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1. Introduction

In this paper, we present a dual of the fixed point theorems of expansion and compression
using an axiomatic index theory as well as the original Leggett-Williams fixed point which
is itself a generalization of the fixed point theorems of expansion and compression. In
[1] Leggett and Williams presented criteria which guaranteed the existence of a fixed
point for single-valued, continuous, compact maps that did not require the operator to
be invariant on the underlying sets utilizing a concave functional and the norm. In that
sense, the Leggett-Williams fixed point theorem generalized the compression-expansion
fixed point theorem of norm type by Guo [2]. In [3] Anderson and Avery generalized the
fixed point theorem of Guo [2] by replacing the norm in places by convex functionals
and in [4] Zhang and Sun extended this result by showing that a certain set was a retract
thus completely removing the norm from the argument. In this paper, we provide, in a
sense, a generalization of all of the compression-expansion arguments that have utilized
the norm and/or functionals (including [2–6]) which does not require sets to be invariant
under our operator and yet maintains the freedom gained by using concave and convex
functionals. The main result changes the roles of the concave and convex functionals
from the techniques of [1] that have been employed in numerous multiple fixed point
theorems ([7–10] to mention a few) which yields an additional technique for researchers
interested in finding multiple fixed point theorems. It is in the sense of this exchange in
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the roles of concave and convex, yet resulting in somewhat analogous fixed point results,
that we think of the main result of this paper as being dual to aforementioned fixed point
results.

We conclude by applying the techniques of Agarwal and O’Regan [11] to generalize
the fixed point theorem to maps which obey an axiomatic index theory, so in particular
the results apply to all multivalued maps in the literature which have a well-defined fixed
point index (see [11–13] and the references therein).

2. Preliminaries

In this section, we will state the definitions that are used in the remainder of the paper.

Definition 2.1. Let E be a real Banach space. A nonempty closed convex set P ⊂ E is called
a cone if it satisfies the following two conditions:

(i) x ∈ P, λ≥ 0 implies λx ∈ P;
(ii) x ∈ P, −x ∈ P implies x = 0.

Every cone P ⊂ E induces an ordering in E given by

x ≤ y iff y− x ∈ P. (2.1)

Definition 2.2. An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Definition 2.3. A map α is said to be a nonnegative continuous concave functional on a
cone P of a real Banach space E if

α : P −→ [0,∞) (2.2)

is continuous and

α
(
tx+ (1− t)y)≥ tα(x) + (1− t)α(y) (2.3)

for all x, y ∈ P and t ∈ [0,1]. Similarly the map β is a nonnegative continuous convex
functional on a cone P of a real Banach space E if

β : P −→ [0,∞) (2.4)

is continuous and

β
(
tx+ (1− t)y)≤ tβ(x) + (1− t)β(y) (2.5)

for all x, y ∈ P and t ∈ [0,1].

Let α and ψ be nonnegative continuous concave functionals on P and let β be a non-
negative continuous convex functional on P; then, for positive real numbers r, τ, and R,
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we define the following sets:

Q(α,r)= {x ∈ P : r ≤ α(x)
}

,

Q(α,β,r,R)= {x ∈ P : r ≤ α(x), β(x)≤ R},

Q(α,ψ,β,r,τ,R)= {x ∈ P : r ≤ α(x), τ ≤ ψ(x), β(x)≤ R}.
(2.6)

Definition 2.4. Let D be a subset of a real Banach space E. If r : E→D is continuous with
r(x) = x for all x ∈ D, then D is a retract of E, and the map r is a retraction. The convex
hull of a subset D of a real Banach space X is given by

conv(D)=
{ n∑

i=1

λixi : xi ∈D, λi ∈ [0,1],
n∑

i=1

λi = 1, n∈N
}

. (2.7)

The following theorem is due to Dugundji and a proof can be found in [14, page 44].

Theorem 2.5. For Banach spaces X and Y , let D ⊂ X be closed and let

F :D −→ Y (2.8)

be continuous. Then F has a continuous extension

F̃ : X −→ Y (2.9)

such that

F̃(X)⊂ conv
(
F(D)

)
. (2.10)

Corollary 2.6. Every closed convex set of a Banach space is a retract of the Banach space.

Note that for any positive real number r and nonnegative continuous concave func-
tional α, Q(α,r) is a retract of E by Corollary 2.6. Note also, if r is a positive number and
if α : P→ [0,∞) is a uniformly continuous convex functional with α(0)= 0 and α(x) > 0
for x �= 0, then [4, Theorem 2.1] guarantees that Q(α,r) is a retract of E.

3. Fixed point index

The following theorem, which establishes the existence and uniqueness of the fixed point
index, is from [15, pages 82–86]; an elementary proof can be found in [14, pages 58–
238]. The proof of our main result in the next section will invoke the properties of the
fixed point index.

Theorem 3.1. Let X be a retract of a real Banach space E. Then, for every bounded rela-
tively open subset U of X and every completely continuous operator A :U → X which has no
fixed points on ∂U (relative to X), there exists an integer i(A,U ,X) satisfying the following
conditions:

(G1) normality: i(A,U ,X)= 1 if Ax ≡ y0 ∈U for any x ∈U ;
(G2) additivity: i(A,U ,X) = i(A,U1,X) + i(A,U2,X) whenever U1 and U2 are disjoint

open subsets of U such that A has no fixed points on U − (U1∪U2);
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(G3) homotopy invariance: i(H(t,·),U ,X) is independent of t ∈ [0,1] whenever H :
[0,1]×U → X is completely continuous and H(t,x) �= x for any (t,x) ∈ [0,1]×
∂U ;

(G4) permanence: i(A,U ,X)= i(A,U ∩Y ,Y) if Y is a retract of X and A(U)⊂ Y ;
(G5) excision: i(A,U ,X) = i(A,U0,X) whenever U0 is an open subset of U such that A

has no fixed points in U −U0;
(G6) solution: if i(A,U ,X) �= 0, then A has at least one fixed point in U .

Moreover, i(A,U ,X) is uniquely defined.

4. Main result

Theorem 4.1. Suppose that P is a cone in a real Banach space E, α, and ψ are nonnegative
continuous concave functionals on P, β is a nonnegative continuous convex functional on P,
and there exist nonnegative numbers r, τ, and R such that

A :Q(α,β,r,R)−→ P (4.1)

is a completely continuous operator and Q(α,β,r,R) is a bounded set. If
(1) {x ∈Q(α,ψ,β,r,τ,R) : β(x) < R} �=∅ and β(Ax) < R for all x ∈Q(α,ψ,β,r,τ,R);
(2) α(Ax)≥ r for all x ∈Q(α,β,r,R);
(3) β(Ax) < R for all x ∈Q(α,β,r,R) with ψ(Ax) < τ,

then A has a fixed point x in Q(α,β,r,R).

Proof. Let

U = {x ∈Q(α,β,r,R) : β(x) < R
}

, (4.2)

then U is the interior of Q(α,β,r,R) in Q(α,r) and we have assumed that U is a bounded
set.

Claim 1. Ax �= x for all x ∈ ∂U .

Suppose the opposite, that is, there is an x0 ∈ ∂U such thatAx0 = x0. Since x0 ∈ ∂U , we
have that β(x0) = R. Either ψ(x0) < τ or ψ(x0) ≥ τ. If ψ(x0) < τ, then ψ(Ax0) = ψ(x0) <
τ which implies by condition (3) that β(x0) = β(Ax0) < R which is a contradiction. If
ψ(x0)≥ τ, then x0 ∈Q(α,ψ,β,r,τ,R) and by condition (1) we have that β(x0)= β(Ax0) <
R which is a contradiction. Therefore, Ax �= x for all x ∈ ∂U .

Let x∗ ∈ Q(α,ψ,β,r,τ,R) with β(x∗) < R (see condition (1)) and let (see condition
(2))

H : [0,1]×U −→Q(α,r) (4.3)
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be defined by

H(t,x)= (1− t)Ax+ tx∗. (4.4)

Clearly, H is continuous and the image of [0,1]×U is relatively compact.

Claim 2. H(t,x) �= x for all (t,x)∈ [0,1]× ∂U .

Suppose the opposite, that is, there exists (t1,x1)∈ [0,1]× ∂U such thatH(t1,x1)= x1.
Since x1 ∈ ∂U , we have that β(x1)= R. Either ψ(Ax1) < τ or ψ(Ax1)≥ τ.

Case 1. ψ(Ax1) < τ. By condition (3), we have

β
(
x1
)= β((1− t1

)
Ax1 + t1x∗

)≤ (1− t1
)
β
(
Ax1

)
+ t1β

(
x∗
)
< R, (4.5)

which is a contradiction.

Case 2. ψ(Ax1)≥ τ. We have that x1 ∈Q(α,ψ,β,r,τ,R) since

ψ
(
x1
)= ψ((1− t1

)
Ax1 + t1x∗

)≥ (1− t1
)
ψ
(
Ax1

)
+ t1ψ

(
x∗
)≥ τ, (4.6)

and thus by condition (1), we have

β
(
x1
)= β((1− t1

)
Ax1 + t1x∗

)≤ (1− t1
)
β
(
Ax1

)
+ t1β

(
x∗
)
< R, (4.7)

which is a contradiction.

Therefore, we have shown that H(t,x) �= x for all (t,x) ∈ [0,1]× ∂U and thus by the
homotopy invariance property (G3) of the fixed point index

i
(
A,U ,Q(α,r)

)= i(x∗,U ,Q(α,r)
)
, (4.8)

and by the normality property (G1) of the fixed point index

i
(
A,U ,Q(α,r)

)= i(x∗,U ,Q(α,r)
)= 1, (4.9)

therefore by the solution property (G6) of the fixed point index, the operator A has a
fixed point x ∈U . �

The argument in the proof of Theorem 4.1 immediately guarantees the following gen-
eralization.

Theorem 4.2. Suppose that P is a cone in a real Banach space E, α is a nonnegative con-
tinuous functional on P, ψ is a nonnegative continuous concave functionals on P, β is a
nonnegative continuous convex functional on P, and there exist nonnegative numbers r, τ,
and R such that

A :Q
(
α,β,r,R

)−→ P (4.10)

is a completely continuous operator and Q(α,β,r,R) is a bounded set. Also assume Q(α,r)
is a retract of E and suppose (1), (2), and (3) in Theorem 4.1 hold. In addition, assume the
following is satisfied:
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(4) there exists x∗ ∈ Q(α,ψ,β,r,τ,R) with β(x∗) < R such that the map H given by
H(t,x)= (1− t)Ax+ tx∗ maps [0,1]×{x ∈Q(α,β,r,R) : β(x)≤ R} into Q(α,r).

Then A has a fixed point x in Q(α,β,r,R).

5. Multivalued generalization

In this section, we provide some background material from fixed point theory related to
multivalued maps.

Let X be a closed, convex subset of some Banach space E = (E,‖ · ‖). Suppose for every
open subset U of X and every upper semicontinuous map A :UX → 2X (here 2X denotes
the family of nonempty subsets of X) which satisfies property (B) (to be specified later)
with x /∈ Ax for x ∈ ∂XU (here UX and ∂XU denote the closure and boundary of U in X ,
resp.), there exists an integer, denoted by iX(A,U), satisfying the following properties.

(P1) If x0 ∈ U , then iX(x̂0,U) = 1 (here x̂0 denotes the map whose constant value is
x0).

(P2) For every pair of disjoint open subsetsU1,U2 ofU such thatA has no fixed points
on UX\(U1∪U2),

iX(A,U)= iX
(
A,U1

)
+ iX

(
A,U2

)
. (5.1)

(P3) For every upper semicontinuous map H : [0,1]×UX → 2X which satisfies prop-
erty (B) and x /∈H(t,x) for (t,x)∈ [0,1]× ∂XU ,

iX
(
H(1,·),U

)= iX
(
H(0,·),U

)
. (5.2)

(P4) If Y is a closed convex subset of X and A(UX)⊆ Y , then

iX(A,U)= iY (A,U ∩Y). (5.3)

Also assume the family

iX(A,U) :X a closed, convex subset of a Banach space E, U open in X ,

and A :UX −→ 2X is an upper semicontinuous map

that satisfies property (B) with x /∈Ax on ∂XU

(5.4)

is uniquely determined by the properties (P1)–(P4).
We note that property (B) is any property on the map so that the fixed point index

is well defined. Usually in application property, (B) will mean that the map is compact
with convex compact values. Other examples of maps with a well-defined fixed point
index (e.g., property (B) could mean that the map is countably condensing with convex
compact values) can be found in the literature.

If the above holds, notice also that
(P5) for every open subset V of U such that A has no fixed points on UX\V ,

iX(A,U)= iX(A,V); (5.5)

(P6) if iX(A,U) �= 0, then A has at least one fixed point in U .
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The proof of the following generalization of Theorem 4.1 to multivalued maps is es-
sentially the same as the proof of Theorem 4.1 following the techniques applied in [7]
and is therefore omitted.

Theorem 5.1. Let E = (E,‖ · ‖) be a Banach space and X a closed, convex subset of E. Sup-
pose for every open subset U of X and every upper semicontinuous map A :UX → 2X which
satisfies property (B) with x /∈ Ax for x ∈ ∂XU , there exists an integer iX(A,U) satisfying
(P1)–(P4). In addition, assume the family

iX(A,U) :X a closed, convex subset of a Banach space E, U open in X ,

and A :UX −→ 2X is an upper semicontinuous map

that satisfies property (B) with x /∈ Ax on ∂XU

(5.6)

is uniquely determined by the properties (P1)–(P4). Let P ⊂ E be a cone in E and suppose
there exist nonnegative, continuous, concave functionals α and ψ on P, and a nonnegative,
continuous, convex functional β on P and there exist nonnegative numbers r, τ, and R such
that Q(α,β,r,R) is a bounded set. Furthermore, suppose

F :Q(α,β,r,R)−→ 2P (5.7)

is an upper semicontinuous map which satisfies property (B) such that the following proper-
ties are satisfied:

(H1) {x ∈ Q(α,ψ,β,r,τ,R) : β(x) < R} �= ∅ and if x ∈ Q(α,ψ,β,r,τ,R), then β(y) < R
for all y ∈ Fx;

(H2) if x ∈Q(α,β,r,R) with ψ(y) < τ for some y ∈ Fx, then β(y) < R;
(H3) if x ∈Q(α,β,r,R), then α(y)≥ r for all y ∈ Fx;
(H4) there exists x∗ ∈ {x ∈Q(α,ψ,β,r,τ,R) : β(x) < R} such that the mappingH : [0,1]

×{x ∈Q(α,β,r,R) : β(x)≤ R} → 2Q(α,r), given by H(t,x)= (1− t)Fx+ tx∗, satis-
fies property (B).

Then F has at least one fixed point x in Q(α,β,r,R).

6. Application

The use of functionals provides researchers flexibility when establishing the existence of
solutions to boundary value problems. A standard technique is to assume the nonlinear-
ity is bounded by a constant (or some appropriate function) on intervals in order to verify
certain inequalities, in which case, choosing the minimum of a function over an interval
(concave functional) and the maximum of a function over an interval (convex functional)
often simplify the arguments. An alternative inversion technique can be employed to sim-
plify such arguments which benefits from the choice of alternative functionals.

Consider the second-order nonlinear focal boundary-value problem

y′′(t) + f
(
y(t)

)= 0, t ∈ (0,1),

y(0)= 0= y′(1),
(6.1)
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where f : R→ [0,∞) is continuous, increasing, and concave. If x is a fixed point of the
operator A defined by

Ax(t) := f
(∫ 1

0
G(t,s)x(s)ds

)
, (6.2)

where

G(t,s)=
⎧
⎨

⎩
t, t ≤ s,
s, s≤ t, (6.3)

is the Green’s function for the operator L defined by

Lx(t) :=−x′′, (6.4)

with right-focal boundary conditions

x(0)= 0= x′(1), (6.5)

then

y(t)=
∫ 1

0
G(t,s)x(s)ds (6.6)

is a solution of (6.1). See [16] for a thorough treatment of this alternative inversion tech-
nique. Throughout this section of the paper, we will use the facts that G(t,s) is nonnega-
tive, and for each fixed s∈ [0,1], the Green’s function is nondecreasing in t.

Define the cone P ⊂ E = C[0,1] by

P := {x ∈ E : x is concave, nonnegative, and nondecreasing}; (6.7)

then clearlyA : P→ P by the properties of Green’s function and the properties of f . Define
the functionals α and β by

α(x) := min
t∈[1/4,1]

∫ 1

0
G(t,s)x(s)ds=

∫ 1

0
G
(

1
4

,s
)
x(s)ds,

β(x) := max
t∈[0,1]

∫ 1

1/4
G(t,s)x(s)ds=

∫ 1

1/4
G(1,s)x(s)ds.

(6.8)

In the following theorem, using the standard technique of bounding the nonlinearity by
constants, we show how to employ the alternative inversion technique.

Theorem 6.1. Suppose there exist positive real numbers r and R, with 0 < 103r/25 < R, and
a continuous, increasing, concave function f : [r,4R/3]→ [0,∞), such that

16r
3
≤ f (x) <

32R
15

for x ∈
[
r,

4R
3

]
. (6.9)
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Then, the operator A has at least one positive solution x∗ such that

r ≤ α(x∗), β
(
x∗
)≤ R. (6.10)

Moreover, this implies that the boundary value problem (6.1) has at least one positive solu-
tion y∗ such that

y∗(t)=
∫ 1

0
G(t,s)x∗(s)ds (6.11)

with

r ≤ y∗
(

1
4

)
, y∗(1)≤ 4R

3
. (6.12)

Proof. Let ψ = α and τ = r. Thus condition (3) of Theorem 4.1 will be satisfied once we
have verified condition (2) of Theorem 4.1. The set Q(α,β,r,R) is bounded. To see this,
let x ∈Q(α,β,r,R). Then

β(x)=
∫ 1

1/4
G(1,s)x(s)ds≥

(
1
4

)∫ 1

1/4
x(s)ds, (6.13)

and by the concavity of x with a standard calculus area argument, we have

∫ 1

1/4
x(s)ds≥ 3

(
x(1) + x(1/4)

)

8
≥ 3x(1)

8
, (6.14)

and hence

32β(x)
3

≥ x(1), (6.15)

or

‖x‖ ≤ 32R
3
. (6.16)

Also, it can easily be shown that r +R∈ {x ∈ Q(α,ψ,β,r,τ,R) : β(x) < R}, since we have
0 < 103r/25 < R, and hence the set is nonempty.

Claim 3. β(Ax) < R for all x ∈Q(α,ψ,β,r,τ,R).

For s∈ [1/4,1] and x ∈Q(α,ψ,β,r,τ,R), we have

r ≤ α(x)=
∫ 1

0
G
(

1
4

,w
)
x(w)dw ≤

∫ 1

0
G(s,w)x(w)dw,

∫ 1

0
G(s,w)x(w)dw ≤

∫ 1

0
G(1,w)x(w)dw ≤

(
4
3

)∫ 1

1/4
G(1,w)x(w)dw ≤ 4R

3
,

(6.17)

thus if x ∈Q(α,ψ,β,r,τ,R), then

β(Ax)=
∫ 1

1/4
G(1,s) f

(∫ 1

0
G(s,w)x(w)dw

)
ds <

∫ 1

1/4
G(1,s)

(
32R
15

)
ds= R. (6.18)
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Claim 4. α(Ax)≥ r for all x ∈Q(α,β,r,R).

If x ∈Q(α,β,r,R), then

α(Ax)=
∫ 1

0
G
(

1
4

,s
)
f
(∫ 1

0
G(s,w)x(w)dw

)
ds

≥
∫ 1

1/4
G
(

1
4

,s
)
f
(∫ 1

0
G(s,w)x(w)dw

)
ds

≥
∫ 1

1/4
G
(

1
4

,s
)(

16r
3

)
ds= r

(6.19)

for the same reasons in Claim 3.
Therefore, the hypotheses of Theorem 4.1 have been satisfied; thus the operator A has

at least one positive solution x∗ such that

r ≤ α(x∗), β
(
x∗
)≤ R. (6.20)

�
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