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INEQUALITIES ON WELL-DISTRIBUTED POINT SETS ON CIRCLES
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ABSTRACT. The setting is a finite setP of points on the circumference of a circle, where all
points are assigned non-negative real weightsw(p). Let Pi be all subsets ofP with i points
and no two distinct points within a fixed distanced. We prove thatW 2

k ≥ Wk+1Wk−1 where
Wk =

∑
A∈Pi

∏
p∈A w(p). This is done by first extending a theorem by Chudnovsky and

Seymour on roots of stable set polynomials of claw-free graphs.
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1. I NTRODUCTION

In this note a weighted type extension of a theorem by Chudnovsky and Seymour is proved,
and then used to derive some inequalities about well-distributed points on the circumference of
circles. Some basic graph theory will be used: Astable setin a graph, is a subset of its vertex
set with no adjacent vertices. For a graphG, its stable set polynomialis

pG(x) = p0 + p1x + p2x
2 + · · ·+ pnx

n,

wherepi counts the stable sets inG with i vertices, and there aren vertices in the largest stable
sets. It was conjectured by Stanley [8] and Hamidoune [5] that the roots of stable set polyno-
mials of claw-free graphs are real. In aclaw-freegraph there are no four distinct verticesa, b, c,
andd, with a adjacent tob, c, andd, but none ofb, c, andd are adjacent. The conjecture was
proved by Chudnovsky and Seymour [2]. For some subclasses of claw-free graphs, weighted
versions of the theorem exist, and they are used in mathematical physics [6]. Ifw is a real
valued function on the vertex set of a graphG, then theweighted stable set polynomialis

pG,w(x) = p0 + p1x + p2x
2 + · · ·+ pnx

n,
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where
pi =

∑
S stable inG and#S=i

∏
v∈S

w(v)

for i > 0 andp0 = 1. Theorem 2.5 states that ifw is non-negative, andG is claw-free thenpG,w

is real rooted. The proof is in three steps, first for integer weights, then rational, and finally for
real weights.

In the last section, points on circles are described by claw-free graphs, and Newton’s inequal-
ities are used to derive information on well-distributed point sets of them.

2. A W EIGHTED VERSION OF CHUDNOVSKY AND SEYMOUR ’ S THEOREM

Some graph notation is needed. The neighborhood of a vertexv in G, denotedNG(v), is the
set of vertices adjacent tov, andNG[v] = NG(v) ∪ {v}. The vertex set of a graphG is V (G)
and the edge set isE(G). The induced subgraph ofG on S ⊆ V (G), denoted byG[S], is the
maximal subgraph ofG with vertex setS.

Lemma 2.1. Let G be a claw-free graph with non-negative integer vertex weightsw(v). Then
there is an unweighted claw-free graphH with pG,w(x) = pH(x).

Proof. If there are any vertices inG with weight zero they can be discarded and we assume
further on that the weights are positive.

Let H be the graph with vertex set⋃
v∈V (G)

{v} × {1, 2, . . . , w(v)}

and edge set

{{(u, i), (v, j)} ⊆ V (H) | {u, v} ∈ E(G), or u = v andi 6= j}.
We will later use that ifv ∈ V (G) and1 ≤ i, j ≤ w(v) thenNH [(v, i)] = NH [(v, j)].

First we check thatH is claw-free. Let(v1, i1), . . . , (v4, i4) be four distinct vertices ofH
and assume that the subgraph they induce is a claw. If all ofv1, v2, v3, v4 are distinct, then
their induced subgraph ofG is a claw, which contradicts thatG is claw-free. The other case is
that not all ofv1, v2, v3, v4 are distinct; we can assume without loss of generaliy thatv1 = v2.
But NH[(v1,i1),...,(v4,i4)][(v1, i1)] = NH[(v2,i2),...,(v4,i4)][(v1, i1)] and this is never the case for the
neighborhoods of two distinct vertices in a claw. ThusH is claw-free.

The surjective mapφ : {S is stable inH} → {S is stable inG} defined by
{(v1, i1), (v2, i2), . . . , (vt, it)} 7→ {v1, v2, . . . , vt} satisfy#φ−1(S) =

∏
v∈S w(v), which shows

thatpG,w(x) = pH(x). �

Theorem 2.2([2]). The roots of the stable set polynomial of a claw free graph are real.

Lemma 2.3. LetG be a claw-free finite graph with non-negative real vertex weightsw(v), and
ε > 0 a real number. Then there is a polynomialf(x) = f0 + f1x + · · · + fdx

d of the same
degree aspG,w(x) = p0 + p1x + · · · + pdx

d satisfying0 ≤ pi − fi ≤ ε for all i, and all of its
roots are real and negative. In addition,f0 = 1.

Proof. We can assume thatε < 1. Let w̃ be the largest weight of a vertex inG, and letw̃ = 1 if
no weight is larger than 1. Setn = (4w̃)#V (G)ε−1. Note thatn, w̃ ≥ 1. Letw′(v) = bnw(v)c be
non-negative integer weights ofG. By Lemma 2.1, there is a graphH with pH(x) = pG,w′(x),
and by Theorem 2.2 all roots ofpH(x) are real. They are negative since all coefficients are
non-negative. The roots of

f(x) = pG,w′(x/n) = f0 + f1x
1 + f2x

2 + · · ·+ fdx
d
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are then also real and negative.

0 ≤ pi − fi

=
∑

S stable inG and#S=i

(∏
v∈S

w(v)− n−i
∏
v∈S

w′(v)

)

=
∑

S stable inG and#S=i

(∏
v∈S

w(v)−
∏
v∈S

bnw(v)c
n

)

≤
∑

S stable inG and#S=i

(∏
v∈S

w(v)−
∏
v∈S

(
w(v)− 1

n

))

=
∑

S stable inG and#S=i

∑
U&S

−(− 1

n
)#S−#U

∏
v∈U

w(v)

≤ 1

n

∑
S stable inG and#S=i

∑
U&S

n1+#U−#Sw̃#U

≤ 1

n
2#V (G)2#V (G)1w̃#V (G)

= ε.

We have thatf0 = 1 sincepG,w′ , hence it is a stable set polynomial. �

This is a nice way to state the old fact that the roots and coefficients of complex polynomials
move continuously with each other.

Theorem 2.4([3]). The spacePn of all monic complex polynomials of degreen with the dis-
tance functiondPn(f, g) = max{|f0 − g0|, . . . , |fn−1 − gn−1|} for f(z) = f0 + f1z + · · · +
fn−1z

n−1 + zn andg(z) = g0 + g1z + · · ·+ gn−1z
n−1 + zn is a metric space.

The setLn of all multisets of complex numbers withn elements with distance function

dLn(U, V ) = min
π∈Πn

max
1≤j≤n

∣∣uj − vπ(j)

∣∣
for U = {u1, . . . , un} andV = {v1, . . . , vn} is a metric space.

The map{z1, z2, . . . , zn} 7→ (z−z1)(z−z2) · · · (z−zn) fromLn toPn is a homeomorphism.

Theorem 2.5. If G is a claw-free graph with real non-negative vertex weightsw then all roots
of pG,w(z) are real and negative.

Proof. Assume that the the statement is false since there is a graphG with weightsw such
that pG,w(a + bi) = 0, wherea andb are real numbers andb 6= 0. Assume thatpG,w(z) =
p0 + p1z + p2z

2 + · · · + pdz
d, wherepd 6= 0. Sincep0 andpd are non-zero the mapr 7→ 1/r

is a bijection between the multiset of roots ofpG,w(z) and the multiset of roots of the monic
polynomial p̃(z) = pd + pd−1z + pd−2z

2 + · · · + p0z
d. The distance inLd, as defined in

Theorem 2.4, between the multiset of roots ofp̃(z) and the multiset of roots of any real rooted
polynomial is at least|b|/(a2 + b2) since∣∣∣∣r − 1

a + bi

∣∣∣∣ =

∣∣∣∣(r − a

a2 + b2

)
+

b

a2 + b2
i

∣∣∣∣ ≥ |b|
a2 + b2

for any realr. Now we will find a contradiction to the homeomorphism statement in Theo-
rem 2.4 by constructing polynomials which are arbitrary close top̃(z) in Pd, but on distance at
least|b|/(a2+b2) inLd. Letε > 0 be arbitrarily small, at least smaller thanpd/2. By Lemma 2.3
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there is a real rooted polynomialf(x) = f0 + f1x + · · · + fdx
d such that0 ≤ pi − fi ≤ ε and

f0 = 1. We assumed thatε < pd/2 so that bothf0 andfd are non-zero. All roots of the monic
polynomialf̃(z) = fd + fd−1z + fd−2z

2 + · · ·+ f0z
d are real, since they are the inverses of the

roots off(z), which are real. Hence the distance between the roots ofp̃(z) andf̃(z) in Ld is at
least|b|/(a2 + b2). But since|pi − fi| ≤ ε, the distance betweeñp(z) andf̃(z) in Pd is at most
ε.

The roots are negative since all coefficients ofpG,w(z) are non-negative, andpG,w(0) = 1. �

3. WEIGHTED POINTS ON A CIRCLE

The circumference of the circle is parametrized byC = {(x, y) ∈ R2 | x2 + y2 = 1}, and the
distance between two points is the ordinary euclidean metric. To a setP ⊆ C of points on the
circle and a distanced, we associate a graphG(P ; d) with P as a vertex set, and two distinct
verticesa andb are adjacent if their distance is not more thand.

Lemma 3.1. The graphG(P ; d) is claw-free.

Proof. Assume that the pointsp1, p2, p3, p4 lie clockwise on the circle and form a claw in the
graph withp1 adjacent to the other ones. Not bothp2 andp4 can be further away fromp1 than
p3 is from p1, since they are on clockwise order on the circle. But the distance fromp2 andp4

to p1 is larger thand, and the distance betweenp1 andp3 is at mostd since they are in a claw.
We have a contradiction and thusG(P ; d) is claw-free. �

If the points are equally distributed on the circle, we get a class of graphs which was studied
in a topological setting by Engström [4] and used in the proof of Lovász’s conjecture by Babson
and Kozlov [1].

Now we can use the extension of Chudnovsky and Seymour’s theorem.

Theorem 3.2. Let P be a finite set of points on the circumference of a circle, where all points
are assigned non-negative real weightsw(p). And letPk be the set of all subsets ofP with k
points and no two points within a fixed distanced. Then the roots of

f(x) = W0 + W1x + W2x
2 + · · ·

are real and negative if
Wk =

∑
A∈Pk

∏
p∈A

w(p)

andW0 = 1.

Proof. By Lemma 3.1 the graphG(P ; d) is claw-free. The sums of products of weights isWk,
and by Theorem 2.5 the roots of the polynomialf(x) = pG(P ;d),w(z) are real and negative.�

Newton’s inequalities used for coefficients of polynomials with real and non-positive roots
as described in [7] gives the following corollary.

Corollary 3.3. Using the notation of Theorem 3.2, withn the largest integer such thatWn 6= 0,
we have

W 2
k(

n
k

)2 ≥ Wk−1(
n

k−1

)Wk+1(
n

k+1

)
and

W
1/k
k(

n
k

)1/k
≥

W
1/(k+1)
k+1(

n
k+1

)1/(k+1)

for 0 < k < d.

There is an easily stated slightly weaker version,W 2
k ≥ Wk−1Wk+1.
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