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ABSTRACT. We consider the problem of the transfer of semilocal connectedness from fac-
tors to the product space and vice versa. Some sufficient conditions are given under which
the product of semilocally connected spaces is semilocally connected. Obtained theorems
are not invertible, suitable examples are given.
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1. Introduction and preliminaries. A topological space (Y, T) is called semilocally
connected if it has an open base consisting of sets V such that Y \ V has a finite
number of components. In contrary to Whyburn [9, page 19], where this notion was
introduced, we do not assume that (Y, T) is a connected T;-space.

In a topological space (Y, T) we denote by T* the topology given by the subbase {U €
T : Y\ U is connected}; obviously T* c T. Then we have that (Y,T*) is semilocally
connected [4, Theorem 3.1] and (Y, T) is semilocally connected if and only if T = T*
[4, Theorem 3.3].

We consider the problem of the transfer of semilocal connectedness from (Y, T;)
and (Y, T») to (Y7 XY, T1 X T») and vice versa. In Section 2, we formulate some suffi-
cient conditions under which the product of semilocally connected spaces is semilo-
cally connected. Obtained theorems are not invertible, suitable examples are given in
Section 3. In this part, we also show that the semilocal connectedness does not gener-
ally transfer in either direction. Furthermore, for (Y;,T;) and (Y2, T>) the topologies
T X T and (T) X T>)* need not be even comparable.

Now let X be a topological space and let F: X — Y be a multivalued map. For a set
W CY we will denote F*(W) ={x e X:F(x)CW}and F-(W)={xe X:F(x)nW =
@}. A multivalued map F : X — Y is said to be upper (lower) s-continuous at a point
x € X if for each open set V C Y with Y\ V connected and F(x) C V (respectively,
F(X)NV + @) there exists an open set U C X such that x € U C F™ (V) (respectively,
x € U C F~(V)). Amultivalued map F is called upper (lower) s-continuous if it has this
property at each point [2, 7]. In the case of functions, the upper and lower s-continuity
coincide and mean the s-continuity defined by Kohli in [4].

THEOREM 1.1. A function f : X — (Y, T) is s-continuous ifand only if f : X — (Y, T*)
is continuous [8, Proposition 9].

As it was shown in [2], Theorem 1.1 for multivalued maps is not true in general.
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The last part of the paper is devoted to s-continuity. If F; : X; — Yj, j € J,is a
multivalued map, then H‘,‘E 7 Fj will denote the product map

[TF:11x—11Y 1.1)
JjeJ JjeJ jeJ
defined as
(HFJ) <{Xj}je]) = [1F;(x)). (1.2)
JeJ jeJ

We will show that the upper s-continuity of a product map implies the upper s-
continuity of factors. Moreover, for maps with connected values, the analogous theo-
rem for the lower s-continuity is true. These results improve the similar theorem for
functions [5, Theorem 2.2], where (Y}, T;) were assumed connected. Finally, for a mul-
tivalued map F : X — Y we denote by @ the graph map, i.e., r: X - X XY, @r(x) =
{x} X F(x). We show that if X is connected, then the upper (lower) s-continuity of @r
implies the same property of F. This is an extension of the following theorem.

THEOREM 1.2. If f : X — Y is a function from a connected space X into a space Y
such that the graph function is s-continuous, then f is s-continuous [4, Theorem 2.7].

In [4] the problem was raised whether the converse of Theorem 1.2 is true. We will
show that the answer is negative.

2. The semilocal connectedness of product spaces

THEOREM 2.1. If (Y;,T;), i € {1,2,...,n} are topological spaces such that each of
the sets Y1,Y>,...,Y, has a finite number of components, then

T X Ty X XT C(TyxTox-+-xTy)™. (2.1)

PROOF. Each of T/ has a base B} consisting of T;-open sets which complements
have finite number of components; then

{UyxUsyx - xUp:U; €Bf, i=1,2,...,n} (2.2)

is a base of the topology T}* x T5" x - - - X T;¥. Since for U; € B} we have

Tt

(Vixeo xY )\ (U X+ xUp)=| JY1 X+ XY 1 X (Y;\Uj) XYip1 X+ - XYy (2.3)

i=1

and each set on the right-hand side of (2.3) has a finite number of components, we
obtain Uy X - - - XUy, € (T1 X - - - X Ty,) * which completes the proof. O

THEOREM 2.2. Let{(Y;,T}):j € J} be a family of connected topological spaces; then

[[1)c (HTJ)*. (2.4)

jel JjeJ
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PROOF. Let < be a well order on the set J and let 8 be the order type of (J, <); then
the set J can be presented as a transfinite sequence

jOsjl;"'lj(X!"'! 0‘<B, HTJ*: HT_;; (2_5)

JjeJ a<p
We denote by B;Fa the base of the topology TJ?; which consists of T;,-open sets which

complements have a finite number of components. Then the base of [ TJ.’; is com-
posed of the sets

[1 YiexUjy x T[] YiuxUjx---x ] YxUpmx [] Y (26

xX<uq o] <xX<K2 Ap—1 <X<L0n an<a<p
wheren=1,2,..., 0<o1 <p <--- <y < B and
Uj, EB}kak for k € {1,2,...,n}. (2.7)

But the complements of such sets have finite numbers of components, so these sets
belong to ([x<p Tj,)* and this completes the proof. O

As a consequence of above theorems we have the following.

COROLLARY 2.3. (a) Let (Y;,T;), i € {1,2,...,n}, be semilocally connected spaces
such that each of the sets Y; has a finite number of components. Then the space (Y7 X
- XYy, Ty X - - - X Ty,) is semilocally connected.

(b) Let {(Y;,T}):j € J} be a family of connected and semilocally connected spaces.
Then the space ([ jc; Y}, 11jes T;) is semilocally connected.

3. Examples. We establish some notions and notation that will be used to construct
some examples. For a subset A of a topological space (Y,T) we denote by Clr A and
Int7 A the closure and the interior of A, respectively.

Let P be an ideal of subsets of Y and let

Dp(A) ={x € Y:UnA & P for each neighbourhood U of x}. 3.1)

If an ideal P has the property
(1) AeP < AnDp(A) =D < Dp(A) = @, then the family

T(P)={U\H:U€eT, HeP} (3.2)

is a topology on Y; evidently T C T (P) (see [3]). Then we also have:

(2) Aset M C Y is T(P)-closed if and only if it is of the form M = Bu H, where B is
T-closed and H € P.

(3) The condition TnP = {J} is equivalent to Dp(Y) =Y (see [1]).

@I TNP=1{D}, then Clt W = Clrppy W for each set W € T(P) (see [3]).
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LEMMA 3.1. Let (Y,T) be a topological space and let P be an ideal of subsets of Y
which satisfies (1) and T NP = {@}. Then

(a) The space (Y,T) is connected if and only if (Y, T(P)) is connected.

(b) (T(P))* =T*.

PROOF. Since T C T(P) the connectedness of (Y, T(P)) implies that (Y, T) is con-
nected. Conversely, suppose that (Y,T(Y)) is not connected. Then there exists an
open-closed set A in (Y,T(P)) such that @ + A * Y. It follows from (4) that A =
ClripyA=Clr A, so Ais T-closed. On the other hand, A is T(P)-closed, thus as a con-
sequence of (4) we have A = Intrpy A = Intr A; i.e., the set A is T-open. Hence (Y, T)
is not connected and (a) is proved.

Now let us observe that any set H € P consisting of at least two points is not T(P)-
connected. Let E be a closed connected subset of (Y, T(P)). Then it can be presented
in the form E = BUH, where B is T-closed, H € P and BnH = &, so—by the connect-
edness of E—we have H = &. Thus E is T-closed and in the consequence it is also
T-connected. So we have shown (T (P))* c T*.

Finally, we suppose that M is a connected closed subset of (Y,T) which is not
T (P)-connected. Then it is of the form |JE;, where the E; are pairwise disjoint T (P)-
connected and T (P)-closed. But as it was shown in the previous part of this proof,
E; are T-connected and T-closed, which is impossible. Thus M is T (P)-connected and
the proof is completed. O

Let us remark that in this lemma the assumption TN P = {J} is essential. For in-
stance, let (R, T) be the space of real numbers with the natural topology and let P con-
sist of all subsets of R. Then (1) is satisfied and TnP = T. Furthermore, T* =T, T(P)
is the discrete topology, (T (P))* is the cofinite topology, so T* = (T (P))*.

EXAMPLE 3.2. Let Y = U,_o[2n,2n + 1] and let T be the natural topology in Y
induced from the real line. Since (Y, T) and (Y, T*) have the same classes of connected
closed sets, the set [0,1] is T*-connected and T*-closed. Thus

00

w=J ([2n,2n+1]x[2k,2k+1]) (3.3)

n,k=1

belongs to T* X T*. For each set V € T* x T* such that Y XY \ V has a finite number
of components, the condition

(YxY\V)u([2n,2n+1]x[2k,2k+1]) = @ (3.4)

holds for a finite number of sets [2n,2n + 1] x [2k,2k + 1] only. Hence V ¢ W which
means W ¢ (T* X T*)* and in the consequence T* X T* = (T* x T*)*. This example
shows that

o the product of semilocally connected spaces need not have this property;

e the assumptions in Theorem 2.1 and Corollary 2.3(a) are essential.

EXAMPLE 3.3. Let (R, T) be the space of real numbers with the natural topology and
let P be the ideal of Lebesgue measure zero sets. Then (1) is satisfied and TnP = {J}.
The family B = {(a,b)\H:a,b € R, a < b, H € P} is a base of the topology T (P). Let
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U,V € B; we fix points xo € R\ U and y, € R\ W. Then we have

RxR\UxW= |J ({fa}xR)u |J (Rx{b}),
aer\U beR\W (3.5)

({xo}xR)N(Rx{b}) +# D,  (Rx{yo})n({a}xR) =+ D,

for each a,b € R and all sets {a} xR, R x {b} are connected in (R XR,T(P) X T(P)).
Thus

(fxo}xR)U [J (Rx{b}), U (alxR)u(Rx{yo}), (3.6)

beR\W aceR\U

are T(P) X T(P)-connected sets containing ({xo} XR) U (R X {¥9}), so their union is
T(P) x T(P)-connected. This gives that UxV € (T(P)xT(P))* and (T(P) XxT(P))* =
T(P)XT(P).Butaccording to Lemma 3.1 (T (P))* = T* =T # T(P). So we have shown
that the semilocal connectedness of the product does not imply this property of fac-
tors even then if all spaces are connected; thus Corollary 2.3 is not invertible.

EXAMPLE 3.4. Let (Y1,T) be the set of real numbers with the natural topology and
P the ideal of Lebesgue measure zero sets. We put

U 2n,2n+1] (3.7)

and we denote by T» the natural topology on Y» induced from the real line. Then
following Lemma 3.1, we have (T (P))* = T. The family

{o\{p}:peYo}u{Ya\la,bl:2n<a<b<2n+1,n=0,1,2,...} (3.8)
is a subbase for T, Let {w,, : n = 1,2,...} be the set of all rational numbers from the
interval [0,1] and let

= (U{wn}x[o,l])u([o,l]x{l}). (3.9)
n=1

The set B is connected and closed in (Y] XY, T(P) X T»), SO
U=YxY;\Be (T(P)xT»)". (3.10)

We fix a point p € U with coordinates x,y € (0,1). The neighbourhood base of p in
(Y1 X Y2,(T(P))* X T;) consists of sets

k
(a,h)x(Yg\(U ciyd; U {x1,x2,... xm})), (3.11)

where a < x < b, kkm € {1,2,...}, 2nj < c; <dj <2n;+1 for j e {1,2,...,k};
X1,X2,..., Xm € Y> and

k
U CJ’dJ U{x1,X2, lxm}’ (312)
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but none of these neighbourhoods is contained in U. Hence we obtain U ¢ (T (P))* x
T, and in the consequence

(T(P)XT>)" ¢ (T(P))* xT,. (3.13)
Now we put
V=Y1xYo\J[2n,2n+1]x[2n,2n+1]. (3.14)
n=0

For a fixed ¥ € (0,1/2) the set V can be presented in the form

V=(-0,00xY2u | J2n+1,2n+2)xY,
-0

. " ) (3.15)

oy ((2nr,2n+1+r)>< U [2k,2k+1]),

n=0 k=0,k#n

so V € (T(P))* xTy. Let p € V and let W be a (T(P) x T)*-neighbourhood of p.
Then at most a finite number of sets Y; X [2n,2n + 1] are not contained in W, while
(Y1 xYo\V)n (Y1 x[2n,2n+1]) = @ for each n € {0,1,2,...}. Thus W ¢ V and
V & (T(P)x T»)*. So we have shown (T(P))* X T ¢ (T(P) x T»)*.

4. s-continuity of maps on product spaces

THEOREM 4.1. Let {X;:j <€ J} and {Y;: j € J} be two families of topological spaces
and let Fj: Xj — Y; be a multivalued map, j € J. If [ [;e; F; is upper s-continuous, then
each of F; is upper s-continuous.

PROOF. Wefixi € J andlet M; be a connected closed subset of Y; with F; (M;) + &.
For each j € J, j # i, we choose a component M; of Y; such that F; (M;) # &. Then
[1;e;M; is a connected closed subset of [];c;Y;, so ([1je;Fj) (I1je;M;) is closed.
Since we have

(Hﬂ-) (HMJ-) = [1F; (M) = Cl(HFJ (MJ-)) =[lcF (M), @D

JjeJ JjeJ JeJ JjeJ JjeJ

and all factors are nonempty this implies that F; (M;) is closed and the proof is
completed. O

THEOREM 4.2. Let{Xj:je€ J} and {Y;:j € J} be two families of topological spaces
and let F; : Xj — Y; be a multivalued map with connected values for j € J. If [ ;e; Fj is
lower s-continuous, then each F; is lower s-continuous.

PROOF. Leti € J be fixed and let M; be a connected closed set with F;" (M;) + &.
For each j € J, j # i, we choose a component M; of Y; such that F; (M;) + &. Now
using arguments analogous to those in the proof of Theorem 4.1 we obtain F; (M;) is
closed which completes the proof. O

Each of the above theorems implies the following.
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COROLLARY 4.3. Let {X;:j e J}, {Y;:j € J} be families of topological spaces and
fi:Xj - Y; be a function for j € J. If the function [];c; f; is s-continuous, then each
[ Is s-continuous.

Under additional assumptions that all Y; are connected this corollary makes
[5, Theorem 2.2].
Let us remark that the above corollary and theorems are not invertible.

EXAMPLE 4.4. Let (R,T) and P be such as in Example 3.3 and let f : (R,T) —
(R,T(P)) be the function given by f(x) = x for x € R. According to Lemma 3.1
the function f is s-continuous. Let us put W = (a,b) \ H, where a,b € R, a < b and
H < P. Following Example 3.3 the topology T (P) X T(P) is semilocally connected so
WxW € (T(P)xT(P))*.But (f x f)"H(WxW) ¢ TxT,hence fx f is not s-continuous.

THEOREM 4.5. Assume that X has a finite number of components and let F: X - Y
be a multivalued map with values in a topological space Y .

(a) If the graph map @r is upper s-continuous, then F is upper s-continuous.

(b) If pF is lower s-continuous and F has connected values, then F is lower s-continuous.

PROOF. Let M C Y be a connected closed set with F~ (M) = &. Under assumptions
we have

n
XxM =] (M¢xM), (4.2)
k=1
where M; are components of X. Then we have

F~ (M) =@ (XxM) = | @F (M xM). 4.3)
k=1

Since My x M are connected closed subsets of X x Y, the set F~ (M) is closed; hence F
is upper s-continuous.
For the lower s-continuity the proof is analogous. O

If X is connected Theorem 4.5 gives [4, Theorem 2.7], for usual functions. In [4]
problem of validity of the inverse to this theorem is stated. The answer is negative.

For instance, under notation of Example 4.4, the function f is s-continuous but qa}l
(WxW) =W & T; thus @/ is not s-continuous.

REFERENCES

[1] J. Ewert, Semi-closure and related topics in Hashimoto topologies, Comment. Math. Prace

Mat. 29 (1989), no. 1, 51-55 (1990). MR 91d:54004. Zbl 714.54001.

, The topology of semilocal connectedness and s-continuity of multivalued maps,

Publ. Math. Debrecen 43 (1993), no. 1-2, 69-77. MR 94h:54022. Zbl 848.54012.

[3] H. Hashimoto, On the xtopology and its application, Fund. Math. 91 (1976), no. 1, 5-10.
MR 54#1179. Zbl 357.54002.

[4] J.K.Kohli, A class of mappings containing all continuous and all semiconnected mappings,

Proc. Amer. Math. Soc. 72 (1978), no. 1, 175-181. MR 58#12896. Zbl 408.54003.

, S-continuous functions and certain weak forms of regularity and complete regular-

ity, Math. Nachr. 97 (1980), 189-196. MR 82f:54017. Zbl 456.54014.

[2]

(5]



http://www.ams.org/mathscinet-getitem?mr=91d:54004
http://www.emis.de/cgi-bin/MATH-item?714.54001
http://www.ams.org/mathscinet-getitem?mr=94h:54022
http://www.emis.de/cgi-bin/MATH-item?848.54012
http://www.ams.org/mathscinet-getitem?mr=54:1179
http://www.emis.de/cgi-bin/MATH-item?357.54002
http://www.ams.org/mathscinet-getitem?mr=58:12896
http://www.emis.de/cgi-bin/MATH-item?408.54003
http://www.ams.org/mathscinet-getitem?mr=82f:54017
http://www.emis.de/cgi-bin/MATH-item?456.54014

264 JANINA EWERT

(6]

, S-continuous mappings, certain weak forms of normality and strongly semilocally

connected spaces, Math. Nachr. 99 (1980), 69-76. MR 83b:54031. Zbl 476.54008.

[71 T. Lipski, S-continuous multivalued maps, Math. Chronicle 18 (1989), 57-61.
MR 91e:54045. Zbl 691.54010.

[8] L L. Reilly and M. K. Vamanamurthy, On the topology of semilocal connectedness, Math.
Nachr. 129 (1986), 109-113. MR 87m:54004. Zbl 608.54009.

[9] G. T. Whyburn, Analytic Topology, American Mathematical Society Colloquium Publica-

tions, vol. 28, American Mathematical Society, Providence, R.I., 1963. MR 32#425.

Zbl 117.15804.

JANINA EWERT: DEPARTMENT OF MATHEMATICS, PEDAGOGICAL UNIVERSITY, ARCISZEWSKIEGO
22b, 76-200, SLUPSK, POLAND
E-mail address: stapon@admin.wsp.slupsk.pl


http://www.ams.org/mathscinet-getitem?mr=83b:54031
http://www.emis.de/cgi-bin/MATH-item?476.54008
http://www.ams.org/mathscinet-getitem?mr=91e:54045
http://www.emis.de/cgi-bin/MATH-item?691.54010
http://www.ams.org/mathscinet-getitem?mr=87m:54004
http://www.emis.de/cgi-bin/MATH-item?608.54009
http://www.ams.org/mathscinet-getitem?mr=32:425
http://www.emis.de/cgi-bin/MATH-item?117.15804
mailto:stapon@admin.wsp.slupsk.pl

Mathematical Problems in Engineering

Special Issue on
Time-Dependent Billiards

Call for Papers

This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

December 1, 2008
March 1, 2009

‘ Manuscript Due

‘ First Round of Reviews

June 1, 2009

‘ Publication Date

Guest Editors

Edson Denis Leonel, Departamento de Estatistica,
Matemadtica Aplicada e Computagdo, Instituto de
Geociéncias e Ciéncias Exatas, Universidade Estadual
Paulista, Avenida 24A, 1515 Bela Vista, 13506-700 Rio Claro,
SP, Brazil ; edleonel@rc.unesp.br

Alexander Loskutov, Physics Faculty, Moscow State
University, Vorob’evy Gory, Moscow 119992, Russia;
loskutov@chaos.phys.msu.ru

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers-4pt
	Guest Editors

