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ON SECOND ORDER NONLINEAR EQUATIONS WITH
RECTILINEAR CHARACTERISTICS

J. GVAZAVA

Abstract. A class of quasilinear hyperbolic equations of mixed type whose
characteristic roots are simultaneously characteristic invariants is found. For
a special equation of this class, a general integral is constructed in terms of
invariants in the closed form by using the method of characteristics. Based
on the structure of families of characteristics, the initial Cauchy problem is
investigated. The structure of the solution definition and regularity domains
is defined using the properties of initial perturbations.
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Introduction

In the present paper we discuss a number of facts on second order quasilinear
equations on the plane of the variables x, t which in the general case are written
as

a(ux, ut)uxx + b(ux, ut)uxt + c(ux, ut)utt = 0.
We assume that throughout the domain where the considered equation is

given, it has only real characteristic directions. It is not excluded that these
characteristic directions may coincide on some set of points. In other words,
we consider a class of hyperbolic equations that admit parabolic degeneracy on
some set of points.

The structure of the set of parabolic degeneracy points of the considered
equation is not fixed as is the matter with equations whose principal parts are
linear and representable, say, by Tricomi or Cibrario operators.

In the considered case the structure of the set of parabolic degeneracy points
depends on values of the first order derivatives ux, ut of the unknown solution
u(x, t). Naturally, on these parameters also depend the families of characteristic
curves which are to be defined simultaneously with the solution. The latter fact
is one of the reasons for which the formulation of linear characteristic problems
becomes unacceptable for the general nonlinear case.

The geometric structure of families of characteristic curves may vary de-
pending on each concrete solution of the considered equation and is sufficiently
complicated for us to form a complete picture of the character of solvability
of various problems posed for this equation. To facilitate this task, we make
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an attempt to define a subclass of quasilinear equations of the considered kind
whose families of characteristic curves are of the simplest structure.

From this standpoint we want to draw attention to the class of equations

(ξ2)qutt +
(

2ξq + (ξ2)p

)

uxt + 2ξpuxx = 0, (1)

where ξ(p, q) is a twice continuously differentible in R2 function of arguments
p ≡ ux, q ≡ ut. Below we will use, for convenience, this Monge notation. The
discriminant

∆ =
(

2ξq − (ξ2)p

)2

of the characteristic equation

(ξ2)q −
(

2ξq + (ξ2)p

)

λ + 2ξpλ2 = 0

corresponding to (1) is non-negative and may vanish at

2ξq = (ξ2)p. (2)

Therefore the quasilinear equation (1) has, at each point, the real characte-
ristic directions which, depending on values of the first order derivatives p, q
of the desired solution, may coincide provided that condition (2) is satisfied.
Because of this dependence neither families of characteristic curves nor the set
of parabolic degeneracy points of equation (1) can be defined a priori and they
should be found simultaneously with the solution.

To each concrete solution correspond families of characteristics and sets of
degeneracy points if degeneration takes place, in general. Equality (2) does
not hold for the class of hyperbolic solutions of equation (1). As for concrete
solutions of equation (1), they can be defined by some additional conditions. In
the well known cases which also include linear equations, additional conditions
are chosen with regard to a structure of the set of parabolic degeneracy points as
well as to a degree and nature of this degeneration. The same principle applies
to equation (1).

Parabolic degeneracy as coincidence of two different characteristic directions
may cause, even in the case of linear equations, quite a number of peculiarities
that make it impossible to apply the standard methods specially worked out
for strictly hyperbolic equations. The range of these peculiarities varies widely
([1]–[5]). We may, for example, come across a case in which the set of parabolic
degeneracy points is simultaneously the envelope of both families of characteris-
tic curves. If on the envelope there is an arc whose every point is a saddle point
for both families of characteristics, then the formulation even of the Riemann
or Cauchy problem with the data on this arc becomes meaningless. Hence an
idea arises to modify the formulation of the well known problems whose data
carriers include elements of the property described above (see, for example, [6]).
The dependence of such elements on the unknown solution does not allow the
modification of the classical problems. The matter is that on such elements
solutions are unbounded, which fact is an essential obstacle for the method of
successive approximations [7] as well as for the method of a priori estimates
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[8] even when one wants to establish local existence theorems. The merging of
two complicated phenomena – nonlinearity and parabolic degeneracy – lead to
a necessity to look for other approaches to the formulation and investigation
of nonlinear variants of certain linear problems. To realize this idea completely
even for (1) is a difficult task. We will try to clarify some of the aspects in this
direction. Hence we need to explain, in the first place, the nature of equation
(1) and why we have chosen it.

§ 1. General Properties of Equation (1)

We begin by observing that equation (1) is equivalent to the nonlinear con-
servation law







ξ(∇u, ut) = v,
(v2)t + 2∇v = 0

(3)

if an additional smoothness restriction is imposed on its solution (u, v). System
(3) does not fit within the framework of standard nonlinear conservation laws
including systems of Euler isentropic equations which are typical variants of
systems with parabolic degeneracy. Nevertheless we can use a number of results
on Euler systems whose source dates back to work [9]. Many works are available
in this direction of which we want to make a special mention of [10] where
the global existence of the Riemann problem was established by means of the
method of characteristics.

The roots of the characteristic equation corresponding to (1)

ξ = ξ(p− q), (4)

η = ξq(ξp)−1 (5)

are equal if condition (2) is fulfilled. The characteristic direction of equation
(1) corresponding to the root ξ is determined, at each point, by the differential
relation

dt = ξ(p, q)dx. (6)

Unlike linear equations, this relation does not directly connects the infinites-
imal elements dx, dt by the arguments x, t. These values figure in (6) as
arguments of the derivatives p = ux, q = ut of the unknown solution u(x, t).
For this reason (6) cannot be considered as an ordinary differential equation
which upon integration could yield an equation of characteristics of a given
family. Therefore, at first sight, this family may have, generally speaking, any
geometric structure depending on values of the first order derivatives of these
concrete solutions or others. However equation (1) carries additional informa-
tion along each characteristic of the considered family, which fact considerably
concretizes the geometric structure of this family [11].

Following the classical theory of characteristics (see, for example, [12]), let us
consider, along with the direction relation (6), also another relation. We mean
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the same equation (6) written along the characteristics of family (6). For this,
using the equalities

dp =
[

uxx + ξ(p, q)uxt

]

dx, dq =
[

uxt + ξ(p, q)utt

]

dx,

we define the derivatives uxx, uxt in terms of utt, substutute them into (1) and
obtain with (5) taken into account

dp + η(p, q)dq = 0. (7)

This yields

dξ = 0, ξ(p, q) = const . (8)

It appears that the characteristic root ξ(p, q) is simultaneously the characteristic
invariant of family (6). Equality (8) is fulfilled simultaneously with relation (6)
along each characteristic. Therefore we can write

dt = ξ(p, q)dx = ξ(p, q)dx + xdξ(p, q) = d(ξ(p, q)x)

which, upon integration, gives

t− ξ(p, q)x = c, (9)

where c is the integration constant. By virtue of (8) equality (9) is a two-
parametric family of straight lines. This family is contained in the set of char-
acteristics of the family defined by the root ξ(p, q).

Naturally, a question arises to what extent the family of characteristics over-
laps the set of straight lines (9) that we have derived. The reply to this question
is provided by

Lemma 1. The two-parametric set of straight lines (9) completely exhausts
the family of characteristics of equation (1) which corresponds to the character-
istic root ξ(p, q) when equality (2) is not fulfilled.

Proof. Denote the characteristic invariant of the considered family by
λ(x, t, u, p, q). Then the question is reduced to finding the number of these
invariants. They take constant values along each characteristic and therefore,
on each curve of this family, we must have dλ ≡ 0. Let us write this identity,
taking into aaccount the differential characteristic relations (6), (7). We obtain
the system of two compatible equations with respect to λ







λx + ξλt + (p + ξq)λu = 0,
ξqλp − ξpλq = 0.

Applying the Poisson brackets, the above system can be complemented by the
equation λu = 0. By the condition of the lemma the resulting system of three
equations with five independent variables is complete in the Jacobi sense. Hence
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this system admits exactly two independent first integrals which are already
known by formulas (8), (9)

λ1 = ξ(p, q), (10)
λ2 = t− ξ(p, q)x. (11)

The characteristic system has no other first integrals. Hence the differential
relations (6), (7) has no other characteristic invariants. This implies the validity
of our statement.

As we see, the structure of the family of characteristics (8), (9) is quite a
simple one. We may as well expect that this fact will facilitate the investigation
of the problem posed for equation (1). If the other family of characteristics also
had a similar structure, then the study of the Riemann problem or the initial
Cauchy problem, let alone other boundary value and characteristic problems,
would be an essentially easier matter. Hence we need first of all to find whether
there exists.

§ 2. A Subclass of Equations (1) whose Characteristic Roots
are Characteristic Invariants

Like in the above reasoning, our consideration ignores the parabolic degen-
eration of equation (1). This makes it necessary to exclude equality (2), which
thus imposes a certain restriction on the class of solutions. In that case the
following lemma is true.

Lemma 2. If the characteristic root ξ satisfies as a function of the arguments
p, q the second order equation

ξpξqq − (ξq + ξξp)ξpq + ξξqξpp = 0, (12)

then the characteristic root η(p, q) of equation (1) defined by equalitry (5) is the
characteristic invariant of the corresponding family.

In other words, if (12) is fulfilled, then the characteristics corresponding to
the root η(p, q) will be represented by a two-parametric family of straight lines.

Proof. The family of characteristics corresponding to the root η(p, q) must be
defined by two differential relations

dt = η(p, q)dx, (13)
dp + ξ(p, q)dq = 0. (14)

When combined, these relations give the joint system of first order with respect
to the characteristic invariant denoted by µ(x, t, u, p, q),







µx + ηµt + (p + ηq)µu = 0,
ξµp − µq = 0.

Like in the previous case, this system can be complemented by the equation

µu = 0
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to the Jacobi system. Therefore the number of invariants here too is equal
to two. To construct them we do not need to use the general arguments of
construction of first integrals. We define with the aid of (12) the value ξ in terms
of its first and second order derivatives and substitute the obtained expression
into the differential equation (14). By simple calculations this relation converts
to the equality

d
(ξp(p, q)

ξq(p, q)

)

= 0

which, taking into account (5), can be rewritten as

dη = 0, η = const . (15)

Therefore the characteristic root η(p, q) is the characteristic invariant

µ1 = η(p, q). (16)

Further, by virtue of (15), the characteristic relation (13) can be rewritten as

dt = η(p, q)dx = d
(

η(p, q)x
)

,

which implies

t− η(p, q)x = c. (17)

Thus we have constructed another characteristic invariant

µ2 = t− η(p, q)x. (18)

We come to a conclusion that the second family of characteristics can also
be represented by the two-parametric family of straight lines (15), (17). This
completes the proof.

Now it remains to answer the question whether such equations exist in gen-
eral. For this we resort to equality (12) which is a quasilinear differential equa-
tion with respect to the function ξ. The roots of the corresponding characteristic
equation are

−1
ξ

, −ξp

ξq
.

Therefore equation (12), like (1), belongs to the class of mixed-type hyperbo-
lic-parabolic equations. The condition of parabolic degeneracy coincides with
condition (2). The investigation of equation (12) and construction of its general
integral, if this is possible at all, is a separate task which is much more compli-
cated than the study of equation (1). We do not pursue such an aim here. It is
enough for us to construct concrete solutions of equation (12) and there by to
consider quite concrete equations of class (1) with the desired properties. For
achieve this ens, we put aside the general scheme of reasoning and resort to the
variables separation method. Assume

ξ(p, q) = g(p) · h(q)
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and substitute this expression into (12). For the factors g, h we obtain the
ordinary equations

gg′′ − g
′2 + kg′ = 0, hh′′ − h

′2 − kh2h′ = 0,

where k is the real-valued parameter. General solutions of these equations are
constructed explicitly [15] in the form

g(p) = α2eα1p − kα−1
1 , h(q) = α3α4eα3q(α3 − kα4eα3q)−1,

where αj, j = 1, . . . , 4, are the integration constants.
Hence we see that the desired subclass of equations (1) is nonempty.
Let us consider one of the simplest solutions of equation (12)

ξ(p, q) = −ep − 1
eq − 1

eq. (19)

In that case the characteristic root η(p, q) has the form

η(p, q) = −ep − 1
eq − 1

e−p, (20)

while equation (1) can be represented as
(

sinh
ux

2

)2
utt − 2

(

sinh
ux

2

) (

sinh
ut

2

) (

cosh
ux + ut

2

)

uxt

+
(

sinh
ut

2

)2
uxx = 0. (21)

If instead of real solutions we consider purely imaginary solutions, then we can
replace the hyperbolic functions by the trigonometric ones and consider the
equation

(sin ux)2utt − 2(sin ux)(sin ut)
(

cos(ux + ut)
)

uxt + (sin ut)2uxx = 0

that has some practical applications. We will be concerned with equation (21).
The characteristic roots (19), (20) point to a set of parabolic degeneracy

points of equation (21). This set depends on the first order derivatives ux, ut

of the unknown solution u(x, t) and is defined by the relation

ux + ut = 0. (22)

Hyperbolic solutions of equation (21) are therefore defined by the inequality

ux + ut 6= 0. (23)

As to the families of characteristics, by virtue of formulas (8), (9), (15), (17),
(19), (20) they are families of straight lines represented by the equations

(eq − 1)t + (ep − 1)eqx = c(eq − 1), (24)
(eq − 1)ept + (ep − 1)x = cep(eq − 1). (25)

Below the first of the will be called the ξ-family, and (25) the η-family.
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§ 3. Construction of the General Integral of Equation (21)

Since the characteristic invariants of the ξ-family of equation (21) simultane-
ously assume constant values along any characteristic, they must be somehow
interrelated. One of the invariants coincides with the characteristic root ξ(p, q)
defined by formula (19),

ξ = −ep − 1
eq − 1

eq,

while the other is given in the form

ξ1 = t +
ep − 1
eq − 1

eqx = t− ξx.

Recalling the above fact that ξ, ξ1 have the same family of level curves, they
can be related by ξ1 = f(ξ) with an arbitrary function f ∈ C2(R1).

Similarly, for the η-family it can be assumed that between the characteristic
invariants η(p, q) and

η1 = t +
ep − 1
eq − 1

e−px

there exists a functional relation

η1 = g(η)

with an arbitrary function g ∈ C2(R1).
Let us now consider the four relations

−ep − 1
eq − 1

eq = ξ, −ep − 1
eq − 1

e−p = η,

t +
ep − 1
eq − 1

eqx = f(ξ), t +
ep − 1
eq − 1

e−px = g(η)

as a system with respect to the values x, t, p, q and solve it as follows:

x =
g(η)− f(ξ)

ξ − η
, (26)

t =
ξg(η)− ηf(ξ)

ξ − η
, (27)

p = log
ξ − 1
η − 1

, (28)

q = log
ξ(η − 1)
η(ξ − 1)

. (29)

We have thus succeeded in expressing the independent variables x, t and first
order derivatives ux, ut of the unknown solution in terms of the characteristic
invariants ξ, η. Let us substitute the obtained expressions into the agreement
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relation

du = pdx + qdt =
(

log
ξ − 1
η − 1

)

dx +
(

log
ξ
η
· η − 1
ξ − 1

)

dt

=
[

η log
ξ
η

+ (η − 1) log
η − 1
ξ − 1

]

x′ξdξ

+
[

ξ log
ξ
η

+ (ξ − 1) log
η − 1
ξ − 1

]

x′ηdη. (30)

Theorem 1. Equation (21) is completely integrable and its general integral
on the plane of characteristic invariants ξ, η is representable explicitly in terms
of two arbitrary functions.

Proof. As the above reasoning suggests, the general integral can be represented
by three relations. Two of them are already known. They are expressed by
equalities (26) and (27). To them we should add one more relation which is
obtained by applying integration to (30). At this point a question arises whether
relation (30) is integrable, i.e., whether the expression on the right-hand side
of (30) is the total differential. If this fact holds, then the coefficients of the
differentials dξ, dη must satisfy the Schwartz condition

{

[

η log
ξ
η

+ (η − 1) log
η − 1
ξ − 1

]

x′ξ

}

η

=
{

[

ξ log
ξ
η

+ (ξ − 1) log
η − 1
ξ − 1

]

x′η

}

ξ

,

which immediately implies

{

(ξ − η)xξη − xξ + xη

}

log
ξ(η − 1)
η(ξ − 1)

= 0.

In case the parabolic degeneracy of equation (21) is absent, the logarithmic
factor is different from zero. Hence we conclude that the value x(ξ, η) as a
function of the variables ξ, η must satisfy the Euler–Darboux equation

xξη +
1

ξ − η
(xη − xξ) = 0.

The solution of this equation is constructed explicitly and, as known, it is
expressed in terms of two arbitrary functions F (ξ), G(η) as follows (see [14]):

x(ξ, η) =
1

ξ − η

[

F (ξ)−G(η)
]

.

Such a representation of a general solution of the Euler–Darboux equation is
fully consistent with representation (26) of the function x(ξ, η). Therefore, on
the right-hand side of relation (30) we have the total differential and this relation
is completely integrable.
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We integrate relation (30) from an arbitrarily chosen point (a, b) to the moving
point (ξ, η). Since the integration result does not depend on the path, we obtain

u(ξ, η) = u(a, b) +
ξ

∫

a

[

b log
z
b

+ (b− 1) log
b− 1
z − 1

]

x′z(z, b)dz

+
η

∫

b

[

ξ log
ξ
z

+ (ξ − 1) log
z − 1
ξ − 1

]

x′t(ξ, z)dz.

By the integration by parts we have

u(ξ, η) = u(a, b) + x(ξ, η) log
(ξ

η

)ξ(η − 1
ξ − 1

)ξ−1
+ (b− ξ)x(ξ, b) log

ξ(b− 1)
b(ξ − 1)

−
ξ

∫

a

z − b
z(z − 1)

x(z, b) dz −
η

∫

b

ξ − z
z(z − 1)

x(ξ, z) dz.

The right-hand side can be essentially simplified by using representation (26)
of the expression x(ξ, η). The integral terms take the form

ξ
∫

a

z − b
z(z − 1)

x(z, b) dz = g(b) log
ξ − 1

ξ
a

a− 1
−

ξ
∫

a

f(z)
z(z − 1)

dz,

η
∫

b

ξ − z
z(z − 1)

x(ξ, z) dz = −f(ξ) log
η − 1

η
b

b− 1
+

η
∫

b

g(z)
z(z − 1)

dz.

After substituting these expressions into the preceding equality, we obtain the
solution

u(ξ, η) =
1

ξ − η

{

g(η) log
(ξ

η

)ξ
(η − 1

ξ − 1

)ξ−1
− f(ξ) log

(ξ
η

)η
(η − 1

ξ − 1

)η−1
}

+
ξ

∫

a

f(z)
z(z − 1)

dz −
η

∫

b

g(z)
z(z − 1)

dz + u(a, b)− g(b) log
a(b− 1)
b(a− 1)

.

As has already been mentioned, f and g are arbitrary functions possessing the
required smoothness. In the constructed representation we can get rid of the
integral terms. For this it is sufficient to replace arbitrary functions f , g by the
expressions ξ(ξ − 1)f ′(ξ) and η(η − 1)g′(η), respectively, and to consider the
relations

ξ1 = t− ξx = ξ(ξ − 1)f ′(ξ), η1 = t− ηx = η(η − 1)f ′(η),
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where f , g are also arbitrary. Using this new notation, the general representa-
tion of the solution in terms of characteristic invariants is written as

u(ξ, η) = f(ξ)− g(η) +
η(η − 1)
ξ − η

g′(η) log
(ξ

η

)ξ(η − 1
ξ − 1

)ξ−1

− ξ(ξ − 1)
ξ − η

f ′(ξ) log
(ξ

η

)η(η − 1
ξ − 1

)η−1

+ u(a, b)− g′(b)
[

log
a(b− 1)
b(a− 1)

]

b(b− 1)− f(a) + g(b).

Thus, on the plane of characteristic invariants ξ, η, we have succeeded in ex-
pressing the initial independent variables x, t and the solution u(ξ, η) of equation
(21) without any additional restrictions with respect to each of them. Therefore
the three relations

x(ξ, η) =
1

ξ − η

[

η(η − 1)g′(η)− ξ(ξ − 1)f ′(ξ)
]

,

t(ξ, η) =
ξη

ξ − η

[

(η − 1)g′(η)− (ξ − 1)f ′(ξ)
]

,

u(ξ, η) = f(ξ)− g(η) + x(ξ, η) log
ξ − 1
η − 1

+ t(ξ, η) log
ξ
η

η − 1
ξ − 1

+ c

(31)

can be considered as the general integral of equation (21) on the characteristic
plane. We introduce the notation

c = u(a, b)− b(b− 1)g′(b) log
a(b− 1)
b(a− 1)

− f(a) + g(b).

This constant is arbitrary. This fact well agrees with the structure of equation
(21) which belongs to the Bernstein class and whose solution is defined to within
a constant term.

The theorem is proved.

As to the representation of the general integral or the general solution of
equation (31) on the plane of the initial variables x, t, we should have proceeded
as follows: to determine the values ξ, η by the first two relations of the general
integral (31) and to substitute them into the third equality. But since in these
representations of g and f the parameters are arbitrary, we cannot consider these
relations as functional equations with respect to ξ, η unless these functions are
concretized. Hence we cannot obtain any general representation of the integral
of equation (21) on the plane of variables x, t.

If, along with equation (21), some additional conditions are given, allowing
us to define arbitrary functions f , g, then we can already pose a question on the
existence, number and, in some cases, on explicit representations of solutions of
the problem whose data include these additional conditions.

However the conditions of the problem cannot be taken arbitrarily. They
have to be chosen so as to provide a solvable functional system with respect to
the values ξ, η. In other words, the conditions of the problem are to define the
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functions f , g in such a manner that the system of the first two equations of
(31) be solvable.

The resulting relations immediately imply the validity of the equalities

ηxξ = tξ, ξxη = tη,

which, for the Jacobian, yield

∂(x, t)
∂(ξ, η)

= (ξ − η)xξxη.

After substituting the derivatives xξ, xη defined from the first relation of (31),
we obtain the conditions with respect to f , g that ensure the solvability of
the considered system. Since the value x as a function of the variables ξ, η
satisfies the Euler–Darboux equation, the solvability condition can be written
in a simpler form

∂(x, t)
∂(ξ, η)

=
1
2

∂2

∂ξ∂η

{ [η(η − 1)g′(η)− ξ(ξ − 1)f ′(ξ)]2

ξ − η

}

6= 0. (32)

Thus the problem will be easier to investigate if its conditions define the
functions f , g that satisfy inequality (32).

In the framework of condition (32), problems for equation (21) can be for-
mulated in different ways. They may include characteristic as well as mixed
initial-characteristic problems. First, for a better clearness, we will consider

§ 4. The Initial Cauchy Problem

The problem can be considered both with an unbounded and with a finite data
carrier. Suppose we know the initial perturbations of the solution of equation
(21) at the time t = 0 on the finite interval a ≤ x ≤ b,

u
∣

∣

∣

t=0
= τ(x), (33)

ut

∣

∣

∣

t=0
= ν(x), (34)

where τ , ν are respectively twice and once continuously differentiable functions
given on the interval [a, b].

The Cauchy problem consists in finding a solution of equation (21) by the
initial conditions (33), (34) simultaneously with the domain where this solution
is defined completely [8], [15].

The structure of the domain of solution definition depends on the properties
of both families of characteristics (24), (25) of equation (21) drawn from the
points (α, 0) of the initial data carrier.

Since the values of the first order derivatives are defined by conditions (33)
and (34) as

ux(x, 0) = τ ′(x), ut(x, 0) = ν(x),
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we can calculate the characteristic invariants at any point (α, 0), a ≤ α ≤ b,

ξ
(

τ ′(α), ν(α)
)

= −eτ ′(α) − 1
eν(α) − 1

eν(α),

η
(

τ ′(α), ν(α)
)

= −eτ ′(α) − 1
eν(α) − 1

e−τ ′(α).

They define the slope of the characteristic straight lines of both families drawn
from the point (α, 0) of the initial data carrier. Equations of these straight lines
of families (24), (25) have the form

t− eτ ′(α) − 1
eν(α) − 1

eν(α)(x− α) = 0, (35)

t− eτ ′(α) − 1
eν(α) − 1

e−τ ′(α)(x− α) = 0 (36)

respectively. For simplicity, below we will use the notation

ξ
(

τ ′(α), ν(α)
)

≡ ξ(α), (37)

η
(

τ ′(α), ν(α)
)

≡ η(α) (38)

and call the set of characteristics (35) the ξ-family, while set (36) the η-family.
Thus we see that by satisfying the initial conditions the two-parametric fam-
ilies of characteristic straight lines (24), (25) have been converted to the one-
parametric ones. The abcissa of the carrier point from which these straight
lines are drawn serves as a parameter.

Because of the continuity of the functions ξ(α), α ∈ [a, b] the set of straight
lines (35) covers some closed domain D(ξ) on the plane of variables x, t. We
denote by D(η) the domain covered by family (36). We assume the definition
domain of the solution of problem (21), (33), (34) coincides with the intersection
of the domains D(ξ) and D(η). It is understood that we do not mean the
defintion domain of a regular solution of the considered problem.

Therefore as regards the solution definition domain we can make completely
definite a priori conclusions without solving the problem and using only the
properties of the initial functions τ , ν.

Depending on values of the functions τ , ν, all possible variants may arise for
equation (21) whose analogs in the linear case are strictly hyperbolic equations
or mixed type equations with Tricomi, Cibrario or Keldysh operators in the
principal part.

The case, where

τ(x) = const, ν(x) 6= 0 (39)

throughout the interval [a, b], is the first of the special variants of problem (21),
(33), (34) we are going to consider. Since the expressions ξ(α) and η(α) figuring
in equations (35), (36) vanish, all the characteristics of both families drawn from
the points of the carrier become the straight line t = 0. Thus the initial data
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carrier is the set of characteristic parabolic degeneracy points – the interval [a, b]
is the characteristic of both families. None of the characteristics of equation (21)
drawn from the carrier points enters the plane of the variables x, t. Hence, in
the considered case, the initial perturbations (33), (34) cannot extend to the
set of points with nonzero ordinates. Thus we come to a conclusion that under
conditions (39) the problem is unsolvable.

Another case, in which

τ ′(x) 6= 0, ν(x) = 0, x ∈ [a, b]. (40)

throughout the interval, is another special variant. Here the characteristic direc-
tions of equation (21) coincide at each point of the data carrier with the ordinate
axis. Since all characteristics are given by equations x = α, α ∈ [a, b], equation
(21) is parabolic in the strip with the above-mentioned abscissas. Characterris-
tic directions do not coincide with the axis t = 0 and therefore the initial data
carrier is free.

In our foregoing reasoning, conditions (39) or (40) were fulfilled all over the
interval a ≤ x ≤ b. If it is assumed that the derivative τ ′(x) vanishes at some
isolated point x0 at which ν(x0) 6= 0, then the characteristics of both families
(35), (36) drawn from the points (x0, 0) will again be given by the equation
t = 0. Thus we conclude that the data carrier again lies on the characteristic.
Therefore in this case, too, equation (21) has characteristic parabolic degener-
ation at all points of the data carrier. But, as different from the special case
(39), the plane of the variables x, t will contain the characteristics drawn from
other data carrier points at which the derivative τ ′(x) does not vanish. Thus the
initial problem (21), (33), (34) may appear posed correctly and its investigation
worthwhile.

If at some point x0 ∈ [a, b] both functions τ ′(x), ν(x) are simultaneously
equal to zero, then the characteristic directions of equation (21) are defined by
the behaviour of the relation (eτ ′(x)− 1)(eν(x)− 1)−1 in the neighborhood of the
point x0.

Along with the previous cases, equation (21) will parabolically degenerate at
the points at which

τ ′(x) + ν(x) = 0. (41)

The characteristic directions coincide with the direction of the coordinate axes
at none of the carrier points if none of the terms of (41) vanishes. In that
case the parabolic degeneracy of equation (21) defined by condition (41) is not
characteristic on the data carrier. In the linear case, such a variant of non-
characteristic parabolic degeneracy can be correlated with equations with the
Tricomian principal part.

The parabolic degeneracy of equation (21) on the initial data carrier is com-
pletely excluded by three conditions

τ ′(x) 6= 0, ν(x) 6= 0, τ ′(x) + ν(x) 6= 0 (42)
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at all points of the interval [a, b]. For this conditions (42) are both necessary
and sufficient.

Let us now assume that conditions (42) are fulfilled. Then from each point
(α, 0) of the initial data carrier {t = 0, a ≤ x ≤ b} emanates one charateristic
for both families of straight lines (35), (36). In the standard linear cases, so-
lutions are defined at the intersection points of the characteristics of different
families by means of the intial perturbations that propagate along these char-
acteristics. The same situation takes place in the nonlinear case. Therefore we
have to require that to obtain a unique and regular solution the characteristics
of different families should have no more than one point of mutual intersection.
The absence of intersection points of the characteristics of one family in the
solution definition domain is as a rule considered natural.

As seen from (35), the presence or absence of intersection points of the ele-
ments of families of straight lines depends on the behavior of the function ξ(α).
The elements of this family may intersect even when conditions (42) are ful-
filled. To avoid this, we need additional conditions for the initial perturbations.
A few of such conditions are available. In particular, we have

Theorem 2. If the inequalities

τ ′(x) < 0, τ ′(x) + ν(x) > 0 (43)

hold throughout the interval [a, b] and the expression

ξ2(x) + η(a)
[

(a− x)ξ(x)
]′

x
(44)

as a function of the variable x is strictly positive, then the characteristics
of family (35) do not intersect in the angular domain lying between the rays
{t = 0, x > a} and {t = η(a)(x− a), x > a}.

Proof. Let us draw the characteristics of both families (35), (36)

t = ξ(a)(x− a), t = η(a)(x− a)

from the point (a, 0) of the initial data carrier.
According to conditions (43) the slope of the first straight line is greater

than that of the second one. Therefore the solution definition domain of the
considered problem is to be found under the second straight line whose certain
segment starting from the point (a, 0) forms a part of the boundary of this
domain. The characteristics of family (35) drawn into the half-plane t > 0 from
the point (α, 0) of the initial data carrier intersect this straight line at the point
with coordinates

x(α) =
αξ(α)− aη(a)
ξ(α)− η(a)

, t(α) =
(α− a)− η(a)ξ(α)

ξ(α)− η(a)
.

Since the initial functions τ , ν and the condition which these functions obey
are smooth, this fact ensures the continuity of the expressions x(α), t(α) as
functions of the variable α. According to conditions (43) the slope of every
characteristic of family (35) drawn from the points of the initial data carrier is
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positive. For α = a we have x(a) = a, t(a) = 0. By virtue of the positiveness of
the slope we can indicate a half-neigborhood (a, a+ε) of the point α = a where
the functions x(α) and t(α) increase. Hence the derivatives of these functions
in this half-neighborhood are positive. If for the values of the argument α lying
on the right-hand side of (a, a + ε) the sign of the derivatives x′(α), t′(α) does
not change, then the functions x(α), t(α) are one-to-one. This means that the
interval [a, b] of the axis t = 0 is mapped one-to-one on the segment of the
straight line t = η(a)(a− x) with end points (a, 0) and

(bξ(b)− aη(a)
ξ(b)− η(a)

,
(b− a)ξ(b)η(a)

ξ(b)− η(a)

)

. (45)

Such a mapping is possible only when the straight lines of family (35) do not
intersect in the above-mentioned angular domain.

Now it remains to calculate the derivatives x′(α) and t′(α) and require that
they be positive throughout the interval. Since t′(α) = η(a)x′(α) and η(a) > 0,
these conditions yield the same result which is equivalent to the requirement
that expression (44) be positive definite. The theorem is proved.

By a similar reasoning we can establish sufficient conditions for the charac-
teristics of family (36) not to intersect in the angular domain bounded by the
rays {t = 0, x < b}, {t = ξ(b)(x− b), x < b}. One of the variants ensuring this
property of the characteristics is given by the inequality

[

(b− x)η(x)
]′

< −η2(x)
ξ(b)

(46)

provided that conditions (43) are fulfilled.
Summing up the above reasoning, we come to the following proposition:

Theorem 3. If conditions (43), (44) and (46) are fulfilled, then the definition
domain of a regular solution of the initial problem (21), (33), (34) is bounded
by the straight lines t − η(a)(x − a) = 0, t = ξ(b)(x − b) and the initial data
carrier.

It is interesting to consider the case in which condition (44) or (46) does not
hold. Let us assume, for instance, that expression (44) changes the positive
sign. Then at some point x = x0 it vanishes. This means that the coordinates
x(α), t(α) as functions of the variable α reach their maximal value at the point
α = x0 and begin to decrease at α > x0. Therefore the segment [a, b] of the
straight line t = 0 is not any longer mapped uniquely onto a segment of the
straight line t = η(a)(a− x), since the point with coordinates (45) lies closer to
the point (a, 0) than the intersection point of the straight lines t = η(a)(x− a)
and t = ξ(x0)(x− x0).
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The characteristic triangle bounded by the straight lines

t = η(a)(x− a), (47)
t = ξ(x0)(x− x0),
t = ξ(b)(x− b) (48)

is twice entirely covered by the family of straight lines (35). Thus in the above-
mentioned triangle, not only the regularity of the solution of the initial problem
but also its uniqueness are out of question. Although, theoretically, this triangle
is assumed to be a part of the solution definition domain. It is only necessary
to introduce the notion of a generalized many-valued solution of equation (21).

As to the other triangle bounded, along with the initial data carrier by the
straight lines (47), (48), one and only one characteristic of family (35) passes
through every point of this triangle. Thus if condition (46) is fulfilled, the said
triangle will be the regular solution definition domain of problem (21), (33),
(34).

The Cauchy problem for equation (21) makes it possible to define a solution
for the case t < 0 as well. Such a domain, where the solution can be defined
completely, is to be bounded by the characteristics drawn from the end points
of the data carrier. To exclude the intersection of characteristics of one and the
same family when t < 0, we have to introduce additional conditions similar to
conditions (44) and (46).

Thus we have found out that we can define a priori a structure of the definition
domain of all solutions of equation (21) irrespective of the nonlinearity, by
imposing certain restirictions on the initial perturbations and without solving
the initial problem (33), (34). Thus we do not have to deal with the problem of
a simultaneous search for the solution and its definition domain. It is possible
now to apply the method of successive approximations or of a fixed point.
Certainly, we are fully justified to apply the general method of characteristics
as proposed in [16] or to extend D’Alambert method after constructing a general
integral of a given equations (see, for instance, [17]–[20]). Evidently, the latter
of these approaches is relatively effective in studying the behavior of generalized
solutions in the neighborhood of an irregular point.
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