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MONOTONE ITERATIVE TECHNIQUES AND A PERIODIC
BOUNDARY VALUE PROBLEM FOR FIRST ORDER
DIFFERENTIAL EQUATIONS WITH A FUNCTIONAL

ARGUMENT

AIQIN QI AND YANSHENG LIU

Abstract. This paper is concerned with periodic boundary value problems
involving first order differential equations with functional arguments. The
main feature of the paper is that the existence of maximal and minimal
solutions is obtained by constructing sequences of upper and lower solutions
of the initial value problems and not by establishing the comparison principle.
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1. Introduction

In this paper, we consider the following periodic boundary value problem
(PBVP):

x′(t) = f(t, x(t), x(h(t))), t ∈ [0, T ],
x(t) = x(0), t ∈ [−τ, 0],
x(0) = x(T ),

(1)

where f ∈ C([0, T ] × R × R,R), τ =constant> 0, h ∈ C([0, T ], R), t − τ ≤
h(t) ≤ t for every t ∈ [0, T ].

In recent years, there are a number of literature concerning periodic boun-
dary value problems for first or second order differential equations, e.g., [1–8],
in which the extremal solutions were usually obtained by combining upper and
lower solutions and monotone iterative techniques. The method presented there
requires to establish a comparison theorem which plays an important role in the
proof of existence of maximal and minimal solutions. Inspired by Kaul [9], in
which the periodic boundary value problems for impulsive differential equations
with variable moments were studied, we shall use a new different method for
obtaining the maximal and minimal solutions of PBVP (1) by constructing
sequences of upper and lower solutions of initial value problem related to (1).
The main interest of this paper lies in the fact that we do not establish a
comparison principle as mentioned above.

ISSN 1072-947X / $8.00 / c© Heldermann Verlag www.heldermann.de



374 AIQIN QI AND YANSHENG LIU

2. Preliminaries

Let us consider the initial value problem (IVP for short) corresponding to
PBVP (1):

x′(t) = f(t, x(t), x(h(t))), t ∈ [0, T ],
x(t) = x(0), t ∈ [−τ, 0],
x(0) = x0.

(2)

Definition 2.1. A function w ∈ Ω = C([−τ, T ], R) ∩ C1([0, T ], R) is called
an upper solution of IVP (2) if

w′(t) ≥ f(t, w(t), w(h(t))),
w(t) = w(0), t ∈ [−τ, 0],
w(0) ≥ x0.

The lower solution v of IVP (2) can be defined similarly if the above inequal-
ities are reversed for a function v ∈ Ω.

Definition 2.2. A function w ∈ Ω is called an upper solution of PBVP (1)
if

w′(t) ≥ f(t, w(t), w(h(t))),
w(t) = w(0), t ∈ [−τ, 0],
w(0) ≥ w(T ).

The lower solution v ∈ Ω of PBVP (1) can be defined similarly by reversing
the above inequalities.

The following Lemma is important in proving our results.

Lemma 2.1. Assume that
(i) w(t), v(t) are upper and lower solutions of IVP (2), respectively;
(ii) there exists a constant L > 0, such that for any x, y, x̄, ȳ with x̄ > x,

ȳ > y, the following inequality holds

f(t, x̄, ȳ)− f(t, x, y) ≤ L(x̄− x) + L(ȳ − y); (3)

(iii) f is nondecreasing in the third variable, i.e., f(t, x, ȳ) ≥ f(t, x, y), for
ȳ ≥ y.

Then w(t) ≥ v(t) for t ∈ [0, T ].

Proof. We discuss two cases:
Case 1. Let w(0) > v(0), and suppose that at least one of two inequalities

w′(t) ≥ f(t, w(t), w(h(t))) and v′(t) ≤ f(t, v(t), v(h(t))) is strict, for instance
the former. Assume that the conclusion is not true, then there exists t̄ ∈ (0, T ]
such that w(t̄) = v(t̄), w(t) > v(t) for t ∈ [0, t̄) and 0 ≤ h(t̄) < t. Hence we get
w′(t̄) ≤ v′(t̄).
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On the other hand, from condition (iii)

w′(t̄) > f(t̄, w(t̄), w(h(t̄))) = f(t̄, v(t̄), w(h(t̄)))

≥ f(t̄, v(t̄), v(h(t̄)))) ≥ v′(t̄)

which is a contradiction.
Case 2. Let Case 1 be not satisfied. For arbitrary ε > 0, setting

w̄(t) = w(t) + εe3Lt,

obviously, w̄(0) > v(0) and

w̄′(t) = w′(t) + 3Lεe3Lt ≥ f(t, w(t), w(h(t))) + 3Lεe3Lt.

From (3), we have

f(t, w̄(t), w̄(h(t)))− f(t, w(t), w(h(t)))
≤ L(w̄(t)− w(t)) + L(w̄(h(t)− w(h(t)))

= Lεe3Lt + Lεe3Lh(t)

≤ 2Lεe3Lt,

where t− τ < h(t) < t. So we get

w̄′(t) > f(t, w̄(t), w̄(h(t))).

Therefore w̄(t) is the upper solution of IVP (2) and satisfies the conditions
of case 1. From case 1 it follows that w̄(t) > v(t). Let ε → 0+ we have w(t) ≥
v(t).

Remark. Notice that the solution of IVP (2) is also an upper or lower solution
of its own, we can infer that the solutions of IVP (2) must be between the upper
and lower solutions.

3. Monotone Iterative Techniques

In this section, we suppose that w(t) and v(t) are upper and lower solutions
of PBVP(1), respectively. For convenience, we list the assumptions as follows:

(A1) w(t) ≥ v(t), for t ∈ [0, T ],
(A2) f(t, x̄, ȳ)−f(t, x, y) ≥ −M(x̄−x)+N(ȳ−y), for x̄, x, ȳ, y ∈ [v∗, w∗] with

x̄ ≥ x, ȳ ≥ y, where v∗ = inf{v(t), t ∈ [0, T ]} and w∗ = sup{w(t), t ∈ [0, T ]}.
M and N are positive constants.

We note that (A2) implies the condition (iii) of Lemma 2.1.

In order to prove our main results we first show the following
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Lemma 3.1. Let (A1)–(A2) hold. Then for any function η ∈ C[0, T ] satis-
fying v(t) ≤ η(t) ≤ w(t), t ∈ [0, T ], η(t) = η(0), t ∈ [−τ, 0], a solution of the
following system

x′(t) = Fη(t, x(t), x(h(t))),
x(t) = x(0), t ∈ [−τ, 0],
x(0) = x0 ∈ [v(0), w(0)],

(4)

exists and satisfies the inequality v(t) ≤ x(t) ≤ w(t), t ∈ [0, T ], where v(t) ≤
η(t) ≤ w(t) and the function F is defined as

Fη(t, y, z) = f(t, η(t), η(h(t)))
−My + Nz + Mη(t)−Nη(h(t)), y, z ∈ R. (5)

Proof. The existence of solutions of (4) can be obtained easily by Banach’s con-
traction mapping principle (similar to [6], p. 301). We only prove the inequality
v(t) ≤ x(t) ≤ w(t) holds.

In fact, from (A2) and (5), we get

v′(t) ≤ f(t, v(t), v(h(t))) ≤ Fη(t, v(t), v(h(t))).

Similar arguments can show w′(t) ≥ Fη(t, w(t), w(h(t))). Hence v(t) and w(t)
are lower and upper solutions of (4), respectively. Further, from (5) it is easy
to verify that Fη satisfies all conditions of Lemma 2.1, by virtue of Lemma 2.1,
we obtain w(t) ≥ x(t) ≥ v(t).

Now we are ready to prove our main results

Theorem 3.1. Suppose that (A1)–(A2) hold. Then there exist monotone
sequences of lower solutions {vn(t)} and upper solutions {wn(t)} which are uni-
formly convergent for t ∈ [0, T ] and their limits α(t) = lim

n→∞
vn(t), β(t) =

lim
n→∞

wn(t) are a couple of minimal and maximal solutions of the PBVP (1),
i.e., for any solution x(t) of PBVP(1) such that x(t) ∈ [v(t), w(t)], there holds
α(t) ≤ x(t) ≤ β(t), t ∈ [0, T ].

Proof. Consider the linear initial value problem (4). Using A(η, x0) to denote
the solution of (4), we define

v1 = A(v, v(T )), v2 = A(v1, v1(T )), . . . , vn = A(vn−1, vn−1(T )), . . . ,
w1 = A(w,w(T )), w2 = A(w1, w1(T )), . . . , wn = A(wn−1, wn−1(T )), . . . ,

since v(0) ≤ v(T ) ≤ w(T ) ≤ w(0), we obtain v1, w1 ∈ [v, w] by virtue of Lemma
3.1.

From (A2), we get

v′1(t) = Fv(t, v1(t), v1(h(t)))
= f(t, v(t), v(h(t)))−Mv1(t) + Nv1(h(t)) + Mv(t)−Nv(h(t))
≤ f(t, v1(t), v1(h(t))),
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which implies v′1(t) ≤ Fw(t, v1(t), v1(h(t))) in view of (5) and the inequalities
v1(t) ≤ w(t), v1(h(t)) ≤ w(h(t)) for t ∈ [0, T ].

Similarly, we obtain w′
1(t) ≥ f(t, w1(t), w1(h(t))), it follows that w′

1(t) ≥
Fv(t, w1(t), w1(h(t)))̇, furthermore v1(0) = v(T ) ≤ w(T ) = w1(0) ≤ w(0). Con-
sider the following system

v′1(t) ≤ Fw(t, v1(t), v1(h(t))),

w′
1(t) = Fw(t, w1(t), w1(h(t))),

v1(0) ≤ w1(0).

Using Lemma 2.1, we get v1(t) ≤ w1(t), for t ∈ [0, T ], furthermore

v(0) ≤ v1(0) = v(T ) ≤ v1(T ) ≤ w1(T ) ≤ w(T ) = w1(0) ≤ w(0).

Thus v1(t) and w1(t) are lower and upper solutions of PBVP (1), respectively.
Similar arguments show that v2, w2 ∈ [v, w], and satisfy

v ≤ v1 ≤ v2 ≤ w2 ≤ w1 ≤ w , t ∈ [0, T ].

Therefore, by induction we obtain

v(t) ≤ v1(t) ≤ v2(t) ≤ · · · ≤ vn(t) ≤ · · · ≤ wn(t)
≤ · · · ≤ w1(t) ≤ w(t), t ∈ [0, T ],

and
vn(0) = vn−1(T ) ≤ vn(T ) ≤ wn(T ) ≤ wn−1(T ) = wn(0).

Now, set α(t) = lim
n→∞

vn(t), and β(t) = lim
n→∞

wn(t), t ∈ [0, T ]. Because of

vn(t) = vn−1(t) +
t

∫

0

Fvn−1(s, vn(s), vn(h(s)))ds

= vn−1(T ) +
t

∫

0

[f(s, vn−1(s), vn−1(h(s)))−Mvn(s) + Nvn(h(s))

+ Mvn−1(s)−Nvn−1(h(s))]ds for t ∈ [0, T ],

and
vn(t) = vn−1(T ) = vn(0) for t ∈ [−τ, 0]

we get, as n →∞,

α(t) = α(T ) +
t

∫

0

f(s, α(s), α(h(s)))ds for t ∈ [0, T ]

and
α(t) = α(T ) = α(0) for t ∈ [−τ, 0],

i.e., α(t) is a solution of PBVP (1). Similarly, β(t) is also a solution of PBVP
(1).
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Furthermore, using the standard argument, we will obtain that if x(t) is any
solution of PBVP (1) such that x(t) ∈ [v(t), w(t)], then α(t) ≤ x(t) ≤ β(t) for
t ∈ [0, T ].
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