
Gen. Math. Notes, Vol. 7, No. 1, November 2011, pp.51-58

ISSN 2219-7184; Copyright c©ICSRS Publication, 2011

www.i-csrs.org

Available free online at http://www.geman.in

Frames and Matrix Representation

of Operators

Shiv Kumar1 and Balbir Singh2

1Department of Mathematics, D.A.V. College,Jalandhar,
Punjab, India

E-mail: abhi tuli60@yahoo.com
2Department of Mathematics, Aryabhatta College, Barnala,

Punjab, India
E-mail: drbalbirdhami@yahoo.com

(Received: 29-9-11/ Accepted: 12-10-11)

Abstract

In this paper we obtained analogous results of Duffin and Schaeffer [8] by
using a matrix representation of operators on a Hilbert space with Bessel se-
quences, frames and Riesz bases.
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1 Introduction

From practical experience it has been noticed that the concept of an orthonor-
mal basis is not always useful. Sometimes it is more useful for a decomposing
set to have other special properties rather than guaranteeing unique coeffi-
cients. It is impossible to have good time frequency localization for Gabor or-
thonormal bases or a wavelet orthonormal bases with a mother wavelet which
has exponentially decay and is infinitely often differentiable with bounded
derivatives [4]. Also, suitable orthonormal bases are often difficult to con-
struct in a numerical efficient way. This led to the concept of frames, which
was introduced by Duffin and Schaeffer [8] in the context of non-harmonic
Fourier series. A sequence ϕ = (ϕκ : κ ∈ K) is called a frame for the Hilbert
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sspace H, if constants A,B > 0 exist, such that

A.||f ||2H ≤
∑
κ

|〈f, ϕκ〉|2 ≤ B||f ||2H∀f ∈ H. (1)

The two constants A and B are called lower and upper frame bounds. The
frame is tight if A=B and is said to be exact if it ceases to be a frame by
removing any of its elements.

Frames have many of the properties of bases, but lack very important one
uniqueness. Frames need not be linearly independent. This turns out to be
useful in image and signal processing applications, since the redundancy or
transmission errors. As with the Riesz bases, perturbing a frame by a small
amount also yield a frame. Chui and Shi’s over sampling theorems provide
methods to generate wavelet frames. The theory of frames are discussed in
variety of sources, including [3,6,7,8,9,11].

Models in Physics[1] and other applications areas, such as sound vibration
analysis [2], are mostly continuous models. Many problems there can be for-
mulated as operator theory problems one way to discretion the operators to
work numerically is to find (possible infinite) matrices describing these oper-
ators using orthonormal bases. In this paper an attempt has been made to
describe an operator as a matrix using frames and obtained analogous results
of Duffin and Schaeffer [8].

The paper is organized as follows: Section 1,incorporates the introductory
exposition of the topic. In sections 2,we gives the basic definitions and prop-
erties of Bessel sequences and frames. Some results also have been collected
which are used in proving the main results. In section 3,we prove our main
results.

2 Definitions and Notations

In the sequel we will denote infinite dimensional Hilbert spaces by H and their
inner product with which is linear in first coordinate. Let B(H1, H2) denote
the set of all linear and bounded operators from H1toH2. With the operator
norm,||A||op = sup||x||H1

≤1{||A(x)||H2}, this set is a Banach space. An example

for a Hilbert space is the sequence space `2 consisting of all square summable
sequences in C with the inner product 〈c, d〉 =

∑
κ cκ.d̄κ.

If only the right hand inequality in (1.1) in satisfied for all f ∈ H, than
a sequence {ϕκ, κ ∈ K} is called a Bessel sequence with Bessel bound B. One
of the properties that are important is the following:
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ϕκ is a Bessel sequence with bound B if and only if, for every finite sequence
of scalers , (cκ);

||
∑
κ

cκϕκ||2H ≤ B
∑
κ

||cκ||22 (1)

(c.f.e.g.[3, p.155]).As remarked by Chui and Shi’s in [5], it is straight forward
consequence of this statement that (ϕκ) is a Bessel sequence with bound if and
only if (2.1) is satisfied for every sequence (cκ ∈ `2).

Two sequences (aκ) and (bκ) in H are called bi-orthogonal if 〈aκ, a`〉 =
δκ,` where δκ,` is the Kronecker delta.

For a Bessel sequence, ψ = (ϕκ), let Cϕ : H →2 (K) be the analysis op-
erator Cϕ(f) = (〈f, ϕκ〉)κ. Let Dϕ : `2(K) → H be the synthesis operator
Dϕ((cκ)) =

∑
κ cκ.ϕκ. Let Sϕ : H → H be the (associated) frame operator

Sϕ(f) =
∑
κ〈f, ϕκ〉ϕκ.

We shall use the notation Sϕ,φ = Dϕ0Cφ. C and D are adjoint to each other
D=C∗ with ||D||op = ||C||op ≤

√
B. The series

∑
κ cκ.ϕκ converges uncondi-

tionally for all cκ ∈ `2.

For a frame ψ = (ϕκ) with bounds A,B,C is bounded, injective operator
with closed range and and S = C∗C = DD∗ is a positive invertible opera-
tor satisfying AIH ≤ S ≤ BIH and B−1IH ≤ S−1 ≤ A−1IH . The Sequence
ψ = (ϕ̃κ) = (S−1)ϕκ in a frame with frame bounds B−1, A−1 > 0, the so called
canonical dual frame. Everyf ∈ H has the expansion and f =

∑
κ∈K〈f, ϕ̃κ〉ϕκ

and f =
∑
κ∈K〈f, ϕκ〉ϕ̃κ where both sums converge unconditionally in H.

A complete sequence (ϕκ) in H is called a Riesz basis if there exist constants
A,B > 0 such that the inequalities

A||c||22 ≤ ||
∑
κ∈K

cκϕκ||2H ≤ B||c||22

holds for all finite sequences cκ.

A number of important properties of frames are given here(see[3]).

Theorem 2.1. Let ϕκ be a frame for H with frame bounds A and B

(a) For each sequence cκ ∈ `2 such that f =
∑
κ cκϕκ converges in H and

||f ||2 ≤ B||c||22.

(b) Let ϕκ be a frame and let v be any vector, then there exists a moment
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sequence yκ such that

v =
∑
κ

ϕκyκ

and

A||v||2 ≤
∑
κ

|yκ|2 ≤ B||v||2.

A basis of ϕκ is called unconditional if there exist a C > 1 such that for
any two finite sequences of scalers (aκ, 1 ≤ κ ≤ n) and (bκ, 1 ≤ κ ≤ n) if
|aκ| < |bκ|, 1 ≤ κ ≤ n, then

‖
n∑
κ=1

aκϕκ ‖H≤ C ‖
n∑
κ=1

bκϕκ ‖ .

Theorem 2.2. A sequence ϕκ in a Hilbert space H is an exact frame for H if
and only if it is bounded unconditional basis for H.

Let ψ = (ϕκ) and φ = (φκ) be two sequences in H. The Gram matrix Gϕ,φ for
these sequences is given by (Gϕ,φ)j,m = 〈φm, ϕj〉, j,m ∈ K. We denote Gϕ,ϕ

by Gϕ. The operator induced by the Gram matrix for c ∈ `2 is defined as
(Gϕ,φc)j =

∑
κ cκ〈φk, ϕj〉. Clearly for two Bessel sequences it is well defined as

linear bounded operator, because

(Gϕ,φc)j =
∑
κ

cκ〈φk, ϕj〉 = 〈
∑
κ

cκφk, ϕj〉 = ((CϕoDφ)c)j

and therefore ||Gϕ,φ||op ≤ ||Cϕ||op||Dφ||op ≤ B. A frame is a Riesz sequence
if and only if the Gram matrix defines a bounded and invertible operator on `2.

For orthonormal sequence it is well known, that operators can be uniquely
described by matrix representation. The same can be constructed with frames
and their duals. In view of the definition of the operator defined by a (possibly
infinite) matrix : (Mc)j =

∑
κMj,κcκ. We will discuss the general case of Bessel

sequences and use the notation ||.||H1→H2 for the operator norm in B(H1, H2).

Definition 2.1. (See[10]). A necessary and sufficient condition for a ma-
trix M = (Mi,κ) is said to be regular if and only if

1. supi
∑
κ |Mi,κ| <∞

2. limi→∞Mi,κ = 0

3. limi→∞
∑
Mi,κ = 1.
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Definition 2.2. A M-frame for an infinite non-negative regular matrix M =
(Mi,κ) is an infinite sequence (Mc)j =

∑
κMi,κcκ such that for every f ∈ H.

A||f ||2H ≤
∑
j

|〈f, (Mc)j〉|2 ≤ B||f ||2H . (2)

The numbers βj = 〈f, (Mc)j〉 are called M-moment sequences of f ∈ H rela-
tive to the frame.

Definition 2.3. For an operator O : H1 → H2 and a matrix M defined
above, we call Mϕ,φ(O) the matrix induced by the operator O with respect
to the Bessel sequences ψ = (ϕκ) and φ = (φκ) and Oϕ,φ(M) the operator
induced by the matrix M with respect to the Bessel sequences ψ and Φ.

3 Main Results

Let ψ = (ϕκ) and Φ = (φκ) be frames in H1 and H2 respectively. Then we
define

1. (M (φ,ϕ)(O)(c))j = (Gφ,ϕc)j

2. O(φ,ϕ)(M(c)(f)) = Sϕ,φ̃(f).

Sϕ,φ̃(f) =
∑
κ(
∑
jMκ,j〈f, ϕj〉)φ̃k for f ∈ H1. Since M be an infinite matrix

and we have Oφ,ϕ(M) = DφoMoCϕ it gives

||Oφ,ϕ(M)||H1→H2 ≤ ||Dφ||`2→H2
.||M ||`2→`2 .||Cϕ||H1→`2

≤
√
BB′ ||M ||`2→`2 .

Here Sϕ,φ̃ is a bounded operator from H1 → H2. The operator is seif adjoint,
and therefore

〈Sϕ,φ̃f, f〉 ≤
√
BB′ ||M ||`2→`2||f ||2H1

.

Theorem 3.1. If (Gφ,ϕc)i is M-frame and for any f ∈ H1. There exists a
moment sequence (βj), such that

βj = 〈f, (Gφ,ϕc)j〉

f =
∑
j

βj(Gφ,ϕc)j
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and

C−1
2 ||f ||2H1

≤
∑
j

|βj|2 ≤ C−1
1 ||f ||2H1

.

Proof. For any f ∈ H1. let us define a linear transform Sϕ,φ̃ by the relation

Sϕ,φ̃f =
∑
i

〈f, (Gφ,ϕc)i〉O(φ̃,ϕ̃)(M(c))i. (1)

Then transformation is self adjoint, and if we use(2.2) we get

〈Sϕ,φ̃f, f〉 =
∑
i

〈f, (Gφ,ϕc)i〉〈O(φ̃,ϕ̃)(M(c))i, f〉

or

C1||f ||2H1
≤ 〈Sϕ,φ̃f, f〉 ≤ C2||f ||2H1

.

Hence S−1
ϕ,φ̃

exist as a self adjoint transformation and C1||f ||2H1
≤ 〈Sϕ,φ̃−1f, f〉 ≤

C2||f ||2H1
.

Theorem 3.2. If (Gφ,ϕc)j is an exact M-frame, then (Gφ,ϕc)j, whereO(φ,ϕ)(M(c))j =
S−1
ϕ,φ̃

(Gφ,ϕC)j are biorthogonal. Any sequence of numbers (cκ) ∈ `2 is a M-

moment sequence of any function f ∈ H1 with respect to (Gφ,ϕc)j and

C1

∑
κ

|cκ|2 ≤ ||
∑
j

cκ(Gφ,ϕc)j||2H1→H2
≤ C2

∑
κ

|cκ|2. (2)

Proof. If (Gφ,ϕc)j is an exact M-frame then 〈(Gφ,ϕc)i, (Gφ,ϕc)j〉 = δi,j for
all i and j, so (Gφ,ϕc)j and Oφ,ϕ(M(c))j are biorthogonal. Given a sequence
(cκ ∈ `2) and for any f ∈ H1 such that f =

∑
κ cκ(Gφ,ϕc)κ has a finite norm

then

∑
j

cj(Gφ,ϕc)j =
∑
j

cj(M
(φ,ϕ)(O)(c))j

=
∑
j

cj
∑
κ

〈Oϕ̃κ, φi〉〈f, ϕκ〉

=
∑
j

cj〈
∑
κ

〈f, ϕ̃κ〉Oϕκ, φi〉

=
∑
j

cj(〈Of, φi〉)j∑
j

cjCφ(Of)
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||
∑
j

cj(Gφ,ϕc)j||2H1→H2
≤ ||O||2op

∑
j

|cj|2 (3)

Assume (Gφ,ϕc)j is an exact M-frame with bounds C1, C2 > 0, thenM (φ,ϕ)(O(φ,ϕ)f)

and O(φ̃,ϕ̃)(M (φ,ϕ)(c)) are biorthogonal, so

C1||O(φ̄,ϕ̄)(M (φ,ϕ)(c))||2 ≤
∑
j

|O(φ̃,ϕ̃)(M (φ,ϕ)(c))i(Gφ,ϕc)j|2

= |〈O(φ̄,ϕ̄)(M (φ,ϕ)(c))i, Gφ,ϕc)i〉|2

= ||O(φ̄,ϕ̄)(M (φ,ϕ)(c))i||2||Gφ,ϕc)i||2

⇒ C1 ≤ ||Gφ,ϕc)i||2`2→`2

or

C1

∑
j

|cj|2 ≤ ||
∑
j

cj(Gφ,ϕ(c))j||2 (4)

combining (3.3) and (3.6), we get (3.2). Hence the proof is completed.
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