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We investigate the equivalence between the convergences of the Mann iteration method
and the Ishikawa iteration method with errors for demicontinuous ¢-strongly accretive
operators in uniformly smooth Banach spaces. A related result deals with the equivalence
of the Mann iteration method and the Ishikawa iteration method for ¢-pseudocontractive
operators in nonempty closed convex subsets of uniformly smooth Banach spaces. The
results presented in this paper extend and improve the corresponding results in the liter-
ature.
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1. Introduction and preliminaries

For a Banach space X we will denote by J the normalized duality mapping from X into
2X" given by

J(x) = {f* € X*:Re(x, f*) = | f*II* = IxII*}, x€X, (1.1)

where X* denotes the dual space of X and (-, -) denotes the generalized duality pairing. It
is known that X is a uniformly smooth Banach space if and only if ] is single-valued and
uniformly continuous on any bounded subset of X. Let I denote the identity operator in
X.

An operator T with domain D(T) and range R(T) in X is said to be strongly accretive if
there exists a constant k > 0 such that for any x, y € D(T), there exists j(x — y) € J(x — y)
satisfying

Re(Tx—Ty,j(x—y)) = kllx— yl* (1.2)

Without loss of generality we may assume that k € (0, 1). It is known that T is accretive if
and only if for any x, y € D(T), there exists j(x — y) € J(x — y) such that

Re(Tx—Ty,j(x—y)) = 0. (1.3)
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2 The equivalence of Mann and Ishikawa iteration methods

Furthermore, T is called ¢-strongly accretive if there exists a strictly increasing function
¢ :[0,00) — [0,00) with ¢(0) = 0 such that for any x,y € D(T) there exists j(x — y) €
J(x — y) satisfying

Re(Tx—Ty,jlx—y)) = ¢(llx—yl)llx— yll. (1.4)

Closely related to the class of strongly accretive operators is the class of strongly pseu-
docontractive operators where an operator T is called strongly pseudocontractive if there
exists £ > 1 such that for any x, y € D(T), there exists j(x — y) € J(x — y) satisfying

. 1
Re(Tx—Ty,jlx—y)) < ;le—y||2. (1.5)

T is called ¢-strongly pseudocontractive if there exists a strictly increasing function ¢ :
[0,00] — [0,00] with ¢(0) = 0 such that for any x,y € D(T) there exists j(x — y) €
J(x — y) satisfying

Re(Tx—Ty,jlx—y)) <llx—ylI*> = ¢(llx— yll) llx— yll. (1.6)

An operator A : X — X* is said to be demicontinuous on X if {Ax,},>1 converges
weakly to Axy for any xo € X and {x,},>1 C X with lim,_ . x,, = x¢. It is well known that
if X is a finite-dimensional space, then A is demicontinuous if and only if it is continuous.

Within the past 20 years or so, various authors have applied the Mann iteration
method, the Mann iteration method with errors, the Ishikawa iteration method, and the
Ishikawa iteration method with errors to approximate fixed points of pseudocontractive,
strongly pseudocontractive, ¢-strongly pseudocontractive, and to approximate solutions
of nonlinear equations Tx = f and x+ Tx = f in the case when T is accretive, strongly
accretive, and ¢-strongly accretive (see, e.g., [1, 3—15, 20] and the references therein). Re-
cently, the equivalence of the Mann iteration method and the Ishikawa iteration method
for various nonlinear operators and nonlinear equations has been established in Banach
spaces or uniformly smooth Banach spaces. For details, we refer to [2, 16-19]. Especially,
Rhoades and Soltuz [18] obtained the equivalence of the Mann iteration method and the
Ishikawa iteration method for strongly pseudocontractive operators, strongly accretive
operators, and accretive operators, respectively, in uniformly smooth Banach spaces.

It is our purpose in this paper to show the equivalence of both the Mann iteration
method with errors and the Ishikawa iteration method with errors for ¢-strongly accre-
tive operators in uniformly smooth Banach spaces, and the Mann iteration method and
the Ishikawa iteration method for ¢-strongly pseudocontractive operators in nonempty
closed and convex subsets of uniformly smooth Banach spaces. The results presented in
this paper extend, improve, and unify the corresponding results due to Chang [1], Chang
et al. cite3, Chidume [4-6], Chidume and Osilike [7], Osilike [14], Rhoades and Soltuz
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[18], Zhou [20], and others. Two examples which dwell upon the importance of our re-
sults are given.
The following lemmas play crucial roles in the proofs of our main results.

Lemma 1.1 [11]. Suppose that X is a uniformly smooth Banach space and T : X — X is
a demicontinuous ¢-strongly accretive operator. Then the equation Tx = f has a unique
solution for any f € X.

Lemma 1.2 [15]. Let X be a uniformly smooth Banach space. Then there exists a nonde-
creasing continuous function b : [0,00) — [0, o) satisfying the conditions:

(1) b(0) =0, b(ct) < cb(t) foranyt =0 and c = 1, and

(i) llx+ ylI* < llxl1> +2 Re(y,J (x)) + max{llx[l, 1} ylb(ll y|}) for any x,y € X.

2. Main results

In the following we establish the equivalence between the convergence of the Mann iter-
ation method with errors and the Ishikawa iteration method with errors for demicontin-
uous strongly accretive operators in uniformly smooth Banach spaces.

TaEOREM 2.1. Let X be a uniformly smooth Banach space and T : X — X a demicontinuous
¢-strongly accretive operator. For a given f € X, let Sx = f +x — Tx for any x € X. Define
the Ishikawa iteration sequence with errors {x,} =0 iteratively by
X0, 00, 80 € X)
Yn = (l_bn)xn+bnsxn+6m (2.1)

Xnr1 = (1= an) %y +anSyn+0,, n>=0,
and the Mann iteration sequence with errors {uy, } > iteratively by

X0,00 € X,

2.2
Ups1 = (1 —ap)uy +a,Su, +6,, n=0, (2.2)

where {0y} n=0, {On}ns0 are sequences in X and {a,},>0, {bn}n=0 are sequences in [0,1]
satisfying

Zanzoo) Z||O—n”<oo) (23)
n=0 n=0
lim a, = lim b, = lim [|3,[| = 0. (2.4)

Assume that

either the sequences {x, — Tx,} ., and {y, — Tyn}

n=0
(2.5)
or the sequences {Txy},., and {Ty,},., are bounded.

Then, for uy = xo € X, the following assertions are equivalent:
(i) the Mann iteration sequence with errors {u,},=0 converges strongly to the unique
solution of the equation Tx = f;
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(ii) the Ishikawa iteration sequence with errors {X,}n=o converges strongly to the unique
solution of the equation Tx = f.

Proof. Tt follows from Lemma 1.1 that the equation Tx = f has a unique solution q € X.
It is clear that S is demicontinuous and ¢ is a unique fixed point of S. Thus (i) follows
from (ii) by setting b, = 0 and 6, = 0 for any n = 0.

Next we prove that (i) implies (ii). Since T is ¢-strongly accretive, it follows that for
any x,y € X

Re (Sx =Sy, J(x—y)) < llx—yI*(1 = A(llx = yll)), (2.6)

where A(llx — yll) = ¢(llx — yI)/(1+[lx = yll + (llx — ) € [0,1) for all x, y € X. Set

d = sup {||Sx = ql| +[|Syn — qll + |ISun = ql[ : 1= 0} + |lx0 — ql[ + ||u0 — g,

Nosuplll6llin=0,  M=—d+S ol L-M+N. 2.7)
n=0
It follows from the ¢-strong accretivicity of T that for any x, y € X,
Re(Tx—Ty,J(x—y)) =z ¢(lx—yll)llx - yl, (2.8)
which implies that
¢Ulx=yl) <lITx-Tyl VxyeX. (2.9)
Observe that
1Sx =Syl < llx = yll +ITx = Tyl < ¢~ (I Tx = Tyll) + ITx = Ty, .10

1Sx—Syll < llx—Tx|l+ly — Tyl

for all x, y € X. Therefore, d, M, and L are bounded by (2.3)—(2.5). It is evident to verify
that

max {[[un = qll, [lxn — qll} <d+ > [lowl| < M, (2.11)
k=0

[lyn = all = (1 =bu)[lxn = qll + bal|Sx0 — gl +[[6a]| < L (2.12)
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for any n = 0. In terms of Lemma 1.2, (2.1), and (2.2), we arrive at
[y = sl =111 = B) (60 = 1) + b (S5, = 14,) + 8412
<|[(1 = by) (o — ) + b (S — 1) ||°
+2Re (8, J (1 = by) (xtn — tn) + by (Sxn — 1)) )
+max {[[ (1= a) (xn — tn) + by (Sx — un) ||, 111841 [6(][84]1)
< (1= b) | = sl + 26 (1 = ) Re (S — 1] (00— 1))
+max {[| (1 = bu) (xn — tn) ||, 1} bu| S — unl[b(bn] S — ual[) - (2.13)
+ D1 84]| + Do |84l [b(118nl1)
= (1= b,) s = wal[* 26 (1 = ) [ = 0 (1 = A2 = )
+2b, (1 = by)Re(Suy — ttny] (X0 — tn))
+D3bb (by) + D1 |84l + D284 [6(|I8l1)
<11 = el + Dyby + D3bb(by) + D[]+ D2 18,1184

for n > 0 and some constants Dy >0, D, >0, D3 >0, and D, > 0. Using Lemma 1.2, (2.1),
(2.2), and (2.13), we infer that

1 = et | =[1(1 = @) (= t10) + @ (Syu — Suu) |

< (1= a)*||xn — tn|* + 20 (1 — @) Re(Syn — Sy, ] (xs — ) )
+max {(1 —au) [, — ], 1}an|[Syn — Sun|[b(anl[Syn — Sul|)

<(1 =)’ n = unll” + 2, (1 = @) [y = wal P (1 = Al [y — a]]))
+2a,(1 = an)Re(Sy, — St J (xXn — t4n) = J (¥ — ttn)) + Dsanb(ay)

<(1=a0)’ |0 — unll® + 22 (1 = @) (1 = A(l]yn — tal]))
5 [|1n = tta]|* + Daby + D3bb (b,) + Di|64]| + Dal8416(][8]]) ]
+2a,||Syn — Sun|[|[] (x4 — 14n) =T (yn — tn) || + Dsanb(ay)

S||xn - ”n||2+ [dn _A(”)’n - ”n”)”xn - ”n”z]an
(2.14)

for n = 0 and some constants D5 >0, D >0, where

dn = D[by+ bub(bn) + [0l +[|8ul[b(/[8al]) + b(an) + (1] (xn — 1) =T (yn = un)[]-
(2.15)

In light of (2.1), (2.4), (2.7)—(2.12), we know that

|[%n — tn — Y+ tn|| < bu]|Sxn — x4|| +|6n]| — 0 asn — oo, (2.16)
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From the continuity of the function b, (2.4) and (2.16), we deduce that
d,— 0 asn— oo, (2.17)

Put inf{A(lly, — unll) : n = 0} =t and inf{A(|lx, — unll) : n = 0} = r. Suppose that
rt > 0. From (2.17) we conclude immediately that there exists an integer m such that
d, < 1/272t, for all n > m. By virtue of (2.14) and (2.17), we get that for each n > m,

1
er = it ||° < |t — il >+ (d = P2) @ < || — ]| — St (2.18)

which implies that
%rthaks||xm—um||2<00, (2.19)

k=m

which contradicts with (2.3). Hence rt = 0. Without loss of generality we may assume
that t = 0. Clearly there exists a subsequence { ||y, — 1,1l }iz0 of {1l ¥4 — tn |l } 40 satisfying
lim; .o [ yn, — ty, || = 0. In view of (2.1), (2.4), (2.7)—(2.11), we infer that

||xﬂi _uﬂi” = ||yni - uﬂi” +b"i|lsx"i _xniH+H8ﬂi|| — 0 asi— oo, (2.20)

That is, lim;_. [|x,, — ty, || = 0. Using (2.3), (2.4), and (2.14), we conclude easily that for
given ¢ > 0 there exists an integer k satisfying

€ $(3/(8+/2)e) 9¢2
||xnk_unk||<7’ dy < Py
V2 ) 1+2L+¢(21;) 32 (2.21)
max{an,bn}<m, ||8n||<m
for any n = ny. Next we prove by induction that for any i > 0
£
||xnk+i - unk+i|| < ﬁ (222)

In fact, (2.21) implies that (2.22) holds for i = 0. Suppose that (2.22) holds for some i > 0.
If 1 +i11 = tngrinn | = €/+/2, then

3¢

||xnk+i - Unk+i|| = Hxnk+i+1 - unk+i+l|| - ank+i||Synk+i - S”nk+i|| > m; (223)
||ynk+i - u”k+i|| = ||x”lk+i - u“k+i|| - bnk+i||ank+i - xnk+i|| - ||8ﬂk+i|| > i ‘
8v2
In view of (2.14), we have
& 2
5 S||Xnk+i+1 - unk+i+l||
<|[%n4i = uﬂk+i||2 + [dueri = Al ymeri = thnesi| )| [ Xm0 = unk+i||2]aﬂk+i (2.24)

& B(3/(82)¢) 9¢* e
27 [d”**’ 1+2L+¢(2L) 32 |™ S
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which is impossible. Therefore (2.22) holds for any integer i > 0. It follows from (2.22)
that [|x, — u,ll — 0 as n — co. Consequently,

|20 — ql| < ||xn — thnl| + |[[un — g|| — 0 asn — oo. (2.25)

Hence the Ishikawa iteration sequence with errors {x,},-0 converges strongly to the
unique solution of Tx = f. This completes the proof. O

Remark 2.2. (i) If the equation Tx = f possesses a solution, then Theorem 2.1 holds
without the demicontinuity of T

(ii) If the continuity or Lipschitz continuity of the operator T and the boundedness
of the operator (1 — T) in [5, 14, 20] are replaced by the more general demicontinuity
and condition (2.5), respectively, then Theorem 2.1 ensures that [5, Theorems 1 and 2],
[14, Theorem 1 and Corollary 2], and [20, Theorem 1 and Corollary 1], respectively, are
pairwise equivalent.

(iii) Theorem 2.1 extends [18, Corollary 3.1] from the Mann iteration method and the
Ishikawa iteration method to the more general Mann iteration method with errors and
Ishikawa iteration method with errors, and from the class of strongly accretive operators
to the more general class of ¢-strongly accretive operators.

The following example shows that Theorem 2.1 generalizes indeed [5, Theorems 1 and
2], [14, Theorem 1 and Corollary 2], [18, Corollary 3.1], [20, Theorem 1 and Corollary
1].

Example 2.3. Let X = (—o00,0) with the usual norm |- | and a, = b, =6, = l/(n+1),
0, =1/(n+1)*,n> 0. Define T: X — X and ¢ : [0,00) — [0, 0) by

x2

) for x € [0, ),
Tx= %x— JV=x forxe[-1,0), (2.26)
%x—l forx € (—o0,—1),
£
o(t) = 3041 fort € [0,), (2.27)

respectively. It is easy to see that T is continuous and for any uy = xo >0, {Tx,} >0 and
{Tyn}n=0 are bounded, where {x,} >0 and {y,}n=0 are as in (2.1). In order to prove that
T is ¢-strongly accretive, for any x, y € X with x > y, we consider the following cases.

Case 1. Suppose that x, y € [0, 00). It follows that

(Tx=Ty,x—y)—¢(lx—yl)lx—yl
y(2+x) 0 (2.28)
(I+x)(1+y)A+x—y)

1
= g(X—)’)Z
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Case 2. Suppose that x, y € [—1,0). It is easy to verify that

(Tx—Ty,x—y) = ¢(lx—yDlx—yl

1l 2( . x—y )_ — B (2.29)
—3(x y) (1 Trx—y (V=x—--y)x—-y)=0.
Case 3. Suppose that x,y € (—oo,—1). Then we have
(Tx—Ty,x—y) —d(lx=y))lx—yl = Lx=yP—1 > (2.30)
% 4 4 )/—3 ) I+x—y ’

Case 4. Suppose that x € [0,0) and y € [-1,0). It follows that

(Tx—Ty,x—y)—¢(Ix—yl)|x—yl
—y (2.31)

1
=§(x—y)m+ﬁ(x—y)zo.

Case 5. Suppose that x € [0,c0) and y € (—o0,—1). It is easy to see that

(Tx—Ty,x—y)—¢(Ix—yl)Ix— yl
o (2.32)

1
:—(x—)/)m+(x—y)20.

3

Case 6. Suppose that x € [-1,0) and y € (—co,—1). It is easy to verify that

(Tx=Ty,x—y) —¢(lx = yl)lx—yl

L (- V- =0 (2.33)

~ Ly

3 I+x—y

Therefore, T is ¢-strongly accretive. Consequently, Theorem 2.1 ensures the equiva-
lence of the Mann iteration method with errors and the Ishikawa iteration method with
errors for ¢-strongly accretive operator T in X. But the results in [5, 14, 18, 20] are not ap-
plicable since T is neither strongly accretive nor Lipschitz. In fact, for any given € € (0, 1),
there exist (xg, y.) = &/(1 —€),0) € X x X such that

2 x; , 2,
(Txe — Tye,xe — ye) —€|xe — ye| " = 304x) —ex = < 0, (2.34)

which yields that T is not strongly accretive. On the other hand,

lim Tx=T0 (l —x) = 400, (2.35)

= lim
x~0- x—0 x—0-\3 X

that is, T' is not Lipschitz.

Next we establish the equivalence between the Mann iteration method with errors and
the Ishikawa iteration methods with errors for demicontinuous accretive operators in
uniformly smooth Banach spaces.



Zeqing Liuetal. 9

THEOREM 2.4. Let X be a uniformly smooth Banach space and T : X — X a demicontin-
uous accretive operator. For a given f € X, define S: X — X by Sx = f — Tx for x € X.
Assume that {04} =0, 10n}n=0, 18n}n=0, 10n}n=0 {Xn}n=05 {Yn}n=0, and {un}n=0 are as in
Theorem 2.1 satisfying (2.1)—(2.4). Suppose that either the sequences {x, + Txy}n=0 and
{Vn+ Tyutu=o or the sequences {Txy} =0 and {T yu} =0 are bounded. Then, for uy = xo €
X, the following assertions are equivalent:
(iii) the Mann iteration sequence with errors {u,},~o converges strongly to the unique
solution of the equation x + Tx = f;
(iv) the Ishikawa iteration sequence with errors {X,}n=0 converges strongly to the unique
solution of the equation x+ Tx = f.

Proof. Put A =1+T. Clearly, Sx = f +x — Ax for x € X. It is easy to see that A: X — X
is demicontinuous ¢-strongly accretive operator with ¢(¢) = 1/2¢, for all ¢ > 0. It follows
from Lemma 1.1 that Ax = f has a unique solution for a given f € X. The sequences
{Axn} =0 and {Ay,} =0 or the sequences {x, — Ax,}n=0 and { y, — Ay, } n=0 are bounded.
Hence Theorem 2.4 follows from Theorem 2.1. This completes the proof. O

Remark 2.5. Theorem 2.4 generalizes [18, Corollary 3.2].

THEOREM 2.6. Let K be a nonempty closed convex subset of a uniformly smooth Banach
space X and T : K — K a ¢-strongly pseudocontractive operator. Suppose that the Ishikawa
iteration sequence {X,} =0 is defined by xy € X,

Yn = (1 - bn)xn +bnTxn)

2.36
Xni1 = (1 —an)xy+ayTy,, n=0, (2.36)
and the Mann iteration sequence {un}n=0 by up € X,
Ups1 = (1 —ap)u, +a,Tu,, n=0, (2.37)
where {ay} n=0 and {b,} =0 are sequences in [0,1] satisfying
Z a, = 0, ,11?010 a, = %Lr?o b, =0. (2.38)
n=0
Assume that F(T) = {x: Tx=x € K} + @ and
the sequences {Tx,},., and {Ty,},., are bounded. (2.39)

Then, for uy = xo, the following assertions are equivalent:
(v) the Mann iteration sequence {uy} -0 converges strongly to the fixed point of T;
(vi) the Ishikawa iteration sequence {x,} >0 converges strongly to the fixed point of T.
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Proof. Since T is ¢-strongly pseudocontractive and F(T) # &, it follows that T has a
unique fixed point g € K and

(I-T)x—T-T)y,J(x=p)) =¢(llx=yIDlIx—yll Vx,yeK. (2.40)

The rest of the proof is identical with the proof of Theorem 2.1. This completes the proof.
O

Remark 2.7. 1f the continuity or Lipschitz continuity of the operator T and the bounded-
ness of the subset K [1, 3—7] are replaced by F(T) # @ and condition (2.39), respectively,
then Theorem 2.6 reveals [1, Theorems 3.2 and 4.1], [3, Theorems 3.3 and 4.1], [4, Theo-
rems 1 and 2], [5, Theorems 3 and 4], [6, the Theorem and Corollary], and [7, Corollaries
1 and 4], respectively, are pairwise equivalent.

Remark 2.8. Theorem 2.6 extends [18, Theorem 2.1] from the class of strongly psuedo-
contractive operators to larger class of ¢-strongly pseudocontractive operators.

The example below demonstrates that Theorem 2.6 generalizes substantially [1, Theo-
rems 3.2 and 4.1], [3, Theorems 3.3 and 4.1], [4, Theorems 1 and 2], [5, Theorems 3 and
4], [6, the Theorem and Corollary], [7, Corollaries 1 and 4], and [18, Theorem 2.1].

Example 2.9. Let X = (—o0,00) with the usual norm | - |, K = [-1,], and a, = b, =
1/(n+1),n=0.Define T:K — K and ¢ : [0,c0] — [0,c0] by

1+x

X forxe [0,+),
Tx =
V=x forx € [-1,0), (2.41)

t2
o(t) = I+t fort € [0,00),

respectively. It is easy to see that F(T) = {0} and the range of T is bounded. In order to
show that T is ¢-strongly pseudocontractive, for any x, y € K with x > y, we consider the
following cases

Case 1. Suppose that x, y € [0, ). It follows that

(Tx—Ty,x—y) = lx—yl* +¢(lx = y|)Ix -yl
1+x)(1+y)(1+x—y) =

2
= —(x —
(x=y) (
Case 2. Suppose that x,y € [—1,0). Then
(Tx=Ty,x = y) = lx=yI>+ ¢(lx = yl)lx - y|

— (== )~ (= P (24

— =<0
I+x—y
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Case 3. Suppose that x,y € [0,00) and y € [—1,0). It is easy to see that

(Tx=Ty,x—y) = Ix—y>+¢(Ix— yl)|Ix -yl

_ _ y Y _ <
= (x y)(1+x)(1+x—y) J=ylx—y) <0.

(2.44)

Thus T is ¢-strongly pseudocontractive in K. Consequently, Theorem 2.6 ensures the
equivalence of the Mann iteration method and the Ishikawa iteration method for ¢-
strongly pseudocontractive operator T in K. But the results in [1, 3-7, 18] are not ap-
plicable since the subset K is unbounded and T is not strongly pseudocontractive. In
fact, for any ¢ > 1 there exist (x;, y¢) = ((£ — 1)/2,0) € K X K such that

|2 xi 1, _ »t-1
tt

1
Tt = Tysxe = y1) = | Xt = = X 2.4
(Tx — Tyexe — yr) t|xt Vi T+ x X; =X >0 (2.45)

that is, T is not strongly pseudocontractive in K.
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