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THE STRUCTURE OF G-FREE NILPOTENT GROUPS OF
STEP 3
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Abstract. The canonical form of elements of a G-free nilpotent group of
step 3 is defined assuming that the group G contains no elements of order 2.
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Introduction

In [1], G. Baumslag, A. Myasnikov and V. Remeslennikov presented the basic
principles of algebraic geometry over a fixed group G. In particular, they intro-
duced the category of G-groups and the notion of a free G-group. In [2], the
fundamentals of the theory of G-varieties are given for an arbitrary group G.
If G is a unit group, this theory coincides with the usual theory of varieties for
groups. The same paper states the reasons which necessitate the investigation
of the notion of G-identities and G-varieties.

Let N3 be the variety of nilpotent groups of class 3 and a group G ∈ N3.
In this paper, assuming that the group G contains no elements of order 2, we
define the canonical form of elements for the free G-group of class 3 introduced
in [2].

The paper consists of three sections. Section 1 deals with the case where
the alphabet X consists of one letter x. In Section 2, a general case is con-
sidered, while the concluding section contains a more thorough investigation of
the structure of one special subgroup of the G-group of class 3. Some of these
results were announced in [4].

1. Canonical Form of Elements of GN3 [x]

Let the group G belong to N3 and not contain any involutions. Denote by
H ≡ GN3 [x] a (G, N3)-free group of rank 1. Using the collection process, it can
be shown that an arbitrary element h of H admits a representation in the form

h = xα[x, a][x, b, x]
m∏

i=1

[x, ci, di]g, (1.1)

where α ∈ Z; a, b, ci, di ∈ G, i = 1, . . . , m.
Denote by U ≡ 〈[x, c, d] | c, d ∈ G〉 the central subgroup and rewrite (1.1) as

h = xα[x, a]u[x, b, x]g, (1.2)

where a, b, g ∈ G, u ∈ U .
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The presentation of an element h from H in form (1.2) is rather ambiguous.
To make it more precise, we introduce the following notations. Assume that
G ≡ G/G′ and let T ≡ {ti | i ∈ I} be the transversal of the group G′ in G.
Furthermore, let a = t1c1, b = t2c2, where ci ∈ γ1(G), i = 1, 2. Then the
following equalities are fulfilled in the group G:

[x, b, x] = [x, t2, x], [x, a] = [x, t1][x, c1].

By virtue of P. Hall’s identity [5] we have [x, c1] = u1, u1 ∈ U . Therefore (1.2)
may be rewritten as

h = xα[x, t1]u[x, t2, x]g. (1.3)

Theorem 1.1. Any element h from H admits a representation in form (1.3)
and this representation is unique.

Proof. That such a representation is possible has already been proved above.
Assume that a representation in form (1.3) is not unique. Then for some α,
t1, t2, u, g

xα[x, t1]u[x, t2, x]g = 1

in the group H. Passing to the factor-group H/γ3(H), we find by means of
Proposition 3.1 from [3] that α = 0, t1 = 1 and g ∈ γ3(G), i. e. that u[x, t2, x]g =
1 in H. By assuming that x = 1 we have g = 1 and u[x, t2, x] = 1 in H. Let us

write u in detailed form u =
m∏

i=1

[x, ci, di] and consider the G-endomorphism ϕk

of the group H defined by the formula ϕk(x) = xk. Then ϕk(u)(ϕk[x, t2, x]) = 1

or uk[x, t2, x]k
2

= 1. Therefore [x, t2, x]k
2−k = 1 for any k ∈ Z. Since the

group G contains no involutions, we conclude that [x, t2, x] = 1 for t2 ∈ T .
We introduce the notation W ≡ {[x, t, x] | t ∈ T}. It is immediately checked

that W is subgroup. Put H ≡ H/W . The preceding arguments show that
the following analogue of Theorem 1.1 is valid for the group H: any element h
from H admits a representation in the form

h = xα[x, t]ug (1.4)

and this representation is unique.
Let us continue the proof of the theorem. For this, we denote by H ′ the

set of representations in form (1.3) and define the operation on this set as
follows. Let h1 = h1[x, t2, x] and h2 = h2[x, s2, x], where h1 = xα[x, t1]u1g1,
h2 = xβ[x, s1]u2g2. Then, by definition,

h1h2 = (h1h2)[x, t1, x]β[x, g1, x]−(β
2), (1.5)

where (h1h2) is the product in the group H and, moreover,

(h1h2) = xα+β[x, t1s1][g1, x]β . . . g1g2, (1.6)

where the dots on the right-hand side stand for the elements from U (they are
inessential for our further calculations).
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To show that the set H ′ with the introduced operation is a group, we should
prove the axiom of associativity since the other group axioms of a group can be
checked immediately.

So, let h3 = h3[x, t3, x]. Then, by definition,

h2h3 = (h2h3)[x, t2, x]γ[x, g2, x]−(γ
2).

The left-hand side in the associativity law is equal to

h1(h2h3) = (h1(h2h3))[x, t1, x]β+γ[x, g1, x]−(β+γ
2 )[x, t2, x]γ[x, g2, x]−(γ

2).

The right-hand side is equal to

(h1h2)h3 =((h1h2)h3)[x, t1, x]β[x, g1, x]−(β
2)[x, t1t2, x]γ[x, g1, x]−βγ [x, g1g2, x]−(γ

2).

(h1(h2h3)) = ((h1h2)h3) because this is the product in the group H. Hence, to
prove the associativity law, it is necessary to check that

[x, g1, x]−(β+γ
2 )[x, g2, x]−(γ

2) = [x, g1, x]−(β
2)[x, g1, x]−βγ[x, g1g2, x]−(γ

2)

or

[x, g1, x]−(β+γ
2 ) = [x, g1, x]−(β

2)[x, g1, x]−βγ[x, g1, x]−(γ
2),

i.e., to check the equality
(

β+γ
2

)
=

(
β
2

)
+

(
γ
2

)
+ βγ, which is implied by the

definitions.
Thus we have proved that H ′ with the operation defined above is a group.

Since the free group GN3 [x] is universal, there exists a G-homomorphism ψ :
GN3 [x] → H ′. Clearly, it is an isomorphism and the theorem is proved. ¤

2. A General Case

Let H ≡ GN3 [X] and X = {1, . . . , n}, where n > 1, F ≡ F (X) is a free group
in N3 with base X. Any element from H can be written in the form

h = f · hx1hx2 . . . hxn

∏
[x1, t12, x2] . . . [xn−1, tn−1,n, xn]g, (2.1)

where hxi
is written in form (1.3) and contains only the letters xi, tij ∈ T ,

g ∈ G, f ∈ F ′ (commutant of F ).

Theorem 2.1. Any element h from H admits a representation in form (2.1)
and this representation is unique.

The proofs of the theorem for an arbitrary natural number n and for the case
with n = 2 do not differ from each other in any essential way and thus it can
be assumed that n = 2, x1 = x, x2 = y, and

h = fhxhy[x, t, y][y, s, x]g, (2.2)

where t, s ∈ T , g ∈ G, f ∈ F ′.
Denote W ≡ {[x, t, y][y, s, x] | s, t ∈ T}. Then W is a subgroup of H and let

H ≡ H/W . Using Theorem 1.1, we prove that if h ∈ H, then

h = fhxhyg, (2.3)
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where f ∈ F ′, g ∈ G, and this representation is unique. Let us assume that
hx = xα[x, p] . . . , hy = yβ[y, q] . . . , f = [x, y]γ . . . , p, q ∈ T .

We denote by H ′ the set of representations in form (2.2) and define the
operation on it by the formula

h1h2 = (h1h2)[x, p1, y]β2 [y, g1, x]α2 [g1, [x, y]]γ2 . (2.4)

By virtue of P. Hall’s formula, the element [x, y, g1] can be written in form
(2.2). The explicit form of this representation has no importance for our further
calculations.

Let us take three elements h1, h2, h3 from H ′ and check for them the associa-
tivity law, using the ideas of the proof of Theorem 1.1.

The left-hand side in the asociativity law is equal to

h1(h2h3) = (h1(h2h3))[x, p1, y]β2+β3 [y, q1, x]α2+α3 [g1, [x, y]]γ2+γ3

[x, p2, y]β3 [y, q2, x]α3 [g2, [x, y]]γ3 ,

and the right-hand side is equal to

(h1h2)h3 = ((h1h2)h3)[x, p1, y]β2 [y, q1, x]α2 [q1, [x, y]]γ2

[x, p1p2, y]β3 [y, q1q2, x]α3 [g1g2, [x, y]]γ3 .

Since ((h1h2)h3) = (h1(h2h3)), it is sufficient to compare the commutators on
the left- and right-hand sides and make sure that they are equal.

Like in the case of proving Theorem 1.1, we infer that H ′ is a group and H ′

is isomorphic to GN3 [x, y]. ¤

3. Structure of the Group U

Let us describe the structure of the group U from Section 1. To this end, we
define the subgroup

U0 = 〈[a, b, x] | a, b ∈ G〉.
By virtue of P. Hall’s identity, U0 ≤ U , i.e. U0 is the subgroup U , and let
U = U/U0. We define the canonical homomorphism ψ : G⊗G → U , assuming
that

ψ(c⊗ d) = [x, c, d]U0. (3.1)

Since [x, c, d]U0 = [x, d, c]U0, the mapping ψ induces the mapping of the sym-
metrical square S2(G) of the group G in U ; here S2(G) = (G⊗G)/I, where I is
the subgroup G⊗G, generated by elements of the form a⊗ b− b⊗ a, a, b,∈ G.

Theorem 3.1. The group U is canonically isomorphic to the symmetrical
square S2(G) of the group G.

Proof. It is obvious that U0 is the central subgroup of the group H ≡ GN3 [x].
We denote H ≡ H/(U0 · W ), where W is defined in Section 1. By virtue of
Theorem 1.1, any element h from H can be represented uniquely in the form

h = xα[x, t]ug, (3.2)

where α ∈ Z, t ∈ T , u ∈ U , g ∈ G.
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To prove Theorem 3.1, it suffices to show that the subgroup U in H is canon-
ically isomorphic to S2(G). That this is so will be proved below, but now we
should preliminarily give some relations which are fulfilled in the group H:

[x, g, x] = 1 for all g ∈ G, (3.3)

[xα, g] = [x, g]α for all g ∈ G, α ∈ Z, (3.4)

[x, g1, g2] = [x, g2, g1] for all g1, g2 ∈ G, (3.5)

[x, ga] = [x, g] for all g ∈ G, a ∈ G′. (3.6)

The proof of the above statement is carried out by the scheme as follows: Con-
sider the group H1, which is the central extension of the abelian group S2(G) by
means of the group H/U and prove that the group H1 is canonically isomorphic
to the group H. An element h from the group H/U has a representation

h = xα[t, x]g, α ∈ Z, t, g ∈ G, (3.7)

and, by virtue of formula (3.6), xα[t, x]g1 = xβ[s, x]g2 if and only if α = β,
g1 = g2 and t ≡ s (mod G′). Let

h1 = xα1 [t1, x]g1, h2 = xα2 [t2, x]g2 and h3 = xα3 [t3, x]g3

be three elements from H/U . Our further arguments follow Subsection 15.2
“Central Extensions” of the book [5]. To define the group H1 for any pair of
elements h1, h2 from H/U , we define the factors (h1, h2) with values in the group
S2(G). We set

(h1, h2) = t1 ⊗ t2 + α2(t1t2 ⊗ g1) +

(
α2

2

)
(g1 ⊗ g2). (3.8)

In order that the system of factors (3.8) could define the group it is necessary
and sufficient that the equality

(h1h2, h3)(h1, h2) = (h1, h2h3)(h2, h3) (3.9)

be fulfilled, which is equivalent to the fulfillment of the following equality:

t1t2g
α2
1 ⊗ t3 + α3(t1t2t3g

α2
1 ⊗ g1g2) +

(
α3

2

)
(g1g2 ⊗ g1g2)

+t1 ⊗ t2 + α2(t1t2 ⊗ g1) +

(
α2

2

)
(g1 ⊗ g1) =

= t1 ⊗ t2t3g
α3
2 + (α2 + α3)(t1t2t3g

α3
2 ⊗ g1) +

(
α2 + α3

2

)
(g1 ⊗ g1)

+t2 ⊗ t3 + α3(t2t3 ⊗ g2) +

(
α3

2

)
(g2 ⊗ g2). (3.10)

The easiest way of checking equality (3.10) is to carry out the check using the
blocks of the same pairs of letters. Here we give only the defining equalities:

1. For the block g1 ⊗ g1:(
α2α3 +

(
α3

2

)
+

(
α2

2

))
(g1 ⊗ g1) =

(
α2 + α3

2

)
(g1 ⊗ g1).
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The above equality is true since

α2α3 +

(
α3

2

)
+

(
α2

2

)
=

(
α2 + α3

2

)
.

2. Pairs t1 ⊗ t1, t2 ⊗ t2, t3 ⊗ t3, g3 ⊗ g3 are neither in the left- nor in the
right-hand part.

3. For the remaining pairs of letters the check is obvious.
Finally, we show that the group H is canonically isomorphic to the group

H1. In the first place, we check that the group H1 is generated by the element
x and the subgroup G. For this, it suffices to check that [x, g1, g2] = g1 ⊗ g2.
Next, we check that all the relations of the group H are fulfilled in the group
H1, too. Therefore there exists a homomorphism ϕ : H → H1 such that
ϕ(x) = x and ϕ(g) = g. Moreover, Under this homomorphism ϕ(U) = S2(G)
and ϕ([x, g1, g2]) = g1 ⊗ g2. Therefore ϕ is the counter-homomorphism for ψ
and Theorem 3.1 is proved. ¤

Theorem 3.2. The representation of elements h, u in form (1.2), (1.3)
is unique, and the group U ∼= ∏

i∈I

(S2(G))i, where
∏

is the sign of the direct

product, (S2(G))i
∼= S2(G), I is the set of the letter indices of the alphabet X.

Proof. The representation of an element h in form (2.1) has, in fact, been proved

in Theorem 2.1. This theorem also implies that U =
n∏

i=1

Uxi
, while the second

part of the theorem immediately follows from Theorem 3.1. ¤
The theorems proved above can be reduced to one theorem and the result

can be presented by means of the operation of tensor multiplication of abelian
groups. More exactly, the following result is true.

Theorem 3.3 (announced in [4]). Let GN3 [X] be a (G, N3)-free group with
base X. Then there exists a normal series with abelian factors

GN3 [X] > W > W1 > W2 > W3 > 1,

where in terms of the above-given notation:
1. W3

∼= F ⊗ δ2(G),
2. W2/W3

∼= F ⊗ S2(G),
3. W1/W2

∼= F ⊗G⊗ F ,
4. W/W1

∼= F ⊗G,
5. GN3 [X]/W ∼= G× F .
In the formulation of the theorem, S2(G) is the symmetrical square of the

group G, F ≡ F/F ′, where F ≡ FN3(X) is a free nilpotent group of step 3, and
δ2(G) ≡ γ1(G)/γ2(G).

Proof. To derive this theorem from the preceding ones, we introduce the follow-
ing notations: W ≡ Ker ϕ, where ϕ is the canonical homomorphism GN3 [X] →
G×F ; W3 is the central subgroup generated by commutators of the form [xi, a],
i = 1, . . . , n, a ∈ γ1(G); W2 ≡ Ux1 × Ux2 × · · · × Uxn ; W ′

1 ≡ 〈[xi, g, xj] | i, j =
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1, . . . , n, g ∈ G〉, and assume that W1 ≡ W ′
1 × W2. The fact that the corre-

sponding products are direct follows immediately from the canonical form of
elements (2.1) of the group GN3 [X]. Then statement 5) of the theorem follows
from the definition of W , statement 4) is proved in [3], statement 3) is obtained
from formula (2.1), statement 2) follows from Theorem 3.2 and the fact that
F ∼= Z× · · · × Z︸ ︷︷ ︸

n times

. The subgroup W3
∼= U0

x1
× · · · × U0

xn
and therefore it suffices

to prove statement 1) only for the case with n = 1. In this case, W3
∼= δ2(G)

and the statement is proved by the same scheme as has been used in proving
Theorem 3.1. For this, it is assumed that H ≡ GN3 [X]/W3. The group H1

is defined as a central extension of δ2(G) by means of H. Using the collective
process, for any two elements h1 and h2 from H we define the factor (h1, h2).
Further arguments are similar to those used in proving Theorem 3.1. ¤
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