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LetA : T → T be an ergodic automorphism of a finite-dimensional torus T . Also, let
G be the set of elements in T with some fixed finite order. Then,G acts on the right
of T , and by denoting the restriction ofA toG by τ , we haveA(xg)=A(x)τ(g) for
all x ∈ T and g ∈G. Now, let Ã : T̃ → T̃ be the (ergodic) automorphism induced by
the G-action on T . Let τ̃ be an Ã-closed orbit (i.e., periodic orbit) and τ an A-closed
orbit which is a lift of τ̃ . Then, the degree of τ over τ̃ is defined by the integer
deg(τ/τ̃) = λ(τ)/λ(τ̃), where λ( ) denotes the (least) period of the respective
closed orbits. Suppose that τ1, . . . ,τt is the distinct A-closed orbits that covers τ̃ .
Then, deg(τ1/τ̃)+···+deg(τt/τ̃) = |G|. Now, let l = (deg(τ1/τ̃), . . . ,deg(τt/τ̃)).
Then, the previous equation implies that the t-tuple l is a partition of the integer
|G| (after reordering if needed). In this case, we say that τ̃ induces the partition l
of the integer |G|. Our aim in this paper is to characterize this partition l for which
Al = {τ̃ ⊂ T̃ : τ̃ induces the partition l} is nonempty and provides an asymptotic
formula involving the closed orbits in such a set as their period goes to infinity.
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1. Introduction. In a joint paper [3], we studied how periodic orbits of a

shift of finite type X lift to a so-called homogeneous extension of X. The

main result of that paper, which was motivated by a number-theoretical re-

sult of Heilbronn (see Cassels and Fröhlich [1]), is an asymptotic formula for

the number of periodic orbits of X according to how they lift to the associ-

ated homogeneous extension. As an application, we observe that the shift X
and its associated homogeneous extension is the symbolic model for a (G,τ)-
extension of a hyperbolic toral automorphism. In particular, we showed that

the previously mentioned formula also holds for this latter dynamical system

(see Noorani and Parry [3] for details).

Our aim in this paper is to extend this latter result to ergodic (quasihyper-

bolic) toral automorphisms. More precisely, we consider a (G,τ)-extension of

an ergodic toral automorphism Ã and provide an analogous result to the one

obtained in Noorani and Parry [3]. As in the hyperbolic case, the proof of this

asymptotic formula is carried out in two steps. The first step is to bring in a so-

called cyclic extension and obtain the associated Chebotarev theorem for this

extension. The asymptotic formula achieved in this theorem is analogous to

Merten’s theorem of the analytic number theory (see Noorani [2]). The second

step is then just a simple application of our result in [3].
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2. (G,τ)-extensions and identifications. LetA be an ergodic automorphism

of a d-dimensional torus T . Note that in the literature this is also known as

a quasihyperbolic automorphism of T . We always regard A to be an element

of GL(d,Z) with detA = ±1. As is well known, this in turn is equivalent to

requiring A not to have any eigenvalue being a root of unity.

Let m be fixed and G be the set of elements in T with order m, that is,

G = {g ∈ T : gm = eG}. It is clear that the restriction of A to G is a group

isomorphism. Denote this restriction by τ . Then, by letting G act on the right

of T and using multiplicative notation, we have

A(xg)=A(x)τ(g), ∀x ∈ T , g ∈G. (2.1)

In this case, we say that G τ-commute with A. Now, since G acts freely on T
and |G| <∞, we observe that A induces an automorphism Ã on the quotient

manifold T̃ (= T/G), which is also an ergodic toral automorphism. Letting πG :

T → T̃ be the covering map, we have πGA = ÃπG. We refer to A as a (G,τ)-
extension of Ã. In this case, we also say that A covers itself with a finite abelian

group. Note that the eigenvalues of the associated matrix of A and Ã are the

same, including multiplicites. This follows from the easily proven fact that

both A and Ã share the same linear lift.

Recall that a partition of a positive integer k is a collection of positive inte-

gers l1, l2, . . . , lt such that k ≥ l1 ≥ l2 ≥ ··· ≥ lt ≥ 1 and l1+···+ lt = k. In this

case, we write l for the t-tuple (l1, . . . , lt).
Let τ̃ be an Ã-closed orbit with (least) period λ(τ̃) and τ be anA-closed orbit

with period λ(τ) such that πG(τ)= τ̃ . Then, the degree of τ over τ̃ is defined

by the integer

deg
(
τ
τ̃

)
= λ(τ)
λ(τ̃)

. (2.2)

Suppose that τ1, . . . ,τt are the distinct A-closed orbits that cover τ̃. Then, the

following basic relation holds:

deg
(
τ1

τ̃

)
+···+deg

(
τt
τ̃

)
= |G|. (2.3)

Note that the above equation gives us a partition of |G|. In this case, we say

that τ̃ induces the partition l= (l1, l2, . . . , lt) of the integer |G| if

l=
(

deg
(
τ1

τ̃

)
, . . . ,deg

(
τt
τ̃

))
(after reordering if needed). (2.4)

For each partition l of G, let Al = {τ̃ ⊂ T̃ : τ̃ induces the partition l}. We are

interested in an asymptotic formula involving the set Al. To achieve this, we

need to identify A and Ã with a certain direct product dynamical system.

Since G is finite, it is clear that τn = id for some positive integer n. We de-

note by T̂ the direct product manifold Zn ×T , where Zn is the cyclic group
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on n elements. Now, define Â : T̂ → T̂ as Â(s,x) = (s+1,A(x)). The obvious

projection map π : T̂ → T gives us πÂ = Aπ . With this in mind, we refer to Â
as a Zn-(cylic) extension of A. Note that Â is also an extension of Ã via the ob-

vious projection map πĜ. It is helpful to have the following multicommutative

diagram in mind:

T̂
Â

πĜ

T̂

T
A

T .

T̃
Ã

T̃

(2.5)

Now, define the semidirect product group Ĝ of Zn and G as follows:

Ĝ = Zn×τ G =
{
(r ,g) : r ∈ Zn, g ∈G

}
(2.6)

with operation

(r ,g)·(s,h)= (r +s,g ·τr (h)). (2.7)

It is easy to see that the identity element of Ĝ is (0,eG) and the inverse of (r ,g)
is (−r ,τ−r (g−1)).

We introduce a right Ĝ-action on T̂ by (s,x)(r ,g)= (r+s,xτs(g)) for each

(r ,g) ∈ Ĝ and (s,x) ∈ T̂ . Then, it is clear that Ĝ acts freely on T̂ and more

importantly, this action commutes with Â, that is, Âĝ = ĝÂ for all ĝ ∈ Ĝ.

Now, form the Ĝ-orbit space T̂ /Ĝ with the appropriate induced automorphism.

Then, it is not difficult to see that we can identify T̂ /Ĝ (together with the

induced map) with Ã : T̃ → T̃ . With this identification, we refer to Â : T̂ → T̂
as a free Ĝ-extension of Ã : T̃ → T̃ .

Let Ĥ be the subgroup Zn×{eG} of Ĝ, and consider the action of Ĥ on the

space T̂ . The Ĥ-orbit space is

T̂ /Ĥ = {(s,x)·Zn×{eG} : x ∈ T , r ∈ Zn
}
. (2.8)

Since (s,x)(r ,eG)= (r +s,xτr (eG))= (r +s,x) for all (s,x)∈ T̂ and (r ,eG)∈
Ĥ, we deduce that T̂ /Ĥ can be identified with T . Moreover, it can be checked

that the induced map on T̂ /Ĥ is essentially A. These identifications are used in

the next section to obtain an auxiliary result, the so-called Chebotarev theorem

for the Ĝ-extension of Ã (see Parry and Pollicott [4]).

3. Lifting closed orbits of Ã to Â. In this section, we will, with the help of

the above identifications, provide the answer to the first step of the problem
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mentioned in the introduction. Recall that Ã is the ergodic toral automorphism

induced by the G-action on A.

3.1. Frobenius classes, ζ and L-functions. Let τ̃ be an Ã-closed orbit with

least period λ(τ̃) and τ̂ an Â-closed orbit covering τ̃ . Then, since the Ĝ-action

on T̂ is free and commutes with Â, we deduce that there exists a unique element

γ̂ = γ̂(τ̂)∈ Ĝ such that if p ∈ τ̂ , then

pγ̂ = Âλ(τ̃)(p). (3.1)

This group element γ̂(τ̂), which only depends on τ̂ , is called the Frobenius

element of τ̂ . Moreover, if τ̂′ is another Â-closed orbit also covering τ̃ , it is

easy to see that the Frobenius elements of τ̂′ and of τ̂ are conjugated with

each other. We call the conjugacy class determined by τ̃ the Frobenius class of

τ̃ and is denoted by [τ̃] (see [4, 5]).

The zeta function of Ã is defined by

ζ̃(z)= exp
∞∑
m=1

zm

m
FixmÃ, (3.2)

where FixmÃ = Card{x ∈ T̃ : Ãm(x) = x}. Let h be the topological entropy of

Ã. Then, it is well known that ζ̃(z) is analytic and nonzero for |z| < e−h. The

following result, which is due to Waddington [8], gives the necessary informa-

tion regarding the analytic properties of ζ̃(z) for z beyond e−h.

Proposition 3.1. Let Ã be an ergodic toral automorphism with topological

entropy h. Then,

ζ̃(z)= B̃(z)
∏
ρ∈U

1(
1−ehρz)K(ρ) , (3.3)

where B̃(z) is analytic and nonzero for |z| < R̃e−h (some R̃ > 1) and the ele-

ments of U are the terms in the expansion of
∏
λ(1−λ) (λ is an eigenvalue of

Ã of modulus one) such that if ρ ∈U , then K(ρ) is the coefficient of the term ρ
in the above expansion.

Using the above result, we have (see Noorani [2, Proposition 5]) the following

asymptotic formula which is motivated by Merten’s theorem of the analytic

number theory (see also Sharp [7]).

Proposition 3.2. The Ã-closed orbits τ̃ satisfy

∑
λ(τ̃)≤x

log
(
1−e−hλ(τ̃))−1 =m logx+ logν+mγ+o(1), as x �→∞, (3.4)

where γ is Euler’s constant and m = 2d/2 (d is the number of eigenvalues of Ã
of modulus one) and some constant ν .
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Let χ be an irreducible representation of Ĝ. The L-function of χ is defined

as

L̃(z,χ)= exp
∑
τ̃

∞∑
n=1

χ
(
[τ̃]

)
zλ(τ̃)n

n
, (3.5)

where the first sum is taken over all Ã-closed orbits. By comparing the above

expression with ζ̃(z), we deduce that L̃(z,χ) is nonzero and analytic for |z|<
e−h. In fact, L̃(z,χ) has a nonzero meromorphic extension to some disc of

radius greater than e−h. Let Irr(Ĝ) be the collection of all irreducible characters

of Ĝ. Then, as will be apparent later on, our main problem is to obtain the

analytic properties of L̃(z,χ) for z in a neighborhood of e−h for each χ ∈
Irr(Ĝ). First, observe that when χ = χ0, the principal character, L̃(z,χ0)= ζ̃(z).
Moreover, from Serre [6], we have the following proposition.

Proposition 3.3. Let J = {η0,η1, . . . ,ηn−1} be the irreducible characters of

the cyclic group Zn. Then, there exists 1-dimensional characters χi ∈ Irr(Ĝ),
i = 0, . . . ,n− 1 such that for each r ∈ Zn, χi(r ,g) = χi(r ,eG) for all g ∈ G.

Moreover, χi(r ,eG)= ηi(r) for all r ∈ Zn.

It is straightforward to check that the L-functions for these special charac-

ters satisfy the following corollary.

Corollary 3.4. Let K = {χ0,χ1, . . . ,χn−1} be as above. Then, L̃(z,χi) =
ζ̃(ωiz) for all i= 0,1, . . . ,n−1, where ω is a primitive nth root of unity.

Note that the above result says that L̃(z,χi), i = 1, . . . ,n are analytic and

nonzero in a neighborhood of z = e−h. In fact, this holds true for each χi ∈
Irr(Ĝ) χ ≠ χ0 (see [2, 4]).

3.2. The Chebotarev theorem. Let C be a conjugacy class of Ĝ. To capture

the Ã-closed orbits τ̃ with Frobenius class [τ̃]= C , we introduce the following

zeta function:

ζ̃C(z)=
∏
[τ̃]=C

(
1−zλ(τ̃))−1, (3.6)

where the product is taken over all Ã-closed orbits with Frobenius class C . Note

that ζ̃C(z) is just the restriction of ζ̃(z) to the Ã-closed orbits whose Frobe-

nius class equals C . Let g ∈ Ĝ. By the orthogonality relation for irreducible

characters, we have

|G|
|C| log ζ̃C(z)=

∑
χ
χ
(
g−1) ∞∑

n=1

∑
τ̃
χ
(
[τ̃]

)zλ(τ̃)n
n

. (3.7)
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Equivalently, we have

|G|
|C|

∑
λ(τ̃)≤x
[τ̃]=C

log
(
1−zλ(τ̃))−1 =

∑
χ
χ
(
g−1) ∞∑

n=1

∑
λ(τ̃)≤x

χ
(
[τ̃]

)zλ(τ̃)n
n

=
∞∑
n=1

∑
λ(τ̃)≤x

log
(
1−zλ(τ̃))−1

+
∑
χ≠χ0

χ
(
g−1) ∞∑

n=1

∑
λ(τ̃)≤x

χ
(
[τ̃]

)zλ(τ̃)n
n

.

(3.8)

In a neighborhood of z = e−h, we have by Proposition 3.2,

|G|
|C|

∑
λ(τ̃)≤x
[τ̃]=C

log
(
1−e−hλ(τ̃))−1 = logν+m logx+mγ

+
∑
χ≠χ0

χ
(
g−1) logL

(
e−h,χ

)+o(1)
(3.9)

as x→∞.

A straightforward manipulation of the above equations then gives us the

following theorem.

Theorem 3.5. For a conjugacy class C of Ĝ and g ∈ C ,

∏
λ(τ̃)≤x
[τ̃]=C

(
1− 1

ehλ(τ̃)

)
∼D

(
e−mγ

xm
ν
)|C|/|G|

as x �→∞ (3.10)

through the integers, where D = (∏χ≠χ0
L(e−h,χ)χ(g−1))|C|/|G|.

4. Applications to (G,τ)-extensions. We now present the main result of

this paper which is an asymptotic formula involving the set Al = {τ̃ ⊂ T̃ :

τ̃ induces the partition l} for each partition l of G. Before that, we need the

following notion: let K be another subgroup of Ĝ. We can define a left action

of k∈K on the coset space Ĝ/Ĥ by k·ĝĤ = kĝĤ. Let K1, . . . ,Km be the distinct

orbits of this action and ri, i= 1, . . . ,m be their respective sizes. This different

sizes then form a partition of |Ĝ|/|Ĥ|. Note that G is identifiable with Ĝ/Ĥ.

In this case, we say that K induces the partition r = (r1, . . . ,rm) of |G| (after

reordering if needed). It is easy to see that if k is conjugate to k′, then the

respective cyclic subgroups generated by them induces the same partition of

|G|. The proof of the following result can be found in Noorani and Parry [3].

Theorem 4.1. Let τ̃ be an Ã-closed orbit. Then, τ̃ induces the partition l of

|G| if and only if the action of the cylic group generated by some (and hence all)

Frobenius element associated with τ̃ induces the partition l on |G|.
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Let C(g) denote the conjugacy class containing g ∈ Ĝ. As an immediate

corollary to the above theorem, we have the following corollary.

Corollary 4.2. Let Ci = {τ̃ ⊂ X : [τ̃] = C(gi)} be the distinct subsets of Ã-

closed orbits with Frobenius class C(gi), such that the cylic subgroup generated

by gi, i= 1, . . . ,n induces the partition l. Then,

Al =
n⋃
i=1

Ci. (4.1)

Since the union in the above result is disjoint, a direct application of Theorem

3.5 then gives us the main theorem of this paper.

Theorem 4.3. Let A be a (G,τ)-extension of Ã, and let l be a partition of |G|
such that Al =

⋃n
i=1Ci (as above). Then,

∏
λ(τ̃)≤x

[τ̃] induces �

(
1− 1

ehλ(τ̃)

)
∼

n∏
i=1

Di
(
e−mγ

xm
ν
)C(gi)/|G|

as x �→∞ (4.2)

through the integers, where Di = (
∏
χ≠χ0

L(e−h,χ)χ(g−1))C(gi)/|G|.
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