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ABSTRACT. Here in this paper, we establish sharp bounds on the expectations ofkth record
increments from general and non-negative parent distributions. We also determine the probabil-
ity distributions for which the bounds are attained. The bounds are numerically evaluated and
compared with other rough bounds.
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1. I NTRODUCTION

Consider independent identically (iid) distributed random variablesX1, . . . , Xn, . . . , with a
continuous common distribution function (cdf)F . We assume the parent cdf has finite mean
µ =

∫ 1

0
F−1(x)dx and finite varianceσ2 =

∫ 1

0
(F−1(x) − µ)2dx. The jth order statistic

Xj:n, 1 ≤ j ≤ n, is the jth smallest value in the finite sequenceX1, X2, . . . , Xn. An ob-
servationXj will be called an upper record statistic if its value exceeds that of all previous
observations. That is,Xj is a record ifXj > Xi for every i < j. The indices at which the
records occur are called record times. The record timesTn, n ≥ 0 can be defined as follows:

T0 = 1,

and
Tn = min{j : j > Tn−1 : Xj > XTn−1}, n ≥ 1.

Then the sequence of record statistics{Rn} is defined by

Rn = XTn:Tn , n = 0, 1, 2, . . . .
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2 MOHAMMAD Z. RAQAB

By definitionR0 is a record statistic (trivial record).
Like extreme order statistics, record statistics are applied in estimating strength of materials,

predicting natural disasters, sport achievements etc. Record statistics are closely connected with
the occurrence times of some corresponding non-homogeneous Poisson processes often used in
shock models (cf. Gupta and Kirmani, 1988). Record statistics are also used in reliability theory.
Serious difficulties for the statistical inference based on records arise due to the fact thatETn =
+∞, n = 1, 2, . . ., and the occurrences of records are very rare in practice. These problems
are removed once we consider the model ofkth record statistics proposed by Dziubdziela and
Kopociński (1976).

For a positive integerk, let T0,k = k and

Tn,k = min{j : j > Tn−1,k, Xj > XTn−1,k−k+1:Tn−1,k
}, n ≥ 1.

ThenRn,k = XTn,k−k+1:Tn,k
, andTn,k, n ≥ 0, are the sequences ofkth record statistics andkth

record times, respectively. Obviously, we obtain ordinary record statistics in the case ofk =
1. In reliability theory, thenth value ofkth record statistics is just the failure time of ak−out-
of-Tn,k system. For more details about record statistics, and their distributional properties, one
may refer to Ahsanullah (1995), Arnold et al. (1998) and Ahsanullah and Nevzorov (2001).

Several researchers have discussed the subject of moment bounds of order statistics. Moriguti
(1953) suggested sharp bounds for the expectations of single order statistics based on a mono-
tone approximation of respective density functions of standard uniform samples by means of the
derivatives of the greatest convex minorants of their antiderivatives. Simple analytic formulae
for the sample maxima were given in Gumbel (1954), and Hartley and David (1954). Arnold
(1985) presented more general sharp bounds for the maximum and arbitrary combination of or-
der statistics, respectively, of possibly dependent samples in terms of central absolute moments
of various orders based on the Hölder inequality. Papadatos (1997) established exact bounds
for the expectations of order statistics from non-negative populations.

In the context of record statistics, Nagaraja (1978) presented analytic formulae for the sharp
bounds of the ordinary records, based on application of the Schwarz inequality. By the same ap-
proach, Grudzién and Szynal (1985) obtained nonsharp bounds forkth record statistics. Raqab
(1997) improved the results using a greatest convex minorant approach. Raqab (2000) evaluated
bounds on expectations of ordinary record statistics based on the Hölder inequality. Gajek and
Okolewski (1997) applied the Steffensen inequality to derive different bounds on expectations
of order and record statistics.

Recently, Raqab and Rychlik (2002) presented sharp bounds for the expectations ofkth

record statistics in various scale units for a general distribution.
Generally, for1 ≤ m < n, we have

(1.1) E(Rn,k −Rm,k) =

∫ 1

0

[F−1(x)− µ]hm,n,k(x)dx, 1 ≤ m < n,

where
hm,n,k(x) = fn,k(x)− fm,k(x), 0 ≤ x ≤ 1,

and

fn,k(x) =
kn+1

n!
[− ln(1− x)]n(1− x)k−1, k ≥ 1, n ≥ 0,

is the density function of thenth value of thekth records of the iid standard uniform sequence
(cf., e.g., Arnold et al., 1998, p. 81). For simplification, we change the variables and obtain
another representation of (1.1),

(1.2) E(Rn,k −Rm,k) =

∫ ∞

0

F−1(1− e−y)ϕm,n,k(y)e−ydy,
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BOUNDS ON THEEXPECTATIONS OFkth RECORD INCREMENTS 3

where
ϕm,n,k(y) = gn,k(y)− gm,k(y),

and

gn,k(y) =
kn+1

n!
yne−(k−1)y, y > 0,

is a density function with respect to the exponential measure on the positive half-axis. The
respective antiderivative is

Φm,n,k(y) = Gn,k(y)−Gm,k(y) = IGy(n + 1, k)− IGy(m + 1, k),

whereIGx(a, b) stands for the incomplete gamma function. This antiderivative can be rewritten
in the following form:

(1.3) Φm,n,k(y) = −e−ky

n∑
j=m+1

(ky)j

j!
.

Applying the Cauchy-Schwarz inequality to (1.2), we obtain a classical nonsharp bound of
E(Rn,k −Rm,k)

E(Rn,k −Rm,k) ≤ Bm,n,k(1)σ,

where

(1.4) Bm,n,k(1) =

{
k

(
k

2k − 1

)2m+1 (
2m

m

)
+ k

(
k

2k − 1

)2n+1 (
2n

n

)

−2k

(
k

2k − 1

)m+n+1 (
m + n

m

)} 1
2

.

In Section 2 of this paper, we establish sharp bounds for the expectations ofkth record incre-
ments expressed in terms of scale unitsσ. In Section 3, we establish bounds for the moments of
kth record increments for non-negative parent populations. Computations and comparisons be-
tween the classical bounds and the ones derived in Sections 2 and 3 are presented and discussed
in Section 4.

2. BOUNDS ON EXPECTATIONS OF kth RECORD I NCREMENTS

In this section we present projection moment bounds on the expectations ofkth record incre-
ments in terms of scale units. First we recall Moriguti’s (1953) approach that will be used in
this section. Suppose that a functionh has a finite integral on[a, b]. LetH(x) =

∫ x

a
h(t)dt, a ≤

x ≤ b, stand for its antiderivative, andH be the greatest convex minorant ofH. Further, let
h be a nondecreasing version of the derivative (e.g. right continuous) ofH. Obviously,h is
a nondecreasing function and constant in the interval whereh 6= h. For every nondecreasing
functionw on [a, b] for which both the integrals in (2.1) are finite, we have

(2.1)
∫ b

a

w(x)h(x)dx ≤
∫ b

a

w(x)
_
h(x)dx.

The equality in (2.1) holds iffw is constant in every interval contained in the set, where
_
H 6= H.

Analyzing the variability ofhm,n,k(x) is necessary for evaluations of optimal bounds. We
consider first the problem withm = n − 1 (n ≥ 2) and k > 1. For simplicity, we use
hn,k(x), ϕn,k(x), andBn,k(i); i = 1, 2, 3 instead ofhn−1,n,k(x), ϕn−1,n,k(x), andBn−1,n,k(i);
i = 1, 2, 3.
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4 MOHAMMAD Z. RAQAB

Functionhn,k(x) can be represented as

hn,k(x) = −fn−1,k(x)

[
k

n
ln(1− x) + 1

]
, n ≥ 2.

It starts from the origin and vanishes asx approaches1 passing the horizontal axis atx =
1− e−n/k (n ≥ 2, k > 1). By using the facts that

fn,k(x) =
k

n
[− ln(1− x)]fn−1,k(x) and

f ′n,k(x) =
k

n
[n + (k − 1) ln(1− x)] (1− x)−1fn−1,k(x),

we conclude that

(2.2) h′n,k(x) = − k

n− 1
fn−2,k(x)(1− x)−1

×
{

k(k − 1)

n
[− ln(1− x)]2 + (2k − 1) ln(1− x) + (n− 1)

}
.

It follows from (2.2) thathn,k(x) decreases on(0, an,k), (bn,k, 1) and increases on(an,k, bn,k),
wherean,k = 1− e−cn,k , bn,k = 1− e−dn,k with

cn,k =
(2k − 1)n−

√
(2k − 1)2n + n(n− 1)

2k(k − 1)
,

dn,k =
(2k − 1)n +

√
(2k − 1)2n + n(n− 1)

2k(k − 1)
.

We can easily check thathn,k(an,k) < 0 andhn,k(bn,k) > 0.
The antiderivativeHn,k(x) of hn,k(x), needed for the Moriguti projection, is therefore con-

cave decreasing, convex decreasing, convex increasing and concave increasing in[0, an,k],
[an,k, 1 − e−n/k], [1 − e−n/k, bn,k], [bn,k, 1], respectively. Further, it is negative withHn,k(0) =
Hn,k(1) = 0. Thus its greatest convex minorantHn,k is linear in [0, 1 − e−β], and [1 −
e−n/(k−1), 1] for someβ ∈ [cn,k, n/k]. That is,

Hn,k(x) =


hn,k(1− e−β)x, if x ≤ 1− e−β,

Hn,k(x), if 1− e−β < x < 1− e−n/(k−1),

−hn,k(1− e−n/(k−1))(1− x), if 1− e−n/(k−1) ≤ x ≤ 1,

whereβ is determined numerically by the equation

(2.3) Φn,k(y) = ϕn,k(y)(1− e−y).

Note thaty = n/(k − 1) is obtained by solving the equation

(2.4) Φn,k(y) = −ϕn,k(y)e−y.

The projection ofϕn,k(y) onto the convex cone of nondecreasing functions inL2([0,∞), e−y dy)
(cf. Rychlik, 2001, pp. 14-16) is

(2.5) ϕn,k(y) =


ϕn,k(β), if y ≤ β,

ϕn,k(y), if β < y < n
k−1

,

ϕn,k(
n

k−1
), if y ≥ n

k−1
.
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By (1.2), (2.5), and the Cauchy-Schwarz inequality, we get

E(Rn,k −Rn−1,k) =

∫ ∞

0

[F−1(1− e−y)− µ][ϕn,k(y)− c]e−ydy

≤
∫ ∞

0

[F−1(1− e−y)− µ][ϕn,k(y)− c]e−ydy

≤
{∫ ∞

0

[ϕn,k(y)− c]2e−ydy

} 1
2

σ,(2.6)

for arbitrary realc. The former inequality becomes equality ifF−1(1− e−y)− µ is constant on
(0, β) and(n/(k − 1),∞). The latter one is attained if

(2.7) F−1(1− e−y)− µ = α|ϕn,k(y)− c| sgn(ϕn,k(y)− c), α ≥ 0.

The condition in (2.7) implies the former condition. As a consequence of that, the bound in
(2.6) is attained for arbitraryc by the distribution function satisfying (2.7). Now we minimize
the bound in the RHS of (2.6) with respect toc = ϕn,k(η), η ∈ (β, n/(k − 1)). We have

(2.8)
∫ ∞

0

(ϕn,k(y)− ϕn,k(η))2e−ydy

= [ϕn,k(η)− ϕn,k(α)]2(1− e−β) +

∫ η

β

[ϕn,k(η)− ϕn,k(y)]2e−ydy

+

∫ n/(k−1)

η

[ϕn,k(y)− ϕn,k(η)]2e−ydy + [ϕn,k(n/(k − 1))− ϕn,k(η)]2e−n/(k−1).

Differentiation of the RHS of (2.8) and equating the result to0 leads toϕn,k(η) = 0. This
shows that the unique solution of (2.8) isη = η∗ = n/k. It follows that the optimal bound on
E(Rn,k −Rn−1,k) is given by

(2.9) Bn,k(2) =

{∫ ∞

0

[ϕn,k(y)]2e−ydy

} 1
2

.

Summing up, (2.9) with (2.3) and (2.4) leads to the following bound

(2.10) Bn,k(2) =

{
ϕ2

n,k(β)(1− e−β) + ϕ2
n,k

(
n

k − 1

)
e−

n
k−1

+
k2n+2

(2k − 1)2n+1

(
2n

n

)
δ

(
2n + 1,

1

2k − 1

)
+

k2n

(2k − 1)2n−1

(
2n− 2

n− 1

)
δ

(
2n− 1,

1

2k − 1

)
− 2

k2n+1

(2k − 1)2n

(
2n− 1

n− 1

)
δ

(
2n,

1

2k − 1

)} 1
2

,

whereδ(i, j) = IGn/(k−1)(i, j)− IGβ(i, j), andβ is the unique solution to

(2.11) [(k − 1)y − n]e−y = ky − n, n ≥ 2, k > 1.

From (2.7), the optimal bound is attained iff

(2.12) F−1(1− e−y)− µ = α|ϕn,k(y)| sgn(ϕn,k(y)).
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6 MOHAMMAD Z. RAQAB

Note that the right-hand side of (2.12) is non-decreasing, negative on(0, n/k) and positive on
(n/k,∞). Moreover, this is constant on(0, β) and (n/(k − 1),∞), which is necessary and
sufficient for the equality in the former inequality of (2.6). The condition∫ ∞

0

[F−1(1− e−y)− µ]2e−ydy = σ2

forcesα = σ/Bn,k(2). Consequently, the distributions functions of the location-scale family
for which the bounds are attained have the form

(2.13) F (x) =


0, if x ≤ ξ1,

h−1
n−1,n,k(Bn,k(2)x−µ

σ
), if ξ1 < x < ξ2,

1, if x ≥ ξ2,

where
ξ1 = µ− σ

Bn,k(2)
ϕn,k(β),

and

ξ2 = µ +
σ

Bn,k(2)
ϕn,k

(
n

k − 1

)
.

The distribution function in (2.13) is involving the inverse of smooth componenthn−1,n,k

with two atoms of measures1− e−β ande−n/(k−1), respectively, at the ends of support.

Remark 2.1. In the special case of ordinary records (m = n− 1, k = 1), Eq. (2.11) reduces to
n(1−e−y) = y and the optimal bound coincides with the corresponding bound in Rychlik (2001,
pp.141). The optimal bound for the extreme casen = 1 cannot be obtained from the above
bound. Further, the casen = k = 1, leads to the estimates forE(R1,1 − R0,1) = E(R1,1 − µ)
which were already presented in Raqab and Rychlik (2002).

Now we consider the casen = 1 and k > 1. In this case, the projection ofh1,k(x)

onto the family of nondecreasing functions in the Hilbert spaceL2([0, 1], dx) is h1,k(x) =
h1,k(min{x, 1− e−1/k−1}).

From (2.1), we get

E(R1,k −X1:k) ≤
∫ ∞

0

[
F−1(1− e−y)− µ

]
ϕ1,k(y)e−ydy

≤ B1,k(2)σ,

where

B1,k(2) =

{
k2e−2

(k − 1)2
e−

1
k−1 +

k2

(2k − 1)3
(2k2 − 2k + 1)

− k2e−
2k−1
k−1

(2k − 1)3(k − 1)2
(6k4 − 4k3 + k2 − 2k + 1)

} 1
2

.

Using similar arguments to those in the previous proof, we conclude that the boundB1,k(2) is
attained for the distribution function of the location-scale family

(2.14) F (x) =


0, if x ≤ µ− σ

B1,k(2)
k,

h−1
0,1,k(B1,k(2)x−µ

σ
), if µ− σ

B1,k(2)
k < x < µ + σ

B1,k(2)
· ke−1

k−1
,

1, if x ≥ µ + σ
B1,k(2)

· ke−1

k−1
,
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BOUNDS ON THEEXPECTATIONS OFkth RECORD INCREMENTS 7

The distribution function in (2.14) has a jump of heighte−1/(k−1) at the right end of support.
In the case of ordinary records(k = 1), one can establish optimal moment bounds for general

kth record incrementsRn,1 −Rm,1, 1 ≤ m < n. The functionϕm,n(y) = gn,1(y)− gm,1(y) can
be rewritten as

ϕm,n(y) = gm,1(y)

[
m!

n!
yn−m − 1

]
, 1 ≤ m < n.

We can easily note that functionhm,n(x) = ϕm,n(− ln(1 − x)) starts from the origin, de-
creases toϕm,n(1 − e−ν) < 0, whereν = [(n − 1)!/(m − 1)!]1/(n−m) and then increases to
∞ at 1 passing the horizontal axis at1 − e−ν∗, whereν∗ = [n!/m!]1/(n−m). The antideriva-
tive Hm,n(x) needed in making the projection, is then concave decreasing, convex decreasing,
and convex increasing in[0, 1 − e−ν ], [1 − e−ν , 1 − e−ν∗ ], and[1 − e−ν∗ , 1], respectively, with
Hm,n(0) = Hm,n(1) = 0. The corresponding greatest convex minorantHm,n(x) is linear in
[0, β∗] for someβ∗ ∈ [1 − e−ν , 1 − e−ν∗ ], that is determined numerically by the following
equation

(2.15) Φm,n(y) = ϕm,n(y)(1− e−y).

By (1.3), Eq. (2.15) can be simplified as

(2.16) e−y

n∑
j=m+1

yj

j!
=

(
ym

m!
− yn

n!

)
(1− e−y).

Finally the projection ofϕm,n(y) in L([0,∞), e−ydy) is

ϕm,n(y) = ϕm,n (max{β∗, y}) .

Hence

(2.17)
E(Rn,k −Rm,k)

σ
≤

∫ ∞

0

[ϕm,n(y)− c]2e−ydy,

wherec = ϕ(η), η ∈ (β∗,∞). The constantη = η∗ = ϕ−1(1) minimizes the RHS of (2.17),
and then the optimal bound simplifies to

(2.18) Bm,n(2) = ϕ2
m,n(β∗)(1− e−β∗)− 1 + e−β∗

[(
2n

n

) 2n∑
j=0

β∗j

j!

+

(
2m

m

) 2m∑
j=0

β∗j

j!
− 2

(
m + n

m

) m+n∑
j=0

β∗j

j!

] 1
2

.

The bound is attained by

(2.19) F (x) = ϕ−1
m,n

(
Bm,n(2)

x− µ

σ

)
, µ− σ

ϕm,n(β∗)

Bm,n(2)
≤ x < ∞.

The distribution (2.19) has a jump of heightβ∗ and a density with infinite support to the right
of the jump point.

3. BOUNDS FOR NON-NEGATIVE DISTRIBUTIONS

In this section, we develop bounds for the moments ofkth record increments from non-
negative parent distributions. The bounds are expressed in terms of location units rather than
scale units. The expectation ofkth record increments can be represented as

(3.1) E(Rn,k −Rm,k) =

∫ ∞

0

[Gm,k(S(y))−Gn,k(S(y))]dy,
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8 MOHAMMAD Z. RAQAB

whereS(y) = −ln(1− F (y)), 0 < y < ∞ is the hazard function.
In order to get optimal evaluations for the expectation in (3.1), we should analyze variablility

of the following function:

W (y) =
Gm,k(y)−Gn,k(y)

e−y
, 0 ≤ y < ∞.

Forn = m+1, it is clear to note that the functionW (y) is unimodal with modeγ = m+1
k−1

. With
n > m + 1, a simple analysis leads to the conclusion that

W (y) =
n∑

j=m+1

qj(y),

where

qj(y) =
(ky)je−(k−1)y

j!
.

FunctionW ′(y) > 0 if y ≤ m+1
k−1

andW ′(y) < 0 if y ≥ n
k−1

. By the continuity ofW (y), there
exists a root ofW ′(y), sayγ ∈

[
m+1
k−1

, n
k−1

]
. The derivative ofW (y) can be written as

W ′(y) =
e−y(gm,k(y)− gn,k(y)) + (Gm,k(y)−Gn,k(y))

e−y
.

SinceG′
n,k(y) = gn,k(y)e−y, we have

[e−yW ′(y)]′ =
e−y

y
{[m− (k − 1)y]gm,k(y)− [n− (k − 1)y]gn,k(y)} .

We observe that the function[e−yW ′(y)]′ < 0 for y ∈
[

m
k−1

, n
k−1

]
. This leads to the conclusion

that[e−yW ′(y)] is strictly decreasing and then the rootγ ∈
[

m+1
k−1

, n
k−1

]
must be unique. Conse-

quently,W (y) is unimodal function with modeγ. The value ofγ can be evaluated numerically
from the equation

(3.2) Gm,k(y)−Gn,k(y) = (gn,k(y)− gm,k(y)) e−y.

Form = n− 1, γ = n/(k − 1), which is the unique solution to (2.4).
From the non-negativity assumption, we have

E(Rn,k −Rm,k) =

∫ ∞

0

W (S(y))(1− F (y))dy

≤ (gn,k(γ)− gm,k(γ))µ,(3.3)

which leads to

(3.4) Bm,n,k(3) =
km+1

m!
e−(k−1)γ

[
m!kn−m

n!
γn−m − 1

]
µ,

whereγ is the unique solution to

(3.5)
n∑

j=m+1

kjyj

j!
=

km+1

m!
ym

[
kn−mm!

n!
yn−m − 1

]
.

Note that Eq. (3.5) is a reduction of (3.2). The bound (3.3) is attained in the limit by a
two-point marginal distribution supported at0 andµeγ with respective probabilities1−e−γ and
e−γ.

For the special casem = n− 1, γ = n
k−1

, n ≥ 2 and the boundBm,n,k(3) can be simplified
as

Bn−1,n,k(3) =

(
k

k − 1

)n
(n− 1)n−1

(n− 1)!
e−n, n ≥ 2 , k > 1.
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BOUNDS ON THEEXPECTATIONS OFkth RECORD INCREMENTS 9

A useful approximation forn! wheren is large, is given by Stirling’s formulan! ∼=
√

2πnnne−n.
This leads to a simpler formula

Bn−1,n,k(3) ∼=
(

k

k − 1

)n

· e−1√
2π(n− 1)

.

4. COMPUTATIONS AND DISCUSSION

In this section we carry out a numerical study in order to compute the sharp bounds on the
expectations of thenth values of thekth record increments for selected values ofm, n and
k. The first step of our calculations is to determine the parametersβ, β∗ and γ by solving
equations (2.3), (2.15) and (3.2) whose left-hand side can be simplified and rewritten in terms
of a Poisson sum of probabilities. Consequently, we numerically solve the equivalent equations
(2.11), (2.16) and (3.5), respectively, by means of the Newton-Raphson method. Then using
(2.10), (2.18), and (3.4), we evaluate the sharp boundsBn,k(2), Bm,n(2) (k = 1) andBn,k(3)
for some selected values ofm,n andk.

In Table 4.1, each optimal boundBn,k(2) is compared with the rough oneBn,k(1) and the
one for non-negative parentBn,k(3). Clearly, the rough bound results in a significant loss of ac-
curacy in evaluating thekth record increments. We observe that the boundsBn,k(2) andBn,k(3)
decrease ask increases with fixedn which has the following explanation. If we considerµ and
σ as general location and scale parameters and increasek, we restrict ourselves to narrower
classes of distributions and the bounds in the narrower classes become tighter. Moreover, the
relative discrepancy betweenBn,k(2) andBn,k(3) increases with the increase of parameterk. In
fact, one can also argue that the boundsBn,k(1) strictly majorizeBn,k(2) for n ≥ 1 andk > 1.
For this, the discrepancy betweenBn,k(1) andBn,k(3) is much larger than that betweenBn,k(2)
andBn,k(3). Forn ≥ k, other calculations show thatBn,k(1) andBn,k(2) beatBn,k(3).

Table 4.2 compares the rough boundsBm,n(1) with Bm,n(2) for the moments of ordinary
record increments (k = 1; 1 ≤ m < n). The numerical results show that the application
of the Hölder inequality combined with the Moriguti modification results in improvements in
evaluating the moments bounds for record increments (k = 1, 1 ≤ m < n). We have excluded
Bm,n(3) since it cannot be obtained for the ordinary records increments. Obviously, the bounds
for non-negative distributions are expressed in terms of location units and these bounds beat the
one derived based on combining the Moriguti approach with the Cauchy-Schwarz inequality
when the coefficient of variationσ/µ exceeds the ratioBn,k(3)/Bn,k(2) depending onn ≥ 1
andk > 1.

The aim of this paper was the development of the optimal moment bounds for thekth record
increments from both general and non-negative parent distributions. The results can be used
effectively in estimating the expected values of records as well as in characterizing the proba-
bility distributions for which the bounds are attained. Possibly, one open problem is to find the
sharp bounds in some restricted families of distributions, e.g. ones with symmetric distributions
or with monotone failure rate.
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Table 4.1: Bounds on the expectations ofkth records increments in various location or scale units.

n k β Bn,k(1) Bn,k(2) Bn,k(3)

2 3 0.3948 0.6024 0.5681 0.6090
4 0.2838 0.6293 0.5803 0.4812
5 0.2213 0.6667 0.6053 0.4229
6 0.1813 0.7063 0.6341 0.3898

3 4 0.5639 0.5182 0.4636 0.5311
5 0.4409 0.5300 0.4633 0.4376
6 0.3617 0.5492 0.4720 0.3871
7 0.3065 0.5712 0.4846 0.3558

4 6 0.5410 0.4774 0.3994 0.4051
7 0.4588 0.4891 0.4023 0.3619
8 0.3982 0.5031 0.4084 0.3333
9 0.3517 0.5183 0.4162 0.3129

5 7 0.6106 0.4432 0.3573 0.3793
8 0.5302 0.4509 0.3576 0.3421
9 0.4684 0.4607 0.3606 0.3162

10 0.4195 0.4715 0.3651 0.2972
6 8 0.6618 0.4183 0.3266 0.3579

9 0.5849 0.4238 0.3259 0.3256
10 0.5239 0.4310 0.3271 0.3022
11 0.4744 0.4391 0.3298 0.2846

10 14 0.6640 0.3646 0.2524 0.2625
15 0.6185 0.3680 0.2524 0.2494
16 0.5789 0.3719 0.2528 0.2386
17 0.5440 0.3761 0.2537 0.2294

Table 4.2: Bounds on the expectations of ordinary records increments (k = 1, 1 ≤ m < n) in various scale units.

m n β∗ Bm,n(1) Bm,n(2)

1 2 1.59362 1.4142 0.9905
3 2.1270 3.7417 3.5943
4 2.6188 7.8740 7.7991
5 3.0855 15.5563 15.5150

2 3 2.8214 2.4495 2.2254
4 3.3308 6.7823 6.6925
5 3.8117 14.6969 14.6462
6 4.2740 29.5635 29.5321

3 4 3.9207 4.4721 4.3485
5 4.4149 12.6491 12.5929
6 4.8898 27.8568 27.8204
7 5.3511 56.6745 56.6489

4 5 4.9651 8.3666 8.2966
6 5.4526 23.9583 23.9208
7 5.9261 53.3104 53.2820
8 6.3890 109.3160 109.2930

5 6 5.9849 15.8745 15.8333
7 6.4703 45.8258 45.7984
8 6.9447 102.7030 102.6790
9 7.4103 211.8210 211.7990
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