-leg (-bein) h¥ with

Gim = huzh, ;7" (11)
where the hatted indices (“bein-indices”) count the number of legs spanning the tangent space at
each point (3 = 1,2,...,D) and are moved with the Minkowski metric**. From the geometrical

point of view, this can always be done (cf. theories with distant parallelism). By introducing
I-forms 6% := hFdz!, Equation (11) may be brought into the form ds* = 9%0’“77%,;.

A new physical aspect will come in if the hlf are considered to be the basic geometric variables
satisfying field equations, not the metric. Such tetrad-theories (for the case D = 4) are described
well by the concept of fibre bundle. The fibre at each point of the manifold contains, in the case of
an orthonormal D-bein (tetrad), all D-beins (tetrads) related to each other by transformations of
the group O(D), or the Lorentz group, and so on.

In Finsler geometry, the line element depends not only on the coordinates z* of a point on the
manifold, but also on the infinitesimal elements of direction between neighbouring points dz*:

ds? = g;j(z", dz™)dx"dz. (12)

Again, g;; is required to be homogeneous of rank 1.

32Reichenbécher’s results agree with Schrédinger’s, but, as they are in a different form than that given by Ton-
nelat [356], I have not checked whether they agree with Equations (6, 7). Neither Schrédinger nor Tonnelat give
credit to Reichenbécher.

33We have (LxY)* := ([X,Y])F = X?9;Y* — Y'9, XF.

34Eisenhart called his object “ennuple” instead of n-bein [119]. In French, the expressions “n-pode”, “n-édre”,
and “polyaxe a n dimensions” were also used.
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2.1.2 Affine structure

The second structure to be introduced is a linear connection L with D? components L”k7 itisa
geometrical object but not a tensor field and its components change inhomogeneously under local
coordinate transformations®”. The connection is a device introduced for establishing a comparison
of vectors in different points of the manifold. By its help, a tensorial derivative V, called covariant
derivative is constructed. For each vector field and each tangent vector it provides another unique

vector field. On the components of vector fields X and linear forms w it is defined by
+ . oX? Ow;

Vi X' = T LGXI, Viw = ok

Dk — Ly w;. (13)

axi

+ ) ) ,
The expressions Vi X* and X*x and X" , respectively, while for a scalar

f covariant and partial derlvatlve coincide: V,;f = 8f =0if=fi
We have adopted the notational convention used by Schouten [300, 310, 389]. Eisenhart and
others [121, 234] change the order of indices of the components of the connection:

ox? - Ow; ;
a " + L]k X Vk w; = W — Likjwj' (].4)
As long as the connection is symmetric, this does mot make any difference as

+ . — . R
Vi X'—= Vi X' =2L;" X7, For both kinds of derivatives we have:

Vi X' =

A(vlwy)

d(vlwy)
oxk

ozk

+
Vi ('Ulwl> =

Vk (U wl) (15)
Both derivatives are used in versions of unified field theory by Einstein and others3®

A manifold provided with only a linear connection L is called affine space. From the point of
view of group theory, the affine group (linear inhomogeneous coordinate transformations) plays a
special role: With regard to it the connection transforms as a tensor (cf. Section 2.1.5).

For a vector density (cf. Section 2.1.5), the covariant derivative of X contains one more term:

ox' roi o e OX
8k+Lk]X *Ler7 VkX 8’“

A smooth vector field Y is said to be parallely transported along a parametrised curve A(u) with
tangent vector X if for its components Y, X ¥(u) = 0 holds along the curve. A curve is called an
autoparallel if its tangent vector is parallely transported along it at each point®”:

+ ~ ~ .
Vi X' = + ij 'XI — L.." X" (16)

X XF(u) = o(u) X" (17)

By a particular choice of the curve’s parameter, ¢ = 0 may be imposed.
A transformation mapping autoparallels to autoparallels is given by:

Likj — Likj + 5j(iwk). (18)

The equivalence class of autoparallels defined by Equation (18) defines a projective structure on
Mp [404, 403].

35Tn an arbitrary basis for the differential forms (cotangent space), the connection may be represented by a 1-form.
361n the literature, different notations and conventions are used. Tonnelat [356] writes Ay = Apj — ijlAl,
+

and Aﬁ;j = Ak,j - L]‘klAl.

3"Many authors replace “autoparallel” by “geodesic”. We will reserve the name geodesic for curves of extreme
length; cf. Riemannian geometry.
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The particular set of connections

2

k ._ k k
wLlij” = Lij" = 570 6Ly

(19)
with L; := L, is mapped into itself by the transformation (18) [348].

In Part II of this article, we shall find the set of transformations L;,7 — Likj + 67 l% playing
a role in versions of Einstein’s unified field theory.

From the connection Lijk further connections may be constructed by adding an arbitrary tensor
field T to its symmetrised part®®:

Lii* = Lap® + Tii* =Ti" + T, (20)
By special choice of T' we can regain all connections used in work on unified field theories. We will
encounter examples in later sections. The antisymmetric part of the connection, i.e.,

Sis® = Lyi* = Tyig* (21)

is called torsion; it is a tensor field. The trace of the torsion tensor S; := S, Lis called torsion vector;
it connects to the two traces of the affine connection L; := L;; L;:= Lljl, as S; = %(LZ - L.

2.1.3 Different types of geometry

2.1.3.1 Affine geometry Various subcases of affine spaces will occur, dependent on whether
the connection is asymmetric or symmetric, i.e., with Lijk = Fijk. In physical applications, a
metric always seems to be needed; hence in affine geometry it must be derived solely by help of
the connection or, rather, by tensorial objects constructed from it. This is in stark contrast to
Riemannian geometry where, vice versa, the connection is derived from the metric. Such tensorial
objects are the two affine curvature tensors defined by>"

+ . . ) ) )
K ij‘l = 8]<;Lljl - 8[ij7l + Lk:'m,ZLljm - lelijm, (22)
K z'kl = 8/€lei - 31iji + Loy = Lmziijm: (23)

respectively. In a geometry with symmetric affine connection both tensors coincide because of

1 + . — . . . . .
g(K S K ) = 0wyt + 280" Sy + LSy ™ — L Sy (24)
In particular, in Riemannian geometry, both affine curvature tensors reduce to the one and only
Riemann curvature tensor.

The curvature tensors arise because the covariant derivative is not commutative and obeys the

Ricci identity:

+ + ;1 o+ , P
V[ij] Al = § K 'rjkA - Sjk Vi A (25)
S — i 1~ % r T o i
ViV A" =5 K ' jpAT + 3 v, A (26)
For a vector density, the identity is given by
+ £ 4 1+ L R | ~
ViV A" =5 K AT = S50 Ve AT SV (27)

38In the following we will note a symmetrical connection by Fijk = L(iﬂk.
395chouten denotes the curvature tensor by Kjri*.
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with the homothetic curvature Vji to be defined below in Equation (31).
The curvature tensor (22) satisfies two algebraic identities:

+
K ey =0, (28)
+ , A

K "Gy = 2V Sy + 45,0 5™ (29)

where the curly bracket denotes cyclic permutation:

Kijay = K+ Ky, + Ky
These identities can be found in Schouten’s book of 1924 ([300], p. 88, 91) as well as the additional
single integrability condition, called Bianchi identity:

+ i r
K jtktmy = 2K 1Sy 5 - (30)

A corresponding condition obtains for the curvature tensor K from Equation (23).
From both affine curvature tensors we may form two different tensorial traces each. In the first
case Vi == K*,;, = V[k”, and Kjj := szki. Vi is called homothetic curvature, while Kji is the

+ —
first of the two affine generalisations from K and K of the Ricci tensor in Riemannian geometry.
We get?

Vii = Ok Ly — O, Ly, (31)

and the following identities hold:
Vkl + 2K[}€l] - 4V[k5[] + Ssklmsm + QVmSklm, (32)
Vit +2 Ky = —4 Vi, S+ 854™Sm + 2V,,5,™, (33)

where S}, := S kll. While Vj; is antisymmetric, K, has both tensorial symmetric and antisymmetric
parts:

Ky = =0 Loy + Vi Siy™ + Lin Sy ™ + 2Ly, ™ S,y (34)
Ky = 0Ly = Om Ly — L Ly + Lggn) Lyn- (35)

We use the notation Ay in order to exclude the index £ from the symmetrisation bracket*!.
In order to shorten the presentation of affine geometry, we refrain from listing the corresponding
set of equations for the other affine curvature tensor (cf., however, [356]).
For a symmetric affine connection, the preceding results reduce considerably due to S;;,” = 0.
From Equations (29,30,32) we obtain the identities:

Kijuy =0, (36)
K tkiymy =0, (37)
Vi + 2K = 0, (38)

+ —
40 Again, we have two kinds of homothetic curvatures deriving from K and K. In the following, we will mostly

+
use the X-quantities and drop the + sign.
41For a three-index-tensor the symmetrisation bracket is defined by

1
Agikty = Q(Aikl + Ak + Apti + Agit + A + Auik)-

Living Reviews in Relativity
http://www.livingreviews.org/lrr-2004-2


http://www.livingreviews.org/lrr-2004-2

On the History of Unified Field Theories 19

i.e., only one independent trace tensor of the affine curvature tensor exists. For the antisymmetric
part of the Ricci tensor Ky = —8[kl~/l] holds. This equation will be important for the physical
interpretation of affine geometry.

In affine geometry, the simplest way to define a fundamental tensor is to set g;; := aK(;j, or

gij = a@ Kj ). It may be desirable to derive the metric from a Lagrangian; then the simplest
scalar density that could be used as such is given by det (Kij)m.

As a final result in this section, we give the curvature tensor calculated from the connection
Eijk = I‘ijk + T ¥ (cf. Equation (20)), expressed by the curvature tensor of Fijk and by the tensor
iy b

(D) = Ky (D) 42 OVRT 7 = 2T, Ty, + 280 T (39)

where 1V is the covariant derivative formed with the connection Fijk (cf. also [310], p. 141).

2.1.3.2 Mixed geometry A manifold carrying both structural elements, i.e., metric and con-
nection, is called a metric-affine space. If the first fundamental form is taken to be asymmetric,
i.e., to contain an antisymmetric part gp) := %(gij — gji), we speak of a mized geometry. In prin-
ciple, both metric-affine space and mixed geometry may always be re-interpreted as Riemannian
geometry with additional geometric objects: the 2-form field ¢(f) (symplectic form), the torsion
S, and the non-metricity @ (cf. Equation 41). It depends on the physical interpretation, i.e., the
assumed relation between mathematical objects and physical observables, which geometry is the
most suitable.

From the symmetric part of the first fundamental form h;; = g(;;), a connection may be
constructed, often called after Levi-Civita®® [204],

i) = %’Y“ (Viig + Y50 = hiz.), (40)
and from it the Riemannian curvature tensor defined as in Equation (22) with L;* = {§;} (cf.
Section 2.1.3); fj} is called the Christoffel symbol. Thus, in metric-affine and in mixed geometry,
two different connections arise in a natural way. In the remaining part of this section we will deal
with a symmetric fundamental form -y;; only, and denote it by g;;.

With the help of the symmetric affine connection, we may define the tensor of non-metricity

Qijk by44

Qijk = gklvlgij~ (41)
Then the following identity holds:
1
L= {?j}+Kijk+§(Qk g+ Qi = Q) (42)

where the contorsion tensor Kijk, a linear combination of torsion Sijk, is defined by*®

k._ ¢k k k _ k
KR = 88 4 8% - Sk = KR (43)

42This scalar density was used by Einstein [77] (cf. Section 6.4.4).

43 Tullio Levi-Civita (1873-1941). Born in Padua, Italy. Studied mathematics and received his doctorate at the
University of Padua. Was given the Chair of Mechanics there and, in 1918, went to the University of Rome in
the same position. Together with Ricci, he developed tensor calculus and introduced covariant differentiation. He
worked also in the mechanical many-body problem, in hydrodynamics, general relativity theory, and unified field
theory. Strongly opposed to Fascism in Italy and dismissed from his professorship in 1938.

44This definition differs from Schouten’s by an overall minus sign.

453ee [157]; his sign conventions are different, though.
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The inner product of two tangent vectors A?, B¥ is not conserved under parallel transport of
the vectors along X' if the non-metricity tensor does not vanish:

X* Uk (A"B™gm) = Qut A" B X! # 0. (44)

A connection for which the non-metricity tensor vanishes, i.e.,

+
Vi gi5 =0 (45)

holds, is called metric-compatible*®.

+ —
J. M. Thomas*” introduced a combination of the terms appearing in ¥V and V to define a
covariant derivative for the metric ([346], p. 188),

Gikj1 = ikl — 9kl — girL' i, (46)

and extended it for tensors of arbitrary rank > 3.
Einstein later used as a constraint on the metrical tensor

0= gicuz = Gik,l — grkFif - girrl]:7 (47)

a condition that cannot easily be interpreted geometrically [97]. We will have to deal with Equa-
tion (47) in Section 6.1 and, more intensively, in Part IT of this review.

Connections that are not metric-compatible have been used in unified field theory right from
the beginning. Thus, in Weyl’s theory [397, 395] we have

Qijr = Qr gij- (48)

In case of such a relationship, the geometry is called semi-metrical [300, 310]. According to
Equation (44), in Weyl’s theory the inner product multiplies by a scalar factor under parallel
transport:

+

This means that the light cone is preserved by parallel transport.
We may also abbreviate the last term in the identity (42) by introducing

k k k k
Xy =@+ Q" — Q" . (50)
Then, from Equation (39), the curvature tensor of a torsionless affine space is given by

(@) = Ky ({1 + 2 O v X, = 2X, Xy, 0 (51)

where (+DV is the covariant derivative formed with the Christoffel symbol.
Riemann—Cartan geometry is the subcase of a metric-affine geometry in which the metric-

compatible connection contains torsion, i.e., an antisymmetric part L[ij]k; torsion is a tensor field

46Tn the case of an asymmetric metric, this relation must be satisfied separately by the symmetric and antisym-
metric parts of g:
Vihij =0, Vigi; = 0.

47 Joseph Miller Thomas (1898-1979). Studied mathematics in Philadelphia at the University of Pennsylvania.
Received his doctorate in 1923. From 1927 assistant professor at the University of Pennsylvania, from 1930 assistant
and in 1935 full professor of mathematics at the Duke University in Durham, North Carolina. His fields were
differential geometry and partial differential equations. He was the principle founder of Duke Mathematical Journal.
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to be linked to physical observables. A linear connection whose antisymmetric part Sijk has the
form
;" = Sudl, (52)
is called semi-symmetric [300].
Riemannian geometry is the further subcase with vanishing torsion of a metric-affine geometry
with metric-compatible connection. In this case, the connection is derived from the metric: Fijk =
fj}, where {Z} is the usual Christoffel symbol (40). The covariant derivative of A with respect to

{5}
the Levi-Civita connection V is abbreviated by A.r. The Riemann curvature tensor is denoted

by
]kl ak{lj} 8l{k]} + {km}{lj} {lm}{k]} (53)

An especially simple case of a Riemanian space is Minkowski space, the curvature of which

vanishes:
R (n) = 0. (54)

This is an invariant characterisation irrespective of whether the Minkowski metric 7 is given in
Cartesian coordinates as in Equation (10), or in an arbitrary coordinate system. We also have
LxRijr = 0 where £ is the Lie-derivative (see below under “symmetries”), and X stands for the
generators of the Lorentz group.

In Riemanian geometry, the so-called geodesic equation,

X1 XH () = o(u) X', (55)

determines the shortest and the straightest curve between two infinitesimally close points. How-
ever, in metric affine and in mixed geometry geodesic and autoparallel curves will have to be
distinguished.

A conformal transformation of the metric,

gik = Gi, = ik (56)
with a smooth function A changes the components of the non-metricity tensor,
ijk - Qijk + gi; 9" 0o, (57)
as well as the Levi-Civita connection,
5=+ ( — 030 + 919" ), (58)
with o; := A7'9;\. As a consequence, the Riemann curvature tensor Rijkl is also changed; if,

however, R’ijkl = 0 can be reached by a conformal transformation, then the corresponding space-
time is called conformally flat. In Mp, for D > 3, the vanishing of the Weyl curvature tensor

2R .
j 0" 1k} (59)

Co = Ryt 53 D-1(D-2)

2
D— (5[le]J + gt k])
is a necessary and sufficient condition for Mp to be conformally flat ([397], p. 404, [300], p. 170).

Even before Weyl, the question had been asked (and answered) as to what extent the conformal
and the projective structures were determining the geometry: According to Kretschmann (and then
to Weyl) they fix the metric up to a constant factor ([196]; see also [401], Appendix 1; for a modern
approach, cf. [67]).

The geometry needed for the pre- and non-relativistic approaches to unified field theory will
have to be dealt with separately. There, the metric tensor of space is Euclidean and not of full
rank; time is described by help of a linear form (Newton—Cartan geometry, cf. [65, 66]). In the
following we shall deal only with relativistic unified field theories.
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2.1.3.3 Projective geometry Projective geometry is a generalisation of Riemannian geome-
try in the following sense: Instead of tangent spaces with the light cone n;pda’dz® = 0, where 7
is the Minkowski metric, in each event now a tangent space with a general, non-degenerate sur-
face of second order v will be introduced. This leads to a tangential cone g;pdx’dz* = 0 in the
origin (cf. Equation (9)), and to a hyperplane, the polar plane, formed by the contact points of
the tangential cone and the surface 4. In place of the D inhomogeneous coordinates z* of Mp,
D + 1 homogeneous coordinates X® (o = 0,1,2,..., D) are defined*® such that they transform as
homogeneous functions of first degree:

aX/V
X =X". 60
X (60)
The connection to the inhomogeneous coordinates x' is given by homogeneous functions of degree
zero, e.g., by z' = ¢X;@ 49 Thus, the X® themselves form the components of a tangent vector.

Furthermore, the quadratic form g,gX*X # = € = +1 is adopted with gap being a homogeneous
function of degree —2. A tensor field T;"1 7273 (cf. Section 2.1.5) depending on the homogeneous
coordinates X* with u contravariant (upper) and [ covariant (lower) indices is required to be a
homogeneous function of degree r := u —I.

If we define 7,/ := %, with ,/X# = 0, then v, transforms like a tangent vector under point
transformations of the x*, and as a covariant vector under homogeneous transformations of the X .
The fy;f may be used to relate covariant vectors a; and A, by 4, = *yljai. Thus, the metric tensor
in the space of homogeneous coordinates g, and the metric tensor g;;, of Mp are related by g1 =
7,9, goup with Yl = 6. The inverse relationship is given by gas = 7,74 gir + €Xoa X5 with
Xo = gapX #. The covariant derivative for tensor fields in the space of homogeneous coordinates
is defined as before (cf. Section 2.1.2):

_ 0AP(X)
T 9X«

The covariant derivative of the quantity v,/ interconnecting both spaces is given by

V. A% (X) +T,2(X)A"(X). (61)

M 9" pn O my, L.
= ur + T,y = e Yo (62)

Vo

2.1.4 Cartan’s method

In this section, we briefly present Cartan’s one-form formalism in order to make understandable
part of the literature. Cartan introduces one-forms % (¢ =1,...,4) by 6% := hfdxl. The reciprocal
basis in ’Eangent space is given by e; = h%%. Thus, 6%(e;) = 6f'. The metric isA then given by
Wakm ® 6%, The covariant derivative of a tangent vector with bein-components X* is defined via
Cartan’s first structure equations,

0! == Df' = df" + w'; A O, (63)
where wilg is the connection-1-form, and ©* is the torsion-2-form, ©* = —Sl»mi 0l A 0. We
have w,; = —w;,. The link to the components L[iﬁ of the affine connection is given by wik =

hih?* L;, /07", The covariant derivative of a tangent vector with bein-components X * then is

DX* = dx* + oh X, (64)

48The index 0 does not refer to a time-coordinate.
49Note that X and AX® correspond to the same point of Mp; Veblen uses A = exp(Nz°) (see [379], Section IT).
50For an asymmetric connection, this corresponds to the + derivative.
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By further external derivation®' on © we arrive at the second structure relation of Cartan,
DOF = QF A4, (65)

R’;[mﬁﬁm A O™ appears, which is given by

In Equation (65) the curvature-2-form Qk[ =1

Qf“iC is the homothetic curvature.

2.1.5 Tensors, spinors, symmetries

2.1.5.1 Tensors Up to here, no definitions of a tensor and a tensor field were given: A tensor
T,(Mp) of type (r,s) at a point p on the manifold Mp is a multi-linear function on the Cartesian
product of r cotangent- and s tangent spaces in p. A tensor field is the assignment of a tensor to
each point of Mp. Usually, this definition is stated as a linear, homogeneous transformation law
for the tensor components in local coordinates:

’ ’ ’
Oz™ Ox™2 Oz Oz*r Oxk: Oxks

K1 kSEkS ... mimams..
T = Tt oxzht dxlz Jxls Oz daxm2 Pxms (67)
where 2% = zF'(z?) with smooth functions on the r.h.s. are taken from the set (“group”) of

coordinate transformations (diffeomorphisms). Strictly speaking, tensors are representations of
the abstract group at a point on the manifold®?.

A relative tensor T,(Mp) of type (r,s) and of weight w at a point p on the manifold Mp
transforms like

ks ke K [ g oz* \1“ m mo mg.., 02" 9z Oz xhr dak: daks (68)

iyl ox'™ mon2 e gl Qxle Jxls Ox™ Ox™m2 Hxms
An example is given by the totally antisymmetric object €;;,; with €511 = £1, or €;5, = 0 depending
on whether (ijkl) is an even or odd permutation of (0123), or whether two indices are alike. w = —1

for €515 in this case, the relative tensor is called tensor density. We can form a tensor from €;;x
by introducing n;jx = /=4 €ijk1, Where gy, is a Lorentz-metric. Note that 5+ = \/%79 €7 The
dual to a 2-form (skew-symmetric tensor) then is defined by *F¥ = Lniikl .

In connection with conformal transformations g — Ag, the concept of the gauge-weight of a
tensor is introduced. A tensor T is said to be of gauge weight ¢ if it transforms by Equation (56)
as

T =NT . (69)

Objects that transform as in Equation (67) but with respect to a subgroup, e.g., the linear group,
affine group G(D), orthonormal group O(D), or the Lorentz group L, are tensors in a restricted
sense; sometimes they are named affine or Cartesian tensors. All the subgroups mentioned are
Lie-groups, i.e., continuous groups with a finite number of parameters. In general relativity, both

51The external derivative d of linear forms w, u satisfies the following rules:
(1) d(aw + bu) = adw + bdp,

(2) dlwAp)=dwvAp—wAduy,

(3) ddw =0.

52 A representation of a group is defined as a map to the vectors of a linear space that is homomorphic in the
group operation.
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the “group” of general coordinate transformations and the Lorentz group are present. The concept
of tensors used in Special Relativity is restricted to a representation of the Lorentz group; however,
as soon as the theory is to be given a coordinate-independent (“generally covariant”) form, then
the full tensor concept comes into play.

2.1.5.2 Spinors Spinors are representations of the Lorentz group only; as such they are related
strictly to the tangent space of the space-time manifold. To see how spinor representations can be
obtained, we must use the 2—-1 homomorphism of the group SL (2, C) and the proper orthochronous
Lorentz group, a subgroup of the full Lorentz group”. Let A € SL (2, C); then A is a complex
(2-by-2)-matrix with det A = 1. By picking the special Hermitian matrix

S =21+ Z op?, (70)
P

where 1 is the (2 by 2)-unit matrix and o, are the Pauli matrices satisfying
00k + 0,0 = 20 (71)
Then, by a transformation A from SL (2,C),
S’ = ASA™T, (72)
54

where AT is the Hermitian conjugate matrix Moreover, det S = det S’ which, according to
Equation (70), expresses the invariance of the space-time distance to the origin:

~@T) =@ - @) - (@)= @) (73)

The link between the representation of a Lorentz transformation L;; in space-time and the uni-
modular matrix A mapping spin space (cf. below) is given by

L(A) = %tr (iAo, AY). (74)

Thus, the map is two to one: +A and —A give the same L;j.
Now, contravariant 2-spinors ¢4 (A = 1,2) are the elements of a complex linear space, spinor
space, on which the matrices A are acting®®. The spinor is called elementary if it transforms under

a Lorentz-transformation as )
¢ =+A € (75)

Likewise, contravariant dotted spinors CA are those transforming with the complex-conjugate ma-
trix A

¢F =+AB (“. (76)
Covariant and covariant dotted 2-spinors correspondingly transform with the inverse matrices,
€p = £(AT) G &, (77)
and - )
g = £ATHG € (78)

The space of 2-spinors can be used as a representation space for the (proper, orthochronous)
Lorentz group, with the 2-spinors being the elements of the most simple representation D(1/2:0),

53The full Lorentz group contains as further elements the temporal and spatial reflections.
Xt 5 =Xpa;A,B=1,2
552_component spinors are also called Weyl-spinors.
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Higher-order spinors with dotted and undotted indices SAb'B + transform correspondingly.

For the raising and lowering of indices now a real, antisymmetric (2 x 2)-matrix e with components

eAB = §{16% — 640L = eap is needed, such that

¢ =e'Pep, Ca=Elepa (79)

Next to a spinor, bispinors of the form CAB,Q“AB, etc. are the simplest quantities (spinors of

2nd order). A vector X* can be represented by a bispinor X458,
XAB = gABXF, (80)

where U,?B (k=0,...,3) is a quantity linking the tangent space of space-time and spinor space.

If k numerates the matrices and A, B designate rows and columns, then we can chose 0'643 to be

AB

the unit matrix Whlle for the other three indices o; " are taken to be the Pauli matrices. Often

the quantity sy \}UI?B is introduced. The reciprocal matrix s* . is defined by
AB gk k
s778h =07, (81)
whereas L o
53-435] OD = (ACBD, (82)
In order to write down spinorial field equations, we need a spinorial derivative,
(9AB=$kABak (83)
with 0, BﬁAB = 0,0F. The simplest spinorial equation is the Weyl equation:
Dup v =0, B=1,2. (84)
The next simplest spinor equation for two spinors XB, 14 would be
0,4eXC = ——=—maa; %Bypo = —=—m 85

where m is a mass. Equation (85) is the 2-spinor version of Dirac’s equation.

Dirac- or 4-spinors with 4 components ¥, k = 1,...,4, may be constructed from 2-spinors as
a direct sum of contravariant undotted and covariant dotted spinors ¢ and ¢: For k = 1,2, we
enter ¢! and ?; for k = 3,4, we enter ¢; and ¢;. In connection with Dirac spinors, instead of the
Pauli-matrices the Dirac «y-matrices (4 x 4-matrices) appear; they satisfy

VAF 4Ry = 2L (86)

The Dirac equation is in 4-spinor formalism [53, 54]:

( ;%+H)XQ (87)

with the 4-component Dirac spinor . In the first version of Dirac’s equation, a- and B-matrices
were used, related to the ~’s by

V=6, A"=pa", m=123, (88)

where the matrices 8 and o™ are given by ((? _gi ), ((1) _01>
K3
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The generally-covariant formulation of spinor equations necessitates the use of n-beins hlf,
whose internal “rotation” group, operating on the “hatted” indices, is the Lorentz group. The
group of coordinate transformations acts on the Latin indices. In Cartan’s one-form formalism (cf.
Section 2.1.4), the covariant derivative of a 4-spinor is defined by

Dt = dip + iwi,;a‘“%w, (89)

where o := %['yl'yk]
Equation (89) is a special case of the general formula for the covariant derivative of a tensorial
form 1, i.e., a vector in some vector space V', whose components are differential forms,

D = dip + ™ p.p (), (90)

where p(e,) is a particular representation of the corresponding Lie algebra in V' with basis vectors
eo. For the example of the Dirac spinor, the adjoint representation of the Lorentz group must be
used”®.

2.1.5.3 Symmetries In Section 2.1.1 we briefly met the Lie derivative of a vector field Lx
with respect to the tangent vector X defined by (LxY)* := ([X,Y]))* = X9, Y* — Y9, X*. With
its help we may formulate the concept of isometries of a manifold, i.e., special mappings, also
called “motions”, locally generated by vector fields X satisfying

Lx gir = 0k(9ij) X" + 9,0 X" + 940, X" = 0. (91)

The generators X solving Equation (91) given some metric, form a Lie group G,, the group of
motions of Mp. If a group G, is prescribed, e.g., the group of spatial rotations O(3), then from
Equation (91) the functional form of the metric tensor having O(3) as a symmetry group follows.

A Riemannian space is called (locally) stationary if it admits a timelike Killing vector; it
is called (locally) static if this Killing vector is hypersurface orthogonal. Thus if, in a special
coordinate system, we take X = §§ then from Equation (91) we conclude that stationarity reduces
to the condition dpg;r = 0. If we take X to be the tangent vector field to the congruence of
curves ' = z'(u), i.e., if X¥ = %, then a necessary and sufficient condition for hypersurface-
orthogonality is eijlejX[kJ] = 0.

A generalisation of Killing vectors are conformal Killing vectors for which Lx g;r = ®g;r with
an arbitrary smooth function ® holds. In purely affine spaces, another type of symmetry may be
defined: Lx T;,! = 0; they are called affine motions [425].

2.2 Dynamics

Within a particular geometry, usually various options for the dynamics of the fields (field equa-
tions, in particular as following from a Lagrangian) exist as well as different possibilities for the
identification of physical observables with the mathematical objects of the formalism. Thus, in
general relativity, the field equations are derived from the Lagrangian

L=+/—g (R+2A—2kLy),

where R(g;x) is the Ricci scalar, g := det g;x, A the cosmological constant, and Ly; the matter
Lagrangian depending on the metric, its first derivatives, and the matter variables. This Lagrangian
leads to the well-known field equations of general relativity,

. 1. ,
R — iRgm = —rT, (92)

56For a contemporary exposition of the use of spinors in space-time, see the book of Penrose and Rindler [256].
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with the energy-momentum(-stress) tensor of matter

Tik — 2 5( \ _gLM) (93)
v—g 09ik
8nG

and k = 5, where G' is Newton’s gravitational constant. G* .= R* — %Rg“C is called the
FEinstein tensor. In empty space, i.e., for T = 0, Equation (92) reduces to

R* = 0. (94)
If only an electromagnetic field Fj, = %;‘? — gf,j derived from the 4-vector potential Ay is present
in the energy-momentum tensor, then the Einstein—-Maxwell equations follow:

1. 1 ;
R¥* — §Rg“€ =—K <FilFlk + 4gikFlmFlm> , VvV, Ft =0. (95)

The components of the metrical tensor are identified with gravitational potentials. Conse-
quently, the components of the (Levi-Civita) connection correspond to the gravitational “field
strength”, and the components of the curvature tensor to the gradients of the gravitational field.
The equations of motion of material particles should follow, in principle, from Equation (92)
through the relation

v, T =0 (96)

implied by it°”. For point particles, due to the singularities appearing, in general this is a tricky
task, up to now solved only approximately. However, the world lines for point particles falling
freely in the gravitational field are, by definition, the geodesics of the Riemannian metric. This
definition is consistent with the rigourous derivation of the geodesic equation for non-interacting
dust particles in a fluid matter description. It is also consistent with all observations.

For most of the unified field theories to be discussed in the following, such identifications were
made on internal, structural reasons, as no link-up to empirical data was possible. Due to the
inherent wealth of constructive possibilities, unified field theory never would have come off the
ground proper as a physical theory even if all the necessary formal requirements could have been
satisfied. As an example, we take the identification of the electromagnetic field tensor with either
the skew part of the metric, in a “mixed geometry” with metric compatible connection, or the
skew part of the Ricci tensor in metric-affine theory, to list only two possibilities. The latter choice
obtains likewise in a purely affine theory in which the metric is a derived secondary concept. In
this case, among the many possible choices for the metric, one may take it proportional to the
variational derivative of the Lagrangian with respect to the symmetric part of the Ricci tensor. This
does neither guarantee the proper signature of the metric nor its full rank. Several identifications
for the electromagnetic 4-potential and the electric current vector density have also been suggested
(cf. below and [143]).

2.3 Number field

Complez fields may also be introduced on a real manifold