
Gen. Math. Notes, Vol. 15, No. 2, April, 2013, pp.55-61
ISSN 2219-7184; Copyright c©ICSRS Publication, 2013
www.i-csrs.org
Available free online at http://www.geman.in

Some Symmetry Properties of Solutions to

General Heun’s Differential Equation

A. Adeniyan1, O.J. Owodolu2 and A. Anjorin3

1Department of Mathematics, University of Lagos
Akoka, Nigeria

2Department of Mathematics, University of Lagos
Akoka, Nigeria

3Department of Mathematics, Lagos State University (LASU)
Lagos, Nigeria

1E-mail: aadeniyan@unilag.edu.ng
2E-mail: owodolumaths@yahoo.com

3E-mail: anjomaths@yahoo.com

(Received: 21-1-13 / Accepted: 27-2-13)

Abstract
Based on properties of solutions of Heuns differential equations, the deriva-

tive of a solution of general form of Heun’s differential equation, in some par-
ticular cases, can be expressed from the solution of another form of Heun’s
equation. Relevant symmetry properties for general Heun’s differential equa-
tions are investigated.
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1 Introduction

Heun’s differential equation and its confluent forms have been subject to re-
cent investigations in previous years due to a large number of their applications
in mathematical physics and quantum mechanics [1, 2]. They indeed play a
central role in a number of physical problems, like quasi-exactly solvable sys-
tems [5], higher dimensional correlated systems [11], Kerr-de Sitter black holes
[12], Calogero-Moser-Sutherland systems [14], finite lattice Bethe ansatz sys-
tems [15], etc. Besides, this equation appears as a natural generalization of



56 A. Adeniyan et al.

the hypergeometric equation and its special cases including the Gauss hyper-
geometric, confluent hypergeometric, Mathieu, Ince, Lame, Bessel, Legendre,
Laguerre equations, etc.

The general second order Heun’s differential equation (GHE) can be writ-
ten, in canonical form, as follows [1]

D2 y + (
γ

x
+

δ

x− 1
+

ε

x− a
)D y +

(αβx− q)
x(x− 1)(x− a)

y = 0, (1.1)

where D = d
dx

, {α, β, γ, δ, ε, a, q} (a 6= 0, 1) are parameters, generally complex
and arbitrary, linked by the Fuchsian constraint α + β + 1 = γ + δ + ε. This
equation has four regular singular points at {0, 1, a,∞}, with the exponents
of these singularities being respectively, {0, 1 − γ}, {0, 1 − δ}, {0, 1 − ε}, and
{α, β}.

The Heun differential equation (1.1) can be rewritten in the general form

PD2 y + QD y + Ry = 0, (1.2)

where P , Q,R, are polynomial functions. Setting Dy = z, taking the derivative
of (1.2), subtracting the equation (1.2) multiplied by some function ψ(x), we
obtain the differential equation of the form

PD2z + (P ′ +Q− ψ(x)P )Dz + (Q′ +R− ψ(x)Q)z + (R′ − ψ(x)R)y = 0,
(1.3)

where V ′ := DV . The condition which render (1.2) invariant under derivative
operation, i.e, allowing to write (1.3) in the form

P̄D2z + Q̄Dz + R̄z = 0, (1.4)

where P̄ , Q̄, R̄ being appropriate polynomials, are of great interest in the in-
vestigation of solutions of the Heun equation [6]. The suitable ansatz reads
ψ = R′

R
. In this case, (1.2) reads

PD2z + (P ′ +Q− R′

R
P )Dz + (Q′ +R− R′

R
Q)z = 0, (1.5)

where R(x) = xR′ +R(0) is a polynomial of degree 1 which can be written as

R(x) = R′(x− c), with c = −R(0)

R′
. (1.6)

Therefore, P/R and Q/R have to be polynomials defining the singularities of
the equation (1.5). In general, such a transformation leads to more singular
points than in the initial equations. When the singular points coincide with
already existing ones, the number of singularities to that of the initial Heun
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equation increases by one . The derived equation can be transformed to Heun
equation (1.1) and the derivative of the solution to the initial Heun equation
can be expressed in terms of a solution to another Heun equation . This
property may lead to interesting series solutions to Heun equations in term of
hypergeometric functions. In [6], Ishkhanyan and Suominem investigate new
solutions of Heun general equation, using such properties. Unfortunately, their
result contain some misprints which have been corrected in the work [7].

This letter reports on relevant properties of solutions for general Heun dif-
ferential equation. After appropriate manipulation, the Heun equation (1.1)
can be cast in form (1.5) and the polynomial P̄ , Q̄, R̄ identified. For any
such transformed equation, the pole can be eliminated setting either R′ = 0
or R(0) = 0. Then, the compatibility condition for (1.5) and (1.2) can yield
symmetry properties between original Heun equation and its derivative. To ex-
plicate such properties, let us denote Gn(a, q;α, β, γ, δ, ε;x), the corresponding
solutions to GHE.

2 Symmetry Properties of Solutions to Gen-

eral Heun’s Differential Equation (GHE)

In this section, we examine the symmetry form of solutions of GHE and its
transform using the symmetry relations. To do this, we state the following:

Proposition 2.1 The following symmetry are verified for GHE:

(1) D[xsGn(a, 0;α, β, 0, δ, ε;x)] = [xs
′Gn(a, 0;α + δ+ε

β
, β, δ + 1, ε+ 1;x)],

s = s′ = 0 or s = s′ = 1 at x = 0, q = 0;

(2) D[(x−1)sGn(a, αβ;α, β, 0, δ, ε; x−1)] = [(x−1)s
′Gn(a, αβ;α+γ+ε

β
, β, γ, 0, ε+

1;x− 1)],
s = s′ = 0 or s = s′ = 1 at x = 1, q = αβ;

(3) D[(x−a)sGn(a, aαβ;α, β, γ, δ, 0; x−1)] = [(x−a)s
′Gn(a, aαβ;α+γ+δ

β
, β, γ+

1, δ + 1, 0;x− a)],
s = s′ = 0 or s = s′ = 1 at x = a, q = aαβ;

(4) At ∞ and αβ, no symmetry solution exist.

where s and s′ are exponents of the old and new equations respectively.
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Proof. From (1.1) and (1.4), we observe the followings:

P (x) = x(x− 1)(x− a), Q(x) = γ(x− 1)(x− a) + δx(x− a) + εx(x− 1),
R(x) = αβx− q,
Q̄(x) = (x− a)(x− 1)(γ + 1) + (δ + 1)x(x− a) + (1 + ε)x(x− 1)

−αβx(x− 1)(x− a)

αβx− q
R̄(x) = (ε+ γ)(x− 1) + (γ + δ)(x− a) + (δ + ε)x+ αβx− q

−αβ((x− 1)(x− a)γ) + δx(x− a) + εx(x− 1)

αβx− q
. (2.1)

Equation (1.1) has regular singularities x = 0, 1, a, ∞. Using (1.4), we obtain
a new equation having extra singularity given by x = q

αβ
. The extra singularity

coincides with the previous singularities of (1.1) when

(i) q = 0, x = 0,

(ii) q = αβ, x = 1,

(iii) q = aαβ, x = a,

(iv) αβ = 0, x =∞

leading to four cases to be examined.
Case (i): q = 0.

Equations (1.1) and (1.4) for GHE reduce to

D2 y + (
γ

x
+

δ

x− 1
+

ε

x− a
)D y +

(αβx)

x(x− 1)(x− a)
y = 0, (2.2)

and

x(x− 1)(x− a)D2 z + ((x− 1)(x− a)γ + (δ + 1)x(x− a) + (1 + ε))x(x− 1)D z

+(γ(2x− a− 1) + (δ + ε)x− αβx− (x− 1)(x− a)γ

x
)Dz = 0. (2.3)

For symmetry to exist between the two equations we must have γ = 0,
leading to the reduced equations

D2 y + (
δ

x− 1
+

ε

x− a
)D y +

αβx

x(x− 1)(x− a)
y = 0, (2.4)

and

x(x− 1)(x− a)D2 z + ((δ + 1)x(x− a) + (1 + ε))x(x− 1)D z
+((δ + ε)x− αβx)z = 0, (2.5)
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giving rise to the symmetry transformations
q = 0, γ = 0, δ −→ δ+ 1, ε −→ ε+ 1, αβ −→ δ+ ε+αβ and α −→ α+ δ+ε

β

or β −→ β + δ+ε
α

.
By application of Frobenius method to equations (2.4) and (2.5), we obtain

the first statement of the proposition.
Case(ii): q = αβ.

Similarly at x = 1, we have q = αβ reducing equations (1.1) and (1.4)

x(x−1)(x−a)D2y+(γ(x−1)(x−a)+δx(x−a)+ε(x−1)x)Dy+αβ(x−1)y = 0,
(2.6)

and

x(x− 1)(x− a)D2z + ((1 + γ)(x− 1)(x− a) + δx(x− a) + (1 + ε)(x− 1)x)Dz

+(γ(2x− a− 1) + δ(x− a) + αβx− δ(x− a)

x− 1
)z = 0. (2.7)

For symmetry to exist we must have δ = 0, leading to the reduce equations

x(x− 1)(x−a)D2y+ (γ(x− 1)(x−a) + ε(x− 1)x)Dy+αβ(x− 1)y = 0, (2.8)

and

x(x− 1)(x− a)D2z + ((1 + γ)(x− 1)(x− a) + (1 + ε)(x− 1)x)Dz
+(γ(2x− a− 1) + αβ(x− 1))z = 0, (2.9)

giving rise to the following transformation
q = αβ, δ = 0, γ −→ γ+1, ε −→ ε+1, αβ −→ γ+ε+αβ and α −→ α+ γ+ε

β

or β −→ β + γ+ε
α

.
By application of Frobenius method to equations (2.8) and (2.9), we obtain
the second statement of the proposition.

Case(iii); q = aαβ.
In this case equations (1.1) and (1.4) reduces to

x(x−1)(x−a)D2y+(γ(x−1)(x−a)+δx(x−a)+ε(x−1)x)Dy+αβ(x−a)y = 0,
(2.10)

and

x(x− 1)(x− a)D2z + ((1 + γ)(x− 1)(x− a) + (1 + δ)x(x− a) + ε(x− 1)x)Dz

+(εx+ ε(x− 1) + αβx− ε(x− 1)x

x− a
)z = 0. (2.11)

For symmetry to exist we must have ε = 0, leading to the reduce equations

x(x−1)(x−a)D2y+(γ(x−1)(x−a)+δx(x−a))Dy+αβ(x−a)y = 0, (2.12)



60 A. Adeniyan et al.

and

x(x− 1)(x− a)D2z + ((1 + γ)(x− 1)(x− a) + (1 + δ)x(x− a))Dz

+(αβx− ε(x− 1)x

x− a
)z = 0, (2.13)

giving rise to the following symmetry transformation
q = aαβ, ε = 0, γ −→ γ + 1, δ −→ δ + 1, αβ −→ γ + δ + αβ and α −→
α + γ+δ

β
or β −→ β + γ+δ

α
.

By application of Frobenius method to equations (2.12) and (2.13), we obtain
the second statement of the proposition.

Case(iv); αβ = 0. Following the same process as above no symmetry
relations exists at all.

3 Conclusion and Remarks

Symmetry properties were established for the general Heun’s equation. The
properties were established in terms of symmetry form solution derived by the
introduction of an arbitrary function ψ(x), into the original equation leading to
perturbed equations.The resultant equation leads to the closed form solutions.
However, The symmetry closed forms discussed above are particular cases of
closed forms solutions. These cases arise from the symmetries of the equations.
The symmetry properties here does not give the general cases at all. The
genaral cases are currently being investigated.
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