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ABSTRACT. (Bejancu [1,2]) The purpose of this paper is to continue the study of CR-
submanifolds, and in particular of those of a locally conformal Kaehler space form (Matsumoto
[3]). Some results on the holomorphic sectional curvature, D-totally geodesic, D!-totally geodesic
and D!-minimal CR-submanifolds of locally conformal Kaehler (l.c.k.)-space from M(c) are
obtained. We have also discussed Ricci curvature as well as scalar curvature of C R-submanifolds

of M(c).
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1. PRELIMINARIES.

Let M be a Hermitian manifold with complex structure J. Let Q denote the fundamental
2-form of a Hermitian manifold M defined by g(JX,Y) = Q(X,Y), where ¢ is the Hermitian metric
and X,Y are arbitrary vector fields on M. M is called a locally conformal Kaehler (l.c.k.)
manifold [4] if there is a closed 1-form called the Lee form on M such that dQ = QAw where d and
A denoting exterior derivative operator and wedge product. In a l.c.k. manifold M, we define a
symmetric tensor field P(X,Y) as

P(Y,X)= —(Ty a)(X) = a(X)a(Y) + L[l a | 290X, V), (1.1)

where ||| denotes the length of the Lee form with respect to g. Moreover, we assume that the
tensor field P is hybrid, that is,
P(Y,JX)= - P(JY,X) (1.2)

A l.c.k. manifold M is called a l.c.k.-space form if it has a constant holomorphic sectional
curvature ¢, and will be denoted by M(c). Let M(c) be a l.ck. - space form, and M be a
Riemannian manifold isometrically immersed in M. We denote by ¢ the metric tensor field of
M(c) as well as that induced on M. Let ¥ (resp. V) be the covariant differentiation with respect
to the Levi-Civita connection in M (resp. M). Then the Gauss and Weingarten formulas for M
are respectively given by

T xY = V yY +h(X.Y), VyN=-AxN+ V¢ N, (1.3)

for any X,Y € TM, where h (resp. A) is the second fundamental form (resp. tensor) of M and V 1
denotes the operator of the normal connection. Moreover
g(h(X,Y),N) = g(ANX,Y). (1.4)
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The curvature tensor R of a l.c.k. space form M(c) is given by Matsumoto [3]
R(X,Y,Z,W)= T 9(X, W)g(Y.2) = g(X, Z)g(Y W) + 9(JX,W)g(JY, Z) ~ g(J X, Z)g(JY W)

—29(J X, Y)y(JZ.X)H% [P(X,W)g(Y,Z) - P(X,Z)g(Y,W)+g(X.W)P(Y,Z)
—9(X,Z)P(Y W) +% [P(X,JW)g(JY,Z) - P(X,JZ)g(JY W)+ g(JX,W)P(Y,]Z)
—9(JX,Z)P(Y,JW) = 2P(X,JY)g(JZ,W) = 2P(Z,JW)g(J X, Y)], (1.5)

where R(X,Y,Z,W) = g(R(X,Y)Z,W) and
P(X,Y)=P(Y,X), P(X,JY)= - P(JX,Y), P(JX,JY) = P(X,Y).

The Gauss equation is given by
R(X.Y.Z,W)=R(X.Y,Z,W)+g(h(X,W),h(Y,2)) - g(h(X, Z), (Y, W)), (1.6)

where R (resp. R) is the curvature of M and (resp. M(c)).

DEFINITION 1.1. A submanifold M of a l.c.k. space form M(c) is called a CR-submanifold
if there exists a differentiable distribution D:z—D, C T_M on M satisfying the following condition:

(i) D is holomorphic i.e. JD, = D, for each z € M and

(i) the complementary orthogonal distribution DL:z—D 7 ¢ T.M is totally real, ie.
JDF c T2 M for each z € M.
For any vector field X tangent to M, we put

X =TX+FX, (1.7)

where TX and FX belong to the distribution D and DL respectively.
2. SECTIONAL CURVATURE OF CR-SUBMANIFOLDS.
Let M be a CR-submanifold of a l.c.k. space form M(c). Then using Gauss equation (1.6),
the curvature tensor of M is given by
R(X,Y,Z,W)= %[y(X.W)g(Y,Z) —9(X,Z)g(Y,W)+g(JTX ,W)g(JTY,Z)-g(JTX,Z)g(JTY W)

-29(JTX,Y)g(JTZ,W)]+ %{P(X, W)g(Y,2) - P(X,2)9(Y,W)+ g(X,W)P(Y,Z) - g(X,Z)P(Y,W)]
+UP(X,JTW)g(ITY, 2) - P(X,JTZ) (JTY, W)+ g(JTX,W) P(Y,JTZ)~ g(JTX,Z)P(Y,ITW)
—29(JTZ,W)P(X,JTY) - 2P(2,JTW)g(JTX,Y)]+ g(h(X,W),h(Y, Z)) — g(h(X, Z). h(Y ,W)) (2.1)

for X,Y,Z,W e TM.
Let H(X) be the holomorphic sectional curvature of M determined by a unit vector X and
JX. Then from (1.5) we have
H(X)=R(X,JX,JX,X)= -§+.Z- P(X, X). (2.2)

Now suppose that K(X AY) be the sectional curvature of M determined by a unit vector X
and JX. Then from (1.5) we have
R(XAY)=R(X,Y.Y,X) =1+ 90X, Y2 +20(JX, V)] +3[P(X, X) + P(Y,Y)] + P(X,JY)g(JX,Y). (2.3)

Next, suppose that K(XAY) be the sectional curvature of M determined by orthonormal
tangent vectors {X,Y} of M. Then using (1.6) and (2.3), we have
K(XAY) =51+ gJTX,Y)2 +20(JTX,Y)]+3[P(X,X) + P(Y,Y)] + P(X,JTY) g(JTX,Y)
+9(h(X, X).h(Y,Y)) - || (X, V) ||, (2.4)
for all X,Y tangent to M. From this, we have
PROPOSITION 2.1. Let M be a CR-submanifold of a l.c.k. space form M(c). If M is totally
geodesic in M(c), then the sectional curvature of M is given by
K(X AY) =414 gJTX,Y)? +20JTX,Y)]+3{P(X,X) + P(Y,Y)]+ P(X.JTY) g(JTX,Y) (2.5)
for all X,Y tangent to M.
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DEFINITION 2.1. A CR-submanifold M of a l.c.k. space form M(c) is said to be D-totally
(resp. D 1 -totally geodesic) if A(X,¥) =0 (resp. h(Z,W) =0) for all X,Y € D,(Z,W € D 1.
Thus as an immediate consequence of (2.5) we have
COROLLARY 2.2. Let M be a CR-submanifold of a l.ck. space form M(c). If M is DL-
totally geodesic in M(c), then the sectional curvature of M is given by
K(XAY)=S$+3(P(X,X)+ P(Y,Y)] for all X,V € D. (2.6)

The holomorphic sectional curvature H of M determined by a unit vector X € D is the

sectional curvature determined by {X,JX}. Hence from (2.2), we have

H(X)= -%+4ZP(X,X)+g(h(X,X),h(JX.JX))— | h(X,JX) || 2, (2.7)

LEMMA [1]. Let M be a CR-submanifold of a Kaehler manifold . Then the holomorphic
distribution D is involutive if and only if
KJX,Y) = h(X,JY), VX,Y € D. (2.8)

Making use of (2.8) in (2.7), we have
PROPOSITION 2.3. Let M be a CR-submanifold of a l.c.k.-space form M(c) with involutive
distribution D, then
H(X) < IP(x, X), VX € D.

Moreover from (2.7), we have

PROPOSITION 2.4. A CR-submanifold M of a l.c.k. space form M(c) is D-totally geodesic if
and only if the following conditions are satisfied:

(a) the holomorphic distribution D is involutive, and (b) H(X)= %P(X ,X)-% VXeD.

Let {E,E5---,Ep} be a local field of orthogonal frames of M such that
{E\,Ey,- -+, Ep,Ep | =JE}, - ,Eqp=JEp) (resp. {Eap 41+~ 'E2P+q}) is a local field of
frames in D (resp. D1 ).

DEFINITION 2.2. Aﬂ?R-submanifold Mis ;:a.lled D-minimal (resp. D 1 -minimal) if

3 MELE;) =0, (resp. 3 MEgp 4 ,Eqp ) =0).

Thus we have, =t =1

PROPOSITION 2.5. Let M be a D1 -minimal CR-submanifold of a l.c.k. space form M(c).
Then M is D-totally geodesic if and only if

K(X AY) = e +3(P(X, X) + P(Y,Y))), V.X.Y €D.

3. RICCI TENSOR AND SCALAR CURVATURE OF CR-SUBMANIFOLDS.
Let S be the Ricci tensor and p the scalar curvature of M. Then
S(va)= ZR(EivX;YvE,’)a pP= 2 S(E],E]),
t 7

for any vector fields X,Y tangent to M. By the straight forward calculation from (2.1), we get

S(Xv Y) = §(m+2)g(xvy)+%. gl{P(Eiij)g(XvY)_P(E"v Y)g(x,E,)','mP(X)Y)_P(Xv E,‘)g(ys E,)}
1=
—%,gl{P(JY,Ei)g(JX. E;)+P(JX,E;)g(JY,E))} + .gl{g("(xy Y),h(E; E;)) — 9(h(E; X), h(E,,Y))},
1= 1=

since g(JTE, E;) = 0.

The scalar curvature is given by
m

'?J=

Thus we have
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PROPOSITION 3.1. Let M be a minimal CR-submanifold of a l.c.k. space form, then we
have
m
(a) S(X,¥)~Sm+2)g(X,¥)-3 El{"“?r E)g(X,Y)= P(E;Y)g(X,E;)+ mP(X,Y) - P(X.E,)g(Y,E,)}

5
+2
41~

e

l{P(JY. E)e(JX,E))+ PJX,E;)g(JY,E))}

is semi-definite for all X,Y € D.
(b) o <Gmim+2).
Similarly we have:
PROPOSITION 3.2. Let M be a minimal CR-submanifold of a l.c.k.-space form. Then M is
totally geodesic if and only if
(2) S(X,¥)=(m+2)g(X,¥)+3 '_ 'g";l{P(E,., E)g(X,Y)— P(E,Y)g(X,E;) + mP(X,Y)

- P(X,Eg(Y,Ep} -2 fl{P(JY. E)e(JX,E))+ P(JX,E)g(JY E,)}
1=

(b) p=m(m+2).

ACKNOWLEDGEMENT. The author expresses his sincere thanks to the referee for his

suggestions.

REFERENCES
1. BEJANCU, A., CR-submanifolds of a Kaehler manifold I, Amer. Math. Soc. 69 (1978),
135-142.
2. BEJANCU, A., CR-submanifolds of a Kaehler manifold II, Trans. Amer. Soc. 250 (1979),
333-345.

3. MATSUMOTO, K., On CR-submanifolds of locally conformal Kaehler manifold, J. Korean
Math. Soc. 21 (1984).

4. VAISMAN, L, On locally and globally conformal Kaehler manifolds, Trans. Amer. Math.
Soc. 262 (1980), 533-542.

5. CHEN, B.Y., CR-submanifolds of a Kaehlerian manifold I, J. Diff. Geom. 16 (1981),
305-322.

6. YANO, K. & KON, M., Differential geometry of CR-submanifolds, Geometrical Dedicata 10
(1981), 369-391.




Mathematical Problems in Engineering

Special Issue on
Space Dynamics

Call for Papers

Space dynamics is a very general title that can accommodate
a long list of activities. This kind of research started with
the study of the motion of the stars and the planets back
to the origin of astronomy, and nowadays it has a large
list of topics. It is possible to make a division in two main
categories: astronomy and astrodynamics. By astronomy, we
can relate topics that deal with the motion of the planets,
natural satellites, comets, and so forth. Many important
topics of research nowadays are related to those subjects.
By astrodynamics, we mean topics related to spaceflight
dynamics.

It means topics where a satellite, a rocket, or any kind of
man-made object is travelling in space governed by the grav-
itational forces of celestial bodies and/or forces generated by
propulsion systems that are available in those objects. Many
topics are related to orbit determination, propagation, and
orbital maneuvers related to those spacecrafts. Several other
topics that are related to this subject are numerical methods,
nonlinear dynamics, chaos, and control.

The main objective of this Special Issue is to publish
topics that are under study in one of those lines. The idea
is to get the most recent researches and published them in
a very short time, so we can give a step in order to help
scientists and engineers that work in this field to be aware
of actual research. All the published papers have to be peer
reviewed, but in a fast and accurate way so that the topics are
not outdated by the large speed that the information flows
nowadays.

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/mpe/guidelines.html. Prospective au-
thors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sy-
stem at http://mts.hindawi.com/ according to the following
timetable:

Manuscript Due July 1, 2009

October 1, 2009

First Round of Reviews

Publication Date January 1, 2010

Lead Guest Editor

Antonio F. Bertachini A. Prado, Instituto Nacional de
Pesquisas Espaciais (INPE), Sao José dos Campos,
12227-010 Sao Paulo, Brazil; prado@dem.inpe.br

Guest Editors

Maria Cecilia Zanardi, Sao Paulo State University
(UNESP), Guaratingueta, 12516-410 Sao Paulo, Brazil;
cecilia@feg.unesp.br

Tadashi Yokoyama, Universidade Estadual Paulista
(UNESP), Rio Claro, 13506-900 Sao Paulo, Brazil;
tadashi@rc.unesp.br

Silvia Maria Giuliatti Winter, Sdo Paulo State University
(UNESP), Guaratinguetd, 12516-410 Sao Paulo, Brazil;
silvia@feg.unesp.br

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/mpe/guidelines.html
http://www.hindawi.com/journals/mpe/guidelines.html
http://mts.hindawi.com/
mailto:prado@dem.inpe.br
mailto:cecilia@feg.unesp.br
mailto:tadashi@rc.unesp.br
mailto:silvia@feg.unesp.br

	1Call for Papers4pt
	Lead Guest Editor
	Guest Editors

