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A DIRECT BOUNDARY INTEGRAL METHOD FOR
A MOBILITY PROBLEM

MIRELA KOHR

Abstract. The problem of a Stokes flow in the presence of a solid particle,
a rigid wall and a viscous cell is formulated as a system of Fredholm integral
equations of the second kind, with the surface force on the boundary of the
solid particle and the velocity on the interface as unknowns. The particularity
of the problem consists in the fact that the total force and the total torque
of the flow on the solid particle are zero. The existence and the uniqueness
result of solution is obtained when the boundaries are curves of the class C2.

1. Introduction

It is well known that the boundary integral methods are applicable to a
large spectrum of problems concerning the slow motion of viscous fluids in the
presence of solid particles, drops, bubbles or biological cells. Also, these methods
can be used for the study of suspensions of elastically deformable particles in
Stokes flows.

There are two boundary integral methods: a direct formulation with surface
velocity and surface force as unknowns, and the indirect formulation, which
uses the unknown boundary potential. The former method was first time used
by Youngren and Acrivos [1] to determine the Stokes flow of a viscous fluid in
the presence of a rigid particle of arbitrary shape. Later Rallison and Acrivos
[2] applied this method to a Stokes flow in the presence of a viscous drop. The
method of Youngren and Acrivos has been used for the numerical solution of
some problems with the interaction of solid particles, motion of a particle near
a fluid interface or a rigid wall, etc. (for more details see [3]).

The indirect boundary integral method was for the first time used by Power
and Miranda to solve the problem of a Stokes flow past a rigid particle of
arbitrary shape [4]. The authors obtained a Fredholm integral system of the
second kind, with a surface density as an unknown. By extending this indirect
method Karrila and Kim obtained procedure that enables one to obtain an
integral operator with a spectral radius strictly less than one (see [3]). This
procedure known as the completed double-layer element method was used in
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solving many problems of Stokes flows, elasticity (see [5]), the flow of a non-
Newtonian micropolar fluid exterior to several non-intersecting closed surfaces
but contained by an exterior contour [6], the Stokes flow in the presence of
interfaces [7], etc.

In this paper we apply the direct boundary integral method for motion of a
solid particle and deformation of a viscous cell in the two-dimensional Stokes
flow bounded by a rigid wall. The total force and the total torque on the solid
particle are zero. The problem is considered in terms of a Fredholm integral
system of the second kind, with velocity on the cell interface and surface force
on the solid particle boundary as unknowns. The existence and uniqueness of
the solution is proved.

2. Formulation of the Problem

Let ~U∞ = G(x2, 0) be the velocity field at infinity of a simple two-dimensio-
nal shear flow with viscosity µ > 0, located in an infinite domain bounded by
the rigid wall L defined by the equation:

L = {(x1, x2) ∈ R2| x2 = 0}.

The constant G is the rate of shear flow.
There is another important case corresponding to an incompressible viscous

fluid which is at rest at infinity and located in the above infinite domain.
This flow is perturbed by the presence of a rigid particle Ω0, with the bound-

ary C, and by a viscous cell Ω1, with viscosity µ1 > 0 and the boundary denoted
by Γ. The interfacial tension on Γ is assumed to be constant and equal to γ.

It is known that the drops or cells located in a shear flow are subject to
deformation and for a sufficiently large shear rate they burst into fragments
(see [2]). The resulting flow is described by the following Stokes equations:

∂ui

∂xi
= 0,

∂σij

∂xj
= 0 in Ω, (2.1)

where

σij = −pδij + µ
(∂ui

∂xj
+

∂uj

∂xi

)

, (2.2)

~u = (u1, u2) and p are the velocity field and the pressure field of the fluid with
viscosity µ located in the domain Ω whose boundaries are C, Γ, and L.

Moreover, we have the equation for the internal Stokes flow:

∂u1
i

∂xi
= 0,

∂σ1
ij

∂xi
= 0 in Ω1, (2.3)

where ~u1 = (u1
1, u

1
2) and p1 are respectively the velocity and the pressure of the

fluid with viscosity µ1 and

σ1
ij = −p1δij + µ1

(∂u1
i

∂xj
+

∂u1
j

∂xi

)

(2.4)
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are the internal stress tensor components.
The flow satisfies the conditions:

|ui(ζ)− U∞
i (ζ)| → 0 as |ζ| → ∞, (2.5)

ui(ζ) = 0 for ζ2 = 0, (2.6)
ui(ζ) = Ui(ζ) for ζ ∈ C, (2.7)

ui(ζ) = u1
i (ζ) for ζ ∈ Γ, (2.8)

σij(ζ)nj(ζ)− σ1
ij(ζ)nj(ζ) = γkni(ζ) for ζ ∈ Γ, (2.9)

where ~U(ζ) = ~U + ~ω× (~ζ− ~ζ0), ζ ∈ C, is the unknown slow velocity of the rigid
particle Ω0, ~ζ0 is the position vector of its mass center, k is the curvature of the
interface Γ, and ~n is the external unit normal vector at a point of Γ.

Next we assume that the total force and the total torque on the rigid particle
are zero (i.e., Ω0 is a free force and a free torque of the rigid body):

~F :=
∫

C

~f(x)ds = 0, ~M :=
∫

C

(~x− ~x0)× ~f(x)ds = 0, (2.10)

where fi = σijnj are the surface force components.
Using conditions (2.10) we shall determine the translational velocity ~U and

the rotary velocity ~ω of the particle Ω0. Thus the problem can be considered
as a mobility problem.

The deformation of the interface Γ is obtained from the kinematic condition
by which the normal component of the flow velocity in a point of Γ is equal
with the normal component of the interface velocity in the same point.

3. Integral Equations of the Problem

We denote by G(Gij) the Green’s function of a Stokes flow located in the
half-plane R2

+ = {(x1, x2) ∈ R2|x2 ≥ 0}. Then we have (see, e.g., [7]):

Gij(x, y)=GST
ij (x− y)+GC

ij(x, y), x=(x1, x2), y = (y1, y2)∈R2
+,

where

GST
ij (x, y) =

1
4π

[

− δij ln |x− y|+ (xi − yi)(xj − yj)
|x− y|2

]

are the components of the fundamental singular solution of the Stokes equations
in R2 and GC

ij are complementary functions without singularities. The latter
functions are determined so that the condition

Gij(x, y) = 0 for x ∈ L (3.1)

is fulfilled.
The expression of the functions GC

ij is given in [7].
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Also, we denote by T(Tijk) the stress tensor associated to the Green’s function
G and with the components [7]:

Tijk(y, x) =
1
2π

(xi − yi)(xj − yj)(yk − xk)nk(y)
|x− y|4

+ TC
ijk(y, x), (3.2)

where the functions TC
ijk have no singularities.

The stress tensor and the Green’s function satisfy respectively the boundary
and asymptotic conditions

{

G(y, x) = T(y, x) = 0 for x ∈ L,
G(x, y) → 0, T(y, x) → 0 as |x| → ∞. (3.3)

Using Green’s formula for the Stokes flow located in the domain Ω, we obtain
the integral representation of the velocity field (see [7], [8]):

ui(x) =U∞
i (x)− 1

µ

∫

L∪C∪Γ

Gij(x, y)fj(y)dsy

+
∫

L∪C∪Γ

Tjik(y, x)nk(y)uj(y)dsy ∀ x ∈ Ω, (3.4)

where ~n is the inward directed unit normal vector to Ω.
It follows from (2.7) that the velocity ~u has the following form on C:

~u(x) = ~U + ~ω × (~x− ~x0) for x ∈ C.

This equality implies the following property
∫

C

Tjik(y, x)nk(y)uj(y)dsy = 0 for x ∈ Ω. (3.5)

Using properties (3.1)–(3.5), we obtain the equality

ui(x) =U∞
i (x)− 1

µ

∫

C∪Γ

Gij(x, y)fj(y)dsy

+
∫

Γ

Tjik(y, x)nk(y)uj(y)dsy for x ∈ Ω. (3.6)

The same Green’s formula applied in the bounded domain Ω gives the prop-
erty

u1
i (x) =

1
µ1

∫

Γ

Gij(x, y)f1
j (y)dsy

−
∫

Γ

Tjik(y, x)nk(y)u1
j(y)dsy for x ∈ Ω1, (3.7)

where f 1
i = σ1

ijnj are the internal stress field components.
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Next, assuming a point x from Ω to approach a point ζ of Γ, by equality (3.6)
we obtain

1
2
ui(ζ)−

∫

Γ

Tjik(y, ζ)nk(y)uj(y)dsy

+
1
µ

∫

C∪Γ

Gij(ζ, y)fj(y)dsy = U∞
i (ζ) for ζ ∈ Γ. (3.8)

It is important to note that the above equalities have been obtained by means
of the following jump formula of a double-layer potential acrosss the curve Γ
(see [7], [8]):

lim
x→ζ∈Γ

∫

Γ

Tjik(y, x)nk(y)uj(y)dsy

= ±1
2
ui(ζ) +

∫

Γ

Tjik(y, ζ)nk(y)uj(y)dsy for ζ ∈ C, (3.9)

where the plus sign is applied for the external side of Γ in the direction of the
unit normal vector ~n, and the minus sign for the internal side. Note that the
double-layer potential in the right-hand side of (3.9) is convergent for all ζ ∈ C,
since it is assumed that the boundary C belongs to the class C2. Now using
properties (3.7) and (3.9), for a point x of Ω1 approaching a point ζ of Γ, we
obtain

1
2
u1

i (ζ) +
∫

Γ

Tjik(y, ζ)nk(y)u1
j(y)dsy

− 1
µ1

∫

Γ

Gij(ζ, y)f 1
j (y)dsy = 0 for ζ ∈ Γ. (3.10)

By conditions (2.8), (2.9), from (3.10) we have

1
2
ui(ζ) +

∫

Γ

Tjik(y, ζ)nk(y)uj(y)dsy −
1
µ1

∫

Γ

Gij(ζ, y)fj(y)dsy

= − 1
µ1

∫

Γ

Gij(ζ, y)gj(y)dsy for ζ ∈ Γ, (3.11)

where, for simplicity, the interfacial tension γk~n on C is denoted by ~g.
Equalities (3.8) and (3.11) immediately imply

1
2
ϕi(ζ) + λ

∫

Γ

Tjik(y, ζ)nk(y)ϕj(y)dsy +
∫

C

Gij(ζ, y)fj(y)dsy

= µU∞
i (ζ)−

∫

Γ

Gij(ζ, y)gj(y)dsy for ζ ∈ Γ, (3.12)

where ϕi(ζ) = (µ + µ1)ui(ζ), ζ ∈ Γ, and λ = µ1−µ
µ1+µ . Note that −1 < λ < 1.
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Again using Green’s formula for the flow (~u1, p1), we obtain the property (see
[7], [8])

∫

Γ

Gij(x, y)f 1
j (y)dsy − µ1

∫

Γ

Tjik(y, x)nk(y)uj(y)dsy = 0 for x ∈ Ω. (3.13)

By combining equalities (3.13) and (3.6) we have

µui(x) = µU∞
i (x)−

∫

C

Gij(x, y)fj(y)dsy −
∫

Γ

Gij(x, y)gj(y)dsy

+ (µ− µ1)
∫

Γ

Tjik(y, x)nk(y)uj(y)dsy for x ∈ Ω. (3.14)

Note that the surface force having components
∫

C
Tijk(x, y)nk(x)fj(y)dsy and

associated to the single-layer potential
∫

C
Gij(x, y)fj(y)dsy, has the following

jump formula across the boundary C (see [7], [8]):

lim
x→ζ∈C

∫

C

Tijk(x, y)nk(ζ)fj(y)dsy = ∓1
2
fi(ζ)

+
∫

C

Tijk(ζ, y)nk(ζ)fj(y)dsy for ζ ∈ C, (3.15)

where the plus sign is applied for the internal side of C and the minus sign for
the external side of C.

Now by properties (3.14) and (3.15) we obtain

1
2
fi(ζ)+

∫

C

Tijk(ζ, y)nk(ζ)fj(y)dsy+λσik

(

∫

Γ

Tjil(y, ζ)nl(y)ϕj(y)dsy

)

nk(ζ)

= f∞i (ζ)−
∫

Γ

Tijk(ζ, y)nk(ζ)gj(y)dsy for ζ ∈ C, (3.16)

where f∞i are the components of the stress field of the flow at infinity and

σik

(

∫

Γ

Tjil(y, ζ)nl(y)ϕj(y)dsy

)

nk(ζ)

are the components of the surface force associated to the double-layer potential.
The function appearing in the right-hand side of (3.16) will be denoted by

li, i ∈ {1, 2}.
Finally, note equations (3.12) and (3.16) determine an integral system with

the unknowns ϕi on Γ and fi on C, i ∈ {1, 2}. We have to consider these
equations together with conditions (2.10).
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4. Result on the Existence of a Solution

Assume that the boundaries C and Γ are closed curves of the class C2. Then
the function ~g has the property

gi ∈ C1(Γ), i ∈ {1, 2}. (4.1)

Let V1 be the single-layer operator given by

[V1~ϕ]i(x) =
∫

Γ

Gij(x, y)ϕj(y)dsy, i ∈ {1, 2}.

Using the fact that V1 is an integral operator with weakly singular kernel [9],
we conclude that [V1~g]i ∈ C(Γ), i ∈ {1, 2}.

Moreover, we have U∞
i ∈ C(Γ) and, hence

hi ∈ C(Γ), i ∈ {1, 2}, (4.2)

where hi = µU∞
i − [V1~g]i.

Now, let V2 be the double-layer operator given by

[V2~ϕ]i(x) =
∫

Γ

Kij(x, y)ϕj(y)dsy, x ∈ Γ,

where

Kij(x, y) =
1
2π

(xi − yi)(xj − yj)
|x− y|2

∂
∂ny

[ln |x− y|] + TC
jik(y, x)nk(y).

Note that the complementary function KC
ij (x, y) := TC

jik(y, x)nk(y) has the
property KC

ij ∈ C∞(Γ × Γ). Since Γ belongs to the class C2, we obtain the
property [9]:

L ∈ C(Γ× Γ), (4.3)

where L(x, y) = ∂
∂ny

[ln |x− y|]. Also, we have (see, e.g., [10]):

Lij ∈ C(Γ× Γ), (4.4)

where

Lij(x, y) =
(xi − yi)(xj − yj)

|x− y|2
.

Properties (4.3) and (4.4) imply that the matrix kernel K(Kij) of the double-
layer operator V2 has the property

Kij ∈ C(Γ× Γ), i, j ∈ {1, 2}, (4.5)

and an analogous property for the matrix K∗(K∗
ij), where K∗

ij(x, y) = Kji(y, x).
Now we can write the integral system of equations (3.12) and (3.16) in the

form

φ(x) +
∫

C

L(x, y)φ(y)dsy +
∫

C

G(x, y)φ(y)dsy = H(x) for x ∈ C, (4.6)
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where C = C ∪ Γ,

φ(x) = (φ1(x), . . . , φ4(x))T , H(x) = (H1(x), . . . , H4(x))T ,

φi(x) =
{

ϕi(x) for x ∈ Γ
0 for x ∈ C , φi+2(x) =

{

0 for x ∈ Γ
fi(x) for x ∈ C , i ∈ {1, 2},

Hi(x) =
{

2hi for x ∈ Γ
0 for x ∈ C , Hi+2(x) =

{

0 for x ∈ Γ
2li(x) for x ∈ C , i ∈ {1, 2},

and the symbol “T” stands for the matrix transposition.
Since the function ~g has property (4.1), the functions Hi+2 are continuous on

each of curves Γ and C. Therefore this property together (4.2) implies the same
property for the functions Hi, i ∈ {1, . . . 4}.

Further, by L(Lij) and G(Gij) we denote the matrix-valued functions with
the components:

Lij(x, y) =
{

2λKij(x, y) for (x, y) ∈ Γ× Γ,
0 in rest,

Li+2,j+2(x, y) =
{

2Kji(y, x) for (x, y) ∈ C × C,
0 in rest,

where i ∈ {1, 2}, j ∈ {1, 2},

L13(x, y) = L14(x, y) = L23(x, y) = L24(x, y) = L31(x, y) = L32(x, y)
= L41(x, y) = L42(x, y) = 0 for (x, y) ∈ C × C,

Gi,j+2(x, y) =
{

2Gij(x, y) for (x, y) ∈ Γ× C,
0 in rest ,

Gi+2,j(x, y) =
{

2Wij(x, y) for (x, y) ∈ C × Γ,
0 in rest,

where i ∈ {1, 2}, j ∈ {1, 2},

G11(x, y) = G12(x, y) = G21(x, y) = G22(x, y) = G33(x, y)
= G34(x, y) = G43(x, y) = G44(x, y) = 0 for (x, y) ∈ C × C

and Wij are the function given by the equalities

σik

(

∫

Γ

Tjil(y, x)nl(y)ϕj(y)dsy

)

nk(x) =
∫

Γ

Wij(x, y)ϕj(y)dsy.

Now by property (4.5) and the above components of the matrix-valued func-
tions L and G, we find the continuity property of the kernels L and G. This
property shows that the operator P , given by

[Pφ](x) =
∫

C

L(x, y)φ(y)dsy +
∫

C

G(x, y)φ(y)dsy, (4.7)

is compact on the space C(Γ)× C(C) (see, e.g., [11]).
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With property (4.7) it follows that the equation (4.6) is a Fredholm integral
equation of the second kind having the unknown function φ and hence, Fred-
holm’s theory is applicable to this equation (see [12]). Note that C(Γ)× C(C)
is a Banach space (see [11]).

Next we consider the homogeneous equation

φ0(x) +
∫

C

L(x, y)φ0(y)dsy +
∫

C

G(x, y)φ0(y)dsy = 0 for x ∈ C. (4.8)

Since conditions (2.10) are added to equation (4.6) the solution of equation
(4.8) satisfies the equalities

∫

C

~f0(x)ds =
∫

C

(~x− ~x0)× ~f0(x)ds = 0, (4.9)

where

φ0
i (x) =

{

ϕ0
i (x) for x ∈ Γ,

0 for x ∈ C, φ0
i+2(x) =

{

0 for x ∈ Γ,
f 0

i (x) for x ∈ C, i ∈ {1, 2}.

Let φ0 be a possible solution of equation (4.8) (an eigenfunction of the oper-
ator P , associated to the eigenvalue −1), with conditions (4.9).

Additionally, we suppose that the functions ~ϕ 0 = (ϕ0
1, ϕ

0
2) and ~f 0 = (f−1 , f 0

1 )
have the following properties

ϕ0
i ∈ C(Γ), f 0

i ∈ C(C), i ∈ {1, 2}. (4.10)

Together with the function φ0 we consider the Stokes flow in Ω ∪ Ω0 ∪ Ω1,
having the velocity ~v = (v1, v2) and the pressure p0 given respectively by:

vi(x) = λ
∫

Γ

Tjik(y, x)nk(y)ϕ0
j(y)dsy +

∫

C

Gij(x, y)f0
j (y)dsy,

p0(x) = λ
∫

Γ

Pjk(x, y)nk(y)ϕ0
j(y)dsy +

∫

C

qj(x, y)f 0
j (y)dsy,

where P(Pjk) and ~q(qj) are the pressure tensor and the pressure vector, respec-
tively, associated to the Green’s function G (for more details see [7]).

The jump formula (3.9) and (3.15) imply the properties














v+
i (ζ) = lim

x→ζ∈Γ
x∈Ω

vi(x) = λ−1
2 ϕ0

i (ζ) for ζ ∈ Γ,

v−i (ζ) = lim
x→ζ∈Γ
x∈Ω1

vi(x) = −λ+1
2 ϕ0

i (ζ) for ζ ∈ Γ, (4.11)















F+
i (ζ) = lim

x→ζ∈C
x∈Ω

σ0
ik(x)nk(ζ) = −f0

i (ζ) for ζ ∈ Γ,

F−
i (ζ) = lim

x→ζ∈C
x∈Ω0

σ0
ik(x)nk(ζ) = 0 for ζ ∈ Γ, (4.12)
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where the components of the stress tensor of the flow (~v, p0), are given by

σ0
ik = −p0δik +

∂vi

∂xk
+

∂vk

∂xi
, i, k ∈ {1, 2}.

Property (4.12)2 proves that the velocity ~v in the bounded domain Ω0 corre-
sponds to the motion of a rigid body. This property together with (4.9), (4.12)1,
and the continuity of vi across C imply:

∫

C

v+
i (x)F+

i (x)ds = 0. (4.13)

On the other hand, Green’s formula applied in either of the domains Ω and
Ω1, and properties (4.11)–(4.13) give

1
2

∫

Ω

eik(x)eik(x)dx =
1− λ

2

∫

Γ

ϕ0
i (x)F+

i (x)ds, (4.14)

1
2

∫

Ω1

eik(x)eik(x)dx = −1 + λ
2

∫

Γ

ϕ0
i (x)F−

i (x)ds, (4.15)

where eik = 1
2(

∂vi
∂xk

+ ∂vk
∂xi

), i, k ∈ {1, 2}, determine the rate of the deformations.
Since we have assumed that Γ is a curve of the class C2, the curvature k on Γ

is continuous. This property together (4.10) imply that there exist the limiting
values of the surface force ~F = (F1,F2) on both sides of Γ and these values are
equal, i.e., ~F is continuous across the interface Γ [7]:

F+
i (x) = F−

i (x) for x ∈ Γ, i ∈ {1, 2}. (4.16)

By easy calculations, from (4.14)–(4.16) we obtain

(1 + λ)
∫

Ω

eik(x)eik(x)ds + (1− λ)
∫

Ω1

eik(x)eik(x)ds = 0.

The inequalities −1 < λ < 1 and the above property give the equations

∂vi

∂xk
(ζ) +

∂vk

∂xi
(ζ) = 0 for ζ ∈ Ω ∪ Ω1.

Hence the velocity ~v corresponds to a flow as motion of a rigid body in either
of the domains Ω and Ω1.

Using the fact that vi(ζ) → 0, p0(ζ) → 0 as |ζ| → ∞ and vi(ζ) = 0 for ζ ∈ L,
we derive the properties

~v(ζ) = 0, p0(ζ) = 0 for ζ ∈ Ω, (4.17)

which immediately imply the equality

~F+(x) = 0 for x ∈ C. (4.18)

From (4.12)1 and (4.18) we now obtain

f0+
i (x) = 0 for x ∈ C. (4.19)
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Also, from (4.17) and (4.11)1 we find

ϕ0
i (x) = 0 for x ∈ Γ. (4.20)

Equalities (4.19) and (4.20) prove that the homogeneous Fredholm equation
(4.8), with conditions (4.9), has only the trivial solution in the space C∞(C).

Finally, note that to the system of equations (3.12) and (3.16) we have added
conditions (2.10). To complete this system having three extra equations (2.10),

to the left-hand side of (3.16) we add the term
3
∑

k=1
αk

~Uk, where the function

~Uk, k ∈ {1, 2, 3}, are given by

~U i(x) = (δ1i, δ2i) for i ∈ {1, 2}, ~U3(x) = (x2,−x1),

and αk are unknown real constants, k ∈ {1, 2, 3}. We denote the resulting
equation by (3.16′).

Thus we obtain a complete system of Fredholm equations of second kind in
the space C∞(C).

The functions ~Uk, k ∈ {1, 2, 3}, are the only linear independent eigenfunctions
associated to the double-layer operator V2 and to the eigenvalue −1 [7]. By
virtue of this property after multiplying equation (3.16′) by the functions ~Uk,
k ∈ {1, 2, 3}, and integrating with respect to the point ζ of C, we obtain the
algebraic system

3
∑

k=1

αk

∫

C

Uk
i (x)Up

i (x)ds = 0, p ∈ {1, 2, 3}.

The above system has the determinant which is the Gramian of the linear
independent functions ~Uk. Hence we have

α1 = α2 = α3 = 0. (4.21)

Due to [3] the above procedure does not alter any of our previous statements.
From property (4.21) and Fredholm’s theory [12], it follows that the complete
system of Fredholm equations (3.12) and (3.16′), with conditions (2.10), has a
unique solution in the space C(C) (the corresponding homogeneous system has
only the trivial solution in the space C(C)). This property implies the existence
and uniqueness of the solution of system of equations (3.12) and (3.16), with
conditions (2.10).

Thus we have proved the following result.

Theorem. If the boundaries C and Γ are closed curves of the class C2, then
the mobility problem (2.1)–(2.10) has a unique solution (~u, ~f) ∈ C(Γ)×C(C).

Remark. Based on equations (3.12) and (3.16) one can obtain the numerical
solution by some standard numerical procedures, for example, by boundary
element method.
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