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ABSTRACT. We discuss the number of solutions of some nonlinear integral equations
arising in the theories of radiative transfer, neutron transport and in the kinetic

theory of gases.
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1. INTRODUCTION. In the theories of radiative transfer [1], [2] and neutron
transport [3], [4] an important role is played by nonlinear integral equations of the

form

. 1 W(e)H(E)
H(x) = 1 + xn(x)jo s dt. (1.1)
The known function Y is assumed to be nonegative, bounded, and measurable on
[0,1], and a positive, continuous solution H of (l.1) is sought.
Chandrasekhar's treatment of (l.l) can be found in [2]. The first proof however
of the existence of a solution of (l.l1) was given by M. Crum, who considered the

equation in the complex plane [5]. Crum also showed that if f; Wt)dt <1/2 , then
(1.1) has at most two solutions which are bounded in [0,1] and in case
f(l) Y(t)de =1/2 , there 1s only one such solution. C. Fox [6] solved simpler equations

in order to prove existence of solutions of (l.1). But the solution of Fox's equation
are not necessarily solutions of (1.1)[1]. C. Stuart [7] gave a nonconstructive
existence proof for (l.l) using the Leray-Schauder degree theory but did not discuss
the number or location of solutions. B. Cahlon and M. Eskin [3] used a theorem of
Darbo for a set contraction map to prove a nonconstructive existence theorem for
(1.1).

Finally, C. Kelley [8] had solved some interesting generalizations of (l.1) using

the solutions of finite rank approximations of solutions of (l.1).
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Here we consider the generalized equation:
HGx) = 1+ xH(x) [y k(x, £ WEH(E)dE, (1.2)

The known kernal function k(x,t) is a measurable function on [0,1] x [0,1] satisfying
(a) 0 < k(x,t) <1 for all x, t € [0,1],
and
(b) k(x,t) + k(t,x) =1 for all x, t € [0,1].
We show that whenever fé WwWe)dt < U&, a minimal solution H can be found using a
specific iteration.
Finally, under the same assumption, we provide a way of constructing new

nonminimal solutions H of (l.1) in terms of the minimal solution.

2., BASIC RESULTS.
We denote by C[0,1] the Banach space of all real continuous functions on [0,1]
with the maximum norm
u = max 'u(t)'-
0<t<1
We now list the following well-known theorem whose proof can be found in
[2, pp. 106-107].

THEOREM 1. If H is a solution of (1.2), then either

Jg WOR(E)E = 1 - 1 - 2f} We)ael? 2.1)
or

f(l) Y(E)H(E)dt = 1 + [1 - 2]}, w(:)dcll/Z . (2.2)
A necessary condition that (1.2) has a solution is that

[§ werae <Yy (2.3)
A function H € C[0,]1] satisfies the equation

B = - 2 Weydel2 + R O L LT (2.4)

if and only if H satisfies (1.2) and (2.1).

Chandrasekhar in [2], after proving that a solution H of (l.1) satisfies either
(2.1) or (2.2), claims that, in fact, H must satisfy (2.1). This claim is not true
because as we show, there always exists a solution H satisfying (2.1), but in many
cases there exists a second solution H satisfying (2.2) and not (2.1).

Let < be the natural partial ordering on C[0,1], that is, if
P> Py € cfo,1], then P, < p, if pl(x) < pz(x) for all x «[0,1] and define the
following:

a=1 - zfé W(t)dt]llz ,
D = {p eC[0,1]/p(x) > d, x «[0,1]},
the operator
R:D + C[0,1] by
R(p(0)) = 1 + p(x) [y k(x,£)W(e)p(e)de, p € D

and for d > 0, define the operator F : D + c[0,1] by
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F(pO0)) = d + [ K(e,0 W) (p(e)) ae, p € D

It is routine to verify that R is isotone, that is if < then R(p,) < R(p,)
Py 1 2

P
2
and F is antitone, that is if P < P, then F(pz) < F(Pl).

Finally, denote by 1 (respectively, d) the function with constant value 1
(respectively, d).

We can now prove the proposition:

PROPOSITION. Assume that the kernel function k(x,t) is as in the introduction and
satisfies the condition
'k(x,t) - k(y,t)‘ < b'x - y| for all x, y, t € [0,1]

and some b > 0. Then the sequence Rn(l), n=1, 2, ... is equicontinuous.

PROOF. Let H be a solution satisfying (1.2) and (2.1) and
A= {p € Cc[0,1]/1 < p < H}.
Define Q : A + C[0,1] by

Qlp(x)) = fé k(x,t) ¥(t)p(t)de, x € [0,11, p ¢ A.
Let € > 0 , then there exists a, 0 < a < 1, such that
fg Y(e)H(t)dt < E and f; W(t)A(t)dt > 0. Then for x, y € [0,1],
late(x)) = ap(y))] = |f) Gelx,e) = k(y,£))W(EdpCe)de|
< Jy Greoo| + friy,epwonreae + [1 ko - kly, o #encede
<2f W + bfL x - y|we) we)Ce)de

< + =€ ,

£ £
2 2
by choosing, 'x - y| <8 ";E (f; q(t)H(t)dt)-l. That is the set Q(A) is
equicontinuous.

Let p ¢ A and x € [0,1], then

QUp(0) = fg kCx,t) WOP(ENE < f3 klx, EIWEOH(ENAE

< fé WE)H(t)de = 1 - d < 1.

Therefore there exists c, 0 < ¢ < 1, such that Q(p(x)) < ¢ for all p ¢ A and
x ¢ [0,1].
For any € 0 > 0, there exists 60 > 0 such that for every g € Q(A),
-1 :
|g(x) - g(y)l < ||Hl| (1 - ¢) € if Ix - y| < 50 (since Q(A) is equicontinuous).
The function R(1) is continuous and hence uniformly continuous, therefore there
exists 0 < 51 < 60 such that

[R(LGx)) = RG] < e 1f [x-y] <8 .
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We shall show that the same 61 works for € 0 and Rn+l(l) if

[*a0) - s* an| < 1f [x-y| <8 fork=1, 2, v n.
Set p= R"(1). Then 1f |x - y| < 6 ,
[R(p(x)) = R(p(y| = |p(x0)Qp(x)) - p(y)Qp(y))|
< Jp(x)Q(p(x)) = p(x)Ap(y)]| + |p(x)Qp(¥)) - p(y)Ap(¥)))
< p(x)|Qlp(x)) - ey | + ap(y) |p(x) - p(y)]

Al a1 a -0 g +eg =g
that is,
R™ a) - k™ amn)] <eoaf x - y| <8,

which completes the induction and the proof of the proposition.

THEOREM. 2. Assume that the kernel function k(x,t) is as in the proposition. Then the
following are true:

(a) equation (1.2) has exactly one solution H satisfying (2.1) if and only if
(2.3) holds. Moreover, the increasing sequence Rn(l), n=0,1, 2, ... converges to
H; and

(b) if inequality holds in (2.3), the sequence Fn(d), n=0,1, 2, ...

converges to H_l and
[ o - PG| < B @) - F ™ @], x e 10,110 @2.5)

PROOF. (A). If (1.2) has a solution H, then by Theorem 1, fé Wwt)de <9§.
CASE 1. Ass ume fé Wt)dt <1/2. It can easily be verified that since F is
antitone:
d < FP(d) < F(d) < FO(d) < onu S F(d) € FO(d) < FO(4) < F(d).
Working as in the proposition we can easily show that the bounded set
N = {F(p)/d < p < F(d)}
is equicontinuous. Then the sequences an(d), n=1, 2, ..

+
and an l(d), n=20,1, 2, ... have convergent subsequences converging to the

functions v and w respectively. From the monotonicity of the above sequences and the
continuity of F we obtain
Fha) » v,

F2n+l(d) >,

d <v <w,
F(v) = w
and
F(w) = v.
The function v has minimum value greater than zero, so that there exists a

largest number q, 0 < q €1, withqw <v. If q = 1, thenw < v < w, that is v = w.



INTEGRAL EQUATIONS ARISING IN RADIATIVE TRANSFER 301

If q < 1, define on the domain of F the operator Fl by

F (p) = F(p) - d.
Then
v=d+F(w)>d+ Fl(q_lv) = d + qF (v)

= (1 -q)d+qd+F(v) = (1 -q)d +qu

< ew + qw = (e +q)w,

for some e > 0. But this contradicts the maximality of q. Therefore,
F(v) =v =w,
wev!
is a solution of (1.2), satisfying (2.1), and the sequence Fn(d), n=20,1, 2, ...
converges to H-l. Inequality (2.5) follows from the fact that
@) <’ < PN, for k= 1, 2, 3, ... .
CASE 2. Assume that fé we)dt -1h . Let {cn}, n=1, 2, ... be a strictly increasing
‘sequence of positive numbers converging to 1, and consider the functions
cnw, n=1,2, 3, coe o
Since fé cnw(t)dt = 5& n < L@ , it follows from Case 1 that the equation
H(x) = 1+ H(x)J) k(x,£)e w(t)H(E)de

has a solution Hn forn=1, 2, 3, <. « Then for each x ¢ [0,1] hn(x) > 1 and
RO R 2[1 w(t)dc11/2+ Il k(t,x) c y(t)H (t)dt
n X 0 % 0 X) ey n
> o fo W(E,0WENE > e[} k(U

Therefore, there exists r > 0 such that (Hn(x))-1 > r for each x ¢ [0,1) and each
n=1, 2, 3, ¢o¢ &
Set M= {p € C[0,1)/r < p(x) <1, x € [0,1]}. ThenH_
Define F: M + C[0,1] by
F(p(x)) = [3 k(E,0¥(0) (p(£)) dt, p € M.
It is easy to verify that the set F(M) is bounded and equicontinuous.

Ve M, n=1, 2, o.. .

Also, for each n,
-1 ! at1?+ (L k(e o WEH ()t
Ho (0 = [1-2[) c we)de o K(t,x) ¢ n
1 -~
-0 - 2l w2 e FEH 6.

- -1 -1
Since F(H 1) € F(M) for each n, some subsequence F(Hn ), =1, 2, «e. , of F(Hn ),
" 1

-1 -1 -1
n=1, 2, ... converges in C[0,1] to some point Ho , so that H“j +> Ho « Then the

- -1 -1
sequence F(Hn; ), 3 =1, 2, «.. converges to F(H0 ) and HO ; that is,
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-1 -1
F(HO ) = HO .

Then Ho satisfies (1.2), (2.1) and (2.2).

Therefore there exists a positive function H satisfying (1.2) and (2.1)
whenever Y satisfies (2.3).

(B). Assume (2.3) holds, and suppose H satisfies (1.2) and (2.1).
Since 1 < Hand 1 € R(1), it follows from the fact that R is isotone that
1< R(1) < RE(1) < R(1) € ovv < H.

Since the sequences Rn(l), n=1, 2, «.. is uniformly bounded and equicontinuous there
is a convergent subsequence, say Rrlk * h < H, and, since the sequence Rn(l), n=20,1,
2, ... is nondecreasing, the entire sequence converges to h. It follows from the
continuity of R that R(h) = h. Now h must satisfy either (2.1) or (2.2), and

since 0 € h < H, h must satisfy (2.1). Therefore, for x ¢ [0,1],
- 1
R0 = - 2f) woae 2+ [} e, ouonoa

1 1 -1
<0 - 2ff w2+ ke owonea = 1w,
that is, h-l < H-1 .« Together with the inequality h < H, this implies h = H.
We have proved that H is the only function satisfying both (1.2) and (2.1), and
that the increasing sequence Rn(l), n=20, 1, 2, ... converges to H which completes

the proof of the theorem.

COROLLARY. Suppose that Wl and '4'2 are nonnegative, bounded, measurable functions on

[0,1] such that Wl(t) < Wz(t) almost everywhere in [0,1] and such that

Jo wede <Yy, 1= 1, 2. tet H,

corresponding to ¢ = ‘01, i=1, 2.
Then,

be the unique solution of equations (l1.2) and (2.1)

<H .
H <H,

PROOF. Define Ri : ¢[o,1] » cfo,1], i =1, 2, by

1
R (p(x)) = 1 + p(x) [ k(x,t) ¥, (£)p(e)de, p e C[0,1].
If P, and p, are nonnegative functions in C[0,1] with p1 < pz, then
2 2
RI(PI) < R,(p,). Hence R (1) € R,(1), R{(1) € Ry(1), and in general,

er‘(l) < R;(l). Since the increasing sequence R;‘(l), converges to Hi, i =1, 2, it
follows that Hl< H2.

Note that if f(l) Wt)de -1/2, it follows from the previous results that the
function H satisfying (1.2) and (2.1) is the unique solution of (1.2), since, in this
case (2.1) and (2.2) reduce to the same equation. However,

if fé Y(t)de <1/2 » equation (1.2) may have two distinct solutions.

THEOREM 3. Assume:
(a) f(l) ¥(t)de <1/2 and H is the unique solution of (1.2) and (2.1);
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(b) the following estimate is true

Il y(t)

0 T 1-t H(t)dt > 1

and

(¢) there exists functions ‘Pl, (02, ¢_ € C[0,1] such that

3

k(x,t)[ ¢2(x)(1 -kt) - (1 + ¢1(t))1 + ¢3(x) =0, for all x, t ¢ [0,1]

¢l(x) + kx > 0, for all x € (0,1], ¢ 1(0) =0

and
1+ ¢1(x))[ ¢2(x)(H(x) -1+ ¢3(x)H(x)] =
(B, (x) = DA - kx) for all x € [0,1]
where k is the unique number in (0,1) for which

Jo o weaE = 1

and the function Hl is given by
1+ ml(x)

Hl(x) = Toix H(x), x € [0,1].

Then Hl is a solution of (1.2) and (2.2) and
H (x) > H(x), x € (0,1], H,(0) = H(0).
PROOF. By the monotone convergence theorem

1n_ [L ¥ geeyae = [ KO ceyae

k+1

since (1 - kt)_l increases monotonically with k, 0 < k < 1,
If (2.6) holds, since

Il ¥(t)

L
b Too W)t = 1 = [1 - 2[5 we)ael2<,

and since the function f : (0,1) + Rdefined by

£ = [} ‘ff;i H(t)de

303

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

is strictly increasing, there exists a unique k € (0,1), for which (2.10) holds.
Let H, be defined as in (2.11). Applying a trick used in [5], [9], we find that for

1
each x ¢ [0,1]

H(t)

ftl) k(x,£)¥(e)H (£)dt = ¢2(x)f(l) k(x,t)p(t)H(t)dt + ‘/’3(x)fé T-Kt
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= ¢, f) Kx, ©) WEORENE + ¢ ()

1 1
= lpz(x)[l - _H—(;()—] + ¢3 (x) =1 - —Hl—(T)—’
(by (2.7) and (2.9)) that is, H

N satisfies (1.2). Since Hl mist satisfy either (2.1)
or (2.2) and since Hl(x) > H(x), x € [0,1] (by (2.8)), Hl satisfies
proof of the theorem is completed.

(2.2) and the
REMARK.

By choosing the kernel function k(x,t) to be

k(x,t) =X_"'{’t-' x, t ¢ [0,1]

we observe that the conditions (a) and (b) in the introduction are satisfied and that
the equaion (1.2) reduces to equation (l.l).

Moreover the conditions (2.7),
choose

(2.8), and (2.9) can then be satisfied if we
‘Pl(x) = kx,
1-kx
?y(0) = e
and
2kx
0300 = e
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