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SIMPLICIAL CROSSED MODULES AND MAPPING CONES
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Dédié à Hvédri Inassaridzé en l’honneur de ses soixante dix ans

Abstract. Given a bisimplicial group G?? such that N(G)?q = {1} for q > 2,
a simplicial group is obtained whose Moore complex is a mapping cone of
the chain morphism N(G)?1 → N(G)?0. This simplicial group is homotopy
equivalent to the diagonal of G??. In the last section a special case is con-
sidered.
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Introduction

The homotopy properties of a (multi)simplicial group are given by its Moore
complex. In the abelian case this is a consequence of the Dold–Kan theorem
[12] which extends easily to the multisimplicial setting. In the nonabelian case
we need to add some structure to chain (multi)complexes of groups to get an
analogue of this theorem [6, 7, 8, 9, 13, 14, 16, 19].

It is a classical result (see for instance [25] or, more recently, [15]) that the
homotopy of a bisimplicial group is given by the diagonal simplicial group and
hence by the Moore complex of this diagonal. But, paradoxically, a bisimplicial
group can have a simple Moore complex when the Moore complex of the diago-
nal simplicial group is rather complicated. Thus the natural way to associate a
chain complex of groups to a crossed square (Definition 3.1) [16] (see also [19]
and [4]), which is to construct the corresponding bisimplicial group and take
the Moore complex of the diagonal, is not very satisfactory.

There is another way, introduced by J-L. Loday [19], to associate to a crossed
square, or a complex of crossed modules, a complex of groups: take the corre-
sponding mapping cone. A long time ago R. Brown asked me if the mapping
cone of a crossed square is a crossed 2-module (Definition 3.3) [8] (see also [3, 22])
and I answered affirmatively. The following theorem, which is the purpose of
the paper, is a generalization of this result.

Theorem 0.1. Let G?? be a bisimplicial group with Moore complex N(G)??

such that N(G)?q = {1} for q > 2. Then the Moore complex N(G)? of the
diagonal of G?? is homotopy equivalent to the mapping cone of the chain complex
of crossed modules N(G)??.
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The procedure can be iterated for a “catr-group” ([19], see also [4])1 object
which can be seen as an r-simplicial group with the Moore complex trivial in
dimension n > 2 in each direction, or as a “crossed r-cube” [13, 14], i.e. in some
way the Moore complex of a catr-group: The diagonal of the catr-group is an
hypercrossed complex ([6, 7], see also [21, 23]) homotopy equivalent to the chain
complex obtained by applying r times the cone construction. T. Porter gave a
nice functor from the category of simplicial groups to the category of crossed
r-cubes in a different way [24]. But, applying Porter’s functor to a simplicial
group and the mapping cone construction to the Moore complex of his crossed
r-cube, we do not recover just the Moore complex of the simplicial group, see
Example 3.6.

Theorem 0.1 should be useful in topology, e.g., to compare algebraic models
of spaces. It may also be of interest in the nonabelian cohomology where the
category in which the coefficients are taken is crucial (see [2] or [18] for instance).
A final interest of this paper is to give an example of calculation in a bisimplicial
non abelian group to show one can do things like that.

In the first section the definitions and properties related to simplicial groups,
some of which are classical, are recalled. The second section is devoted to the
proof of Theorem 0.1 and studies for that purpose the Moore complex of the
diagonal of a bisimplicial group. In the third section an application of this
theorem in low dimension is given. Obviously, all constructions made or quoted
are functorial. For each kind of object introduced there is a natural notion of
morphism which is left to the reader.

Notation and conventions. Any group acting on another one is acting on
the left and this action is written as x 7→ x( ). Furthermore, a group is always
supposed to act on itself by conjugacy. In the notation G = G′oφH of a semi-
direct product of groups φ is the injection of H in G. Given n ∈ N, as usual
[n] = {0, 1, · · · , n}. In a simplicial group faces and degeneracies are denoted
by di and si, respectively. More generally, given a nondecreasing surjection
σ : [n] → [p], the corresponding iterated degeneracy from Gp to Gn is written
as sσ. In particular κ is the map from [n] to [0] and, given i ∈ [n], ı̂ : [n] → [1]
is a nondecreasing map such that i is the largest element in the preimage of 0.
Hence we have

sκ = sn−1 ◦ · · · ◦ s0,
sbı = sn−1 ◦ · · · ◦ si+1 ◦ si−1 ◦ · · · ◦ s0.

The identity map [n] → [n] is written as I. Since the map sσ can be written
uniquely as sσ = sin−p ◦· · ·◦si1 with ik < ik+1, the iterated face corresponding to
the same indexes is called dσ, namely dσ = di1◦· · ·◦din−p . In a bisimplicial group
G?? the morphisms corresponding to the first (resp. second) variable are written
dh

i (resp. dv
i ), sh

i (resp. sv
i ) and so on. The absence of exponent h or v means

a morphism for the diagonal simplicial structure, e. g. di = dh
i ◦ dv

i = dv
i ◦ dh

i .

1In [19] catr-groups are called “r-cat groups”.
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The diagonal simplicial group is denoted by G?, the Moore complex of the
bisimplicial group by N(G)?? , and the Moore complex of the diagonal by N(G)?.

1. Relations between a Simplicial Group and its Moore Complex

In this section some properties of the Moore complex of a simplicial group are
recalled with an emphasis on the case where this Moore complex is a crossed
module.

The following definition is classical and is given to fix the conventions.

Definition 1.1. The Moore complex (N(G)?, ∂?) of a simplicial group G? is
a chain complex defined by N(G)n =

⋂n−1
i=0 Ker(di) ⊆ Gn. The differential ∂n is

the restriction of the missing face dn.

This definition extends easily to multisimplicial groups. In particular the
Moore complex of a bisimplicial group G?? is a chain bicomplex given by

N(G)nm =

(n−1,m−1)⋂

(i,j)=(0,0)

(Ker(dh
i ) ∩Ker(dv

j )).

Remark 1.2. The choice of the omitted face in the intersection is arbitrary.
For instance, May [20] and Goerss–Jardine [15] use the convention given in Def-
inition 1.1; Curtis [11] and Porter [24] use

⋂n
i=1 Ker(di) and the restriction of

d0 as a differential. Actually, one can choose any face in each dimension and
change the choice from one dimension to another. For two different conventions,
in a given dimension the groups obtained need not be isomorphic but the ho-
mology of the complex, which is the homotopy of the simplicial group, remains
the same. The choice in 1.1 is motivated by Theorem 1.8.

The definition of a crossed module is also recalled for completeness [27].

Definition 1.3. A crossed module is a group morphism ∂ : M → P endowed
with a (left) action of P on M such that

(1) The morphism ∂ is P -equivariant, where P acts on itself via conjugacy.
(2) For x, y ∈ M we have ∂xy = x y x−1.

It is essentially via the following property, the proof of which can be found,
for instance, in [19] or in [8], that crossed modules will appear in this paper.

Proposition 1.4. Let G? be a simplicial group and N(G)? its Moore complex.
Suppose N(G)n = {1} for n > 2. Then the morphism ∂1 : N(G)1 → N(G)0 is
a crossed module where N(G)0 acts on N(G)1 by conjugacy via the degeneracy
map s0.

Conversely, there is a functor associating to a crossed module ∂ : M → P a
simplicial group G? having ∂ as its Moore complex.

Lemma 1.5. Let G? be a simplicial group and n ∈ N. Then
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(1) For i, j ∈ [n] with i < j the map bj
i :

⋂
k 6=j Ker(dk) →

⋂
k 6=i Ker(dk)

given by bj
i (x) = xεsj−1djx

−εsj−2djx
ε · · · sidjx, where ε = (−1)j−i, is a

bijection and we have di = dj ◦ bj
i . If N(G)n+1 = {1}, then the map bj

i

is a morphism.
(2) If E ⊂ [n] and E ′ ⊂ [n] have the same cardinal there is a bijection

between the subgroups
⋂

i6∈E Ker(di) and
⋂

i6∈E′ Ker(di) of Gn.

Proof. (1) Clear.
(2) Suppose E and E ′ have cardinal 2, that is E = {i, j} with i < j and

E ′ = {i′, j′} with i′ < j′. If i = i′ = 0 we apply (1) in Dec1(G)?, the simplicial
group obtained from G? by forgetting the face d0 and the degeneracy s0 [17].
Let G′

? be the simplicial subgroup of Dec1(G)? given by the kernel of the missing
face [8]. In G′

? the restriction of dk becomes dk−1. If i = i′ = 1, we apply (1) in

Dec1(G
′)?. By induction, when i = i′, we have a bijection b

(i,j′)
(i,j) .

If j = j′, we play the same trick with Dec1(G)?, the simplicial group obtained

by forgetting the last face and the last degeneracy and get a bijection b
(i′,j)
(i,j) . If

i < j′, the set b
(i′,j′)
(i,j) = b

(i′,j′)
(i,j′) ◦ b

(i,j′)
(i,j) . If i > j′, then we have i′ < j and it works

the same.
The induction on the cardinal of E and E ′ is left to the reader since only the

cardinal 2 will be really used in the sequel. ¤

In dimension 1 the obstruction for b1
0 to be a morphism is given by the Peiffer

commutators [1, 10]. This lemma is used for

Proposition 1.6. Let G? be a simplicial group such that N(G)p = {1} for
p > n + 1. Then, in any Gp with p > n + 1, the intersection of n + 1 kernels of
faces is trivial.

Proof. Induction on n. For n = 0 the simplicial group G? is constant and the
result is trivial. Suppose n > 1. Let G′

? be as in the proof of Lemma 1.5. By
definition, we have N(G′)p = N(G)p+1. Whence, for p > n, N(G′)p = {1}.
Then, by the induction hypothesis, for p > n the intersection of n kernels of
faces in G′

p is trivial. Now we have, in G′
p ⊆ Gp+1,

n⋂

k=1

Ker(d′ik) = Ker(d0) ∩
( n⋂

k=1

Ker(dik+1)

)
,

where the d′j are faces in G′
n. Thus, by Lemma 1.3, the intersection of n + 1

kernels of faces in Gp+1 is trivial. ¤

As an alternative proof we can obtain this proposition as a corollary of Lemma
1.1 in [5].

By the Dold–Kan theorem [12] each term in a simplicial abelian group is
isomorphic to a direct sum of copies of terms of its Moore complex. In the
nonabelian case, direct sums have to be replaced by semi-direct products and
to be precise, a definition of the generalized semi-direct product is needed. Here
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the definition given in [9] is recalled. Remember that, in a partially ordered set
or poset (I, 6), an ideal is a subset J such that y ∈ J and x 6 y imply x ∈ J .

Definition 1.7. Let (I, 6) be a poset, G be a group and (Gi)i∈I a family of
subgroups of G. Suppose we are given a map J 7→ GJ from the set I of ideals
in I into the set of normal subgroups of G such that

(1) GI = G;
(2) for any J ∈ I the subgroup GJ is generated by the family (Gi)i∈J ;
(3) for J, J ′ ∈ I we have GJ ∩GJ ′ = GJ∩J ′ ;
(4) for any J ∈ I and any i ∈ I − J we have GJ ∩Gi = {1}.

Then the group G is called a I-semi-direct product of the family (Gi)i∈I of
subgroups.

This definition generalizes the one used by P. Carrasco in her thesis [6], see
also [7], and the case of groups in a definition of R. Steiner [26].

For n, q ∈ N with q 6 n let S(n, q) be the set of nondecreasing surjections
from [n] to [q]. For σ ∈ S(n, q) the target of σ is called b(σ): q = b(σ). Let
S(n) =

⋃
q6n S(n, q). The set S(n) is partially ordered by the following relation:

σ 6 τ if, for i ∈ [n], one has σ(i) > τ(i) where [b(σ)] and [b(τ)] are considered
as subsets of N.

Given r ∈ N? and n = (n1, · · · , nr) ∈ Nr, let S(n) = S(n1) × · · · × S(nr)
with the product (partial) order. For σ = (σ1, · · · , σr) ∈ S(n) let b(σ) =
(b(σ1), · · · , b(σr)). The following theorem is proved in [9].

Theorem 1.8. Let G? be an r-simplicial group. Then, for n ∈ Nr, the group
Gn is a S(n)-semi-direct product of the family of subgroups (sσN(G)b(σ))σ∈S(n),
where sσ is the composite of the iterated degeneracies sσi

corresponding to each
simplicial structure.

Corollary 1.9. Let G? be an r-simplicial group and let n ∈ Nr. Suppose we
have, chosen on [n], a total order finer than the poset order. Then each x ∈ Gn

can be written uniquely as

x = z(I,··· ,I) · · · sηzη · · · s(κ,··· ,κ)z(κ,··· ,κ),

where zη ∈ N(G)b(η) and the indexes η appear in an increasing order.

For r = 1, the group G1 is the usual semi-direct product G1 = N(G)1os0G0.
In case r = 1 and N(G)n = {1}, for n > 2 the theorem becomes

Corollary 1.10. Let G? be a simplicial group such that N(G)n = {1} for
n > 2. Then, for p > 1, Gp is a generalized semi-direct product of the family of
subgroups {(sbıN(G)1)06i6p−1} ∪ {sκG0}.

This generalized semi-direct product is written as

Gp = sb0N(G)1 o s1̂N(G)1 o · · ·o s[p−1N(G)1 o sκG0.

Notice that we have

Ker(dκ) = s0̂N(G)1 o s1̂N(G)1 o · · ·o s[p−1N(G)1
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and that Gp is the usual semi-direct product Gp = Ker(dκ) o sκG0. As an
immediate consequence of the simplicial identities the group sκG0 acts compo-
nentwise. Indeed, with the hypothesis of Corollary 1.10 there is a decomposition
of Ker(dκ) as a product and thus a simpler decomposition of the group Gp. To
see it, a family of maps Θi is introduced.

Lemma 1.11. Let G? be a simplicial group and G′ = N(G)1. Suppose
p > 2. Let Θi : G′ → Gp be the map defined by Θ0(x) = sb0(x) and, for
1 6 i 6 p − 1, Θi(x) = s[i−1

x−1sbix. The maps sbı, Θi and sκ are related with
faces and degeneracies as follows:

i 6 j si ◦ sb = s[j+1
di ◦ sb = s[j−1

i > j si ◦ sb = sb di ◦ sb = sb
i < j di ◦Θj = Θj−1 si ◦Θj = Θj+1

i > j, i 6= p di ◦Θj = Θj si ◦Θj = Θj

di ◦Θi = 0 si ◦Θi = Θi ×Θi+1

di ◦ sκ = sκ si ◦ sκ = sκ

dp ◦Θp−1 = (s[p−2)
−1 × sκ ◦ ∂.

Now we have

Proposition 1.12. Let G? be a simplicial group such that N(G)n = {1} for
n > 2. Let G′ = Ker(d0 : G1 → G0). Then, for p > 2 and 0 6 i 6 p− 1,

(1) the map Θi : G′ → Gp is a G0-group morphism;
(2) we have, in Gp, Ker(di) = Θi(G

′);
(3) the G0-subgroup Ker(dκ) of Gp is isomorphic to the product

∏p−1
i=0 Θi(G

′)
on which G0 operates factorwise;

(4) given a normal subgroup H ⊂ G1, the image Θi(H ∩ G′) is normal in
Gp.

Proof. (1) By induction on p. For p = 1 there is nothing to prove. Suppose the
property as true for p− 1 and let x, y ∈ G′. Then from Lemma 1.11 we have

Θi(x)Θi(y)(Θi(xy))−1 ∈
⋂

j∈[p]

Ker(dj) = {1}.

As the degeneracies commute with the operation of G0 so does Θi.
(2) An element t ∈ Gp can be written uniquely as t = y0y1 · · · ypsκz with yi =

Θixi for 0 6 i 6 p−1, xi ∈ G′ and z ∈ G0. From Lemma 1.11 di◦Θi(G
′) = {1},

for j 6= i the restrictions of di on Θj(G
′) and on sκG0 are injective.

(3) By Proposition 1.6 we have Ker(di)∩Ker(dj) = {1} in Gp for p > 2 and
i 6= j. The second assertion is clear.

(4) This is a consequence of (3) and (1). ¤

2. The Moore Complex of the Diagonal

A description of the Moore complex of the diagonal of a bisimplicial group
G?? such that N(G)?q = {1} for q > 2 is given, using the bicomplex N(G)??,
and a subcomplex L? is introduced which is homotopically trivial and generates
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a normal simplicial subgroup K(L)?. The quotient by K(L)? gives a mapping
cone and the proof of Theorem 0.1.

From now on a bisimplicial group G?? such that N(G)?q = {1} for q > 2
is assumed to be given. For n ∈ N let G′

n = Ker(dv
0 : Gn1 → Gn0) and, for

0 6 i < j 6 n, let Ki,j =
⋂

k 6=i,j Ker(dh
k).

Applying Corollary 1.10, for q > 2 the group Gnq can be written in two ways
as a generalized semi-direct product

Gnq = sv
b0G

′
n o sv

b1G
′
n o · · ·o sv

[q−1
G′

n o sv
κGn0 =

( q−1∏
i=0

Θv
i (G

′
n)

)
o sv

κGn0.

Proposition 2.1. For n > 2 the term of dimension n in the Moore complex
of the diagonal of G?? is the semi-direct product

N(G)n =

( n−1∏
i=0

Θv
i (Ki,n)

)
o sv

κN(G)n0.

Proof. By Lemma 1.11 and Proposition 1.12 Ker(dv
i ) = Θi(G

′
n) and dv

i is an
isomorphism on the other factors. Thus, to be in Ker(di), an element of Θv

j (G
′
n),

with j 6= i, must be in Ker(dh
i ). Furthermore, by Proposition 1.6, we have, in

Gnn, Ker(dv
i ) ∩ Ker(dv

j ) = {1} for i 6= j. Whence N(G)n ∩ Ker dκ is a product
of subgroups of Θv

i (G
′
n) with factor Ki,n in Θv

i (G
′
n) and N(G)n ∩ sv

κGn0 =
sv

κN(G)n0. ¤
Corollary 2.2. Let n ∈ N. If, furthermore, N(G)p? = {1} for p > n, the

chain complex N(G)? has length at most n+1, i.e., N(G)p = {1} for p > n+1.

The differential in N(G)n is given by Lemma 1.11. Given x ∈ G′
n, we have

(1) dnΘv
i (x) = Θv

i ◦ dh
n(x) for i 6 n− 2;

(2) dn ◦Θv
n−1(x) = s[n−2(x)−1sκ ◦ ∂(x).

Thus, for i 6 n− 2, we have dnΘv
i (G

′
n) ⊆ Θv

i (G
′
n).

Let L? be the subcomplex of N(G)? defined by

L0 = {1},
L1 = ∂2 ◦Θv

0(N(G)21) = ∂2 ◦Θv
0(G

′
2),

Ln =

( n−2∏
i=0

Θv
i (Ki,n)

)
× ∂n+1 ◦Θv

n−1(Kn−1,n+1) for n > 2.

Let, for n > 2, L′n be defined by L′n =

( n−2∏
i=0

Θv
i (Ki,n)

)
. As L′? is not stable

under the differential it is not a chain subcomplex of L?. Nevertheless it has
the following two properties.

Lemma 2.3. For n > 2 we have

(1) Ln = L′n . ∂L′n+1,
(2) L′n = N(G)n ∩Ker(dv

κ) ∩Ker(dh
n−1).
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The subgroups L′n are used in the proof of the following property of the chain
complex L?.

Proposition 2.4. The simplicial subgroup K(L)? of the diagonal G? of G??

generated by L? is normal.

Proof. Recall that, for σ ∈ S(n, q), b(σ) is the target of σ, i. e. b(σ) = q. To
prove the assertion, we have to show that, given σ, τ ∈ S(n), x ∈ Gb(σ) and
y ∈ Lb(τ), [sσ(x), sτ (y)] ∈ K(L)n, i.e., this element can be written, using the
total order introduced in Corollary 1.9,

[sσ(x), sτ (y)] = zIsn−1zn−1sn−2zn−2 · · · sinf(σ,τ)zinf(σ,τ) (1)

with zη ∈ Lb(η) for η ∈ S(n).
Simplicial identities give, for i 6 q, sidq+1 = dq+2si and, by iterated use of

this identity we obtain sτdq+1 = dn+1sτ for q = b(τ). Furthermore, we can write
sσ(x) = dn+1snsσ(x). Thus, if y = ∂q+1y

′ = dq+1y
′ with q = b(τ), we have

[sσ(x), sτ (y)] = dn+1[snsσ(x), sτ (y
′)].

Since for η ∈ S(n), either dnsη = sη′ or dnsη = sηdb(η), it is enough to prove
that, given x ∈ Gb(σ) and y ∈ L′b(τ), we have [sσ(x), sτ (y)] ∈ K(L)n. Notice that
an induction in n is hidden here since the images dnsηzη need not have their
indexes in an increasing order.

Suppose for once y = Θv
i (y

′) with y′ ∈ G′
b(τ) and i 6 b(τ) − 2. Then by

repeated use of Lemma 1.11 we get sτy = Θv
i y
′ · · ·Θv

jy
′ with i 6 j 6 n − 2.

From this observation, coming back to the general case, we have

y ∈ Lb(τ) ⊆
b(τ)−2∏

i=0

Θi(Gb(τ)).

This implies sτ (y) ∈ ∏n−2
i=0 Θi(G

′
n). Also, this last group being normal in Gn,n

by Lemma 2.3, [sσ(x), sτ (y)] ∈ ∏n−2
i=0 Θi(G

′
n).

By induction on the number [ of elements zη 6= 1 in the right-hand side

of (1), we get zη ∈
∏b(η)−2

i=0 Θi(Gb(η)) so that sηzη ∈
∏n−2

i=0 Θi(Gn): If [ = 1,
i.e., zI = [sσ(x), sτ (y)] the claim holds. If for some η with I < η we have

zη 6= 1, we apply dη to (1) and, by induction hypothesis zη ∈
∏b(η)−2

i=0 Θi(Gb(η)),

thus, by Lemma 1.11, sηzη ∈
∏n−2

i=0 Θi(Gn). Whence zI ∈
∏n−2

i=0 Θi(G
′
n), i.e.,

zI = zI,1 · · · zI,n−2 with zI,i ∈ Θi(G
′
n) for 0 6 i 6 n− 2.

As zI ∈ Ker(dn−1) the element dh
n−1zI is in Ker(dv

n−1) and, as dh
n−1 and dv

n−1

operate componentwise on
∏n−2

i=0 Θi(Gn), for each i, dh
n−1zI,i ∈ Ker(dv

n−1). By
Proposition 1.12, zI,i ∈ Ker(dv

i ) whence dh
n−1zI,i ∈ Ker(dv

i ). Thus dh
n−1zI,i ∈

Ker(dv
i ) ∩ Ker(dv

n−1). By Proposition 1.6 this intersection is {1} and thus zI ∈
Ker(dh

n−1). Obviously, zI ∈ N(G)n ∩Ker(dv
κ) so that zI ∈ L′n. ¤

Proposition 2.5. The chain complex L? is acyclic.
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Proof. It is enough to consider cycles in Θv
i (Ki,n) with i 6 n − 2. Applying

Lemma 1.5 to Dec1(Gh)n, we see that an element t ∈ Ki,n+1 can be written as

t = bn+1
i (ysnz) = ysh

nz
εsh

n−1z
−εsh

n−2z
ε · · · sh

i z

with y ∈ N(G)n+1,1 = N(G′)n+1, z ∈ N(G)n,1 = N(G′)n and ε = (−1)n−i. The
image of Θv

i (t) under the differential is

∂n+1Θ
v
i (t) = Θv

i (d
h
n+1(ysh

nz
εsh

n−1z
−εsh

n−2z
ε · · · sh

i z))
= dh

n+1yzεsh
n−1d

h
nz−ε · · · sh

i d
h
nz

= z′εsh
n−1d

h
nz′−ε · · · sh

i d
h
nz′

with z′ = dh
n+1y z if ε = 1 or z′ = z(dh

n+1y)−1 if ε = −1. Now applying Lemma
1.5 to Gh

n, a cycle in Θv
i (Ki,n) can be written as

bn
i (x) = xεsh

n−1dnx−εsn−2dnx
ε · · · sidnx.

Thus any cycle in Θv
i (Ki,n) is a boundary. ¤

Corollary 2.6. The quotient morphism G? → G?/K(L)? is a homotopy
equivalence.

Note that we have

∂n+1 ◦Θv
n−1(Kn−1,n+1) = Ker(dn) ∩Θn−1(Kn−1,n).

We have plainly an isomorphism

N(G/K(L))n = N(G)n/Ln
∼=

(
Θn−1Kn−1,n

∂n+1 ◦Θv
n−1Kn−1,n+1

)
o sv

κN(G)n0.

Lemma 1.11 gives an isomorphism

Θn−1(Kn−1,n) ∼= Kn−1,n = N(G′)n o sh
n−1N(G′)n−1

whence the kernels of dh
n are isomorphic in these two groups. Furthermore, the

morphism dh
n induces an isomorphism of N(G)n,0-groups

Kn−1,n

Ker(dn)
⋂

Kn−1,n

∼= N(G′)n−1,

where the action of N(G)n,0 on N(G′)n−1 is induced by the action of N(G)n−1,0

via ∂h
n : N(G)n,0 → N(G)n−1,0.

Let us recall the definition of a mapping cone in the nonabelian setting [19].

Definition 2.7. Let

→ Mn → Mn−1 → · · · → Mp → · · ·
↓ ↓ ↓

→ Pn → Pn−1 → · · · → Pp → · · ·
be a complex of crossed modules, i.e., for any n, Mn → Pn is a crossed module,
rows are complexes of group morphisms, the morphisms preserve the actions
and, for any n, the image of Mn (resp. Pn) in Mn−1 (resp. Pn−1) is normal.
Then the mapping cone of this complex of crossed modules is the complex of
groups

→ Mn o Pn+1 → Mn−1 o Pn → Mn−2 o Pn−1 → · · ·
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where, for each n, Pn acts on Mn−1 via the morphism Pn → Pn−1 and the
morphisms Mn−1 o Pn → Mn−2 o Pn−1 are given by the morphisms in the
complex. The group Mn−1 o Pn is in dimension n.

As in the abelian case the mapping cones give long homology sequences [19],
the only trouble being to make sure that the boundaries are normal subgroups
to get homology groups. By Proposition 1.4 the Moore complex of a simplicial
group is trivial in dimension greater than or equal to two, this Moore complex
is a crossed module. Thus, here, the Moore complex N(G)?? is a complex of
crossed modules and the last calculation gives

Proposition 2.8. The complex N(G)?/L? is isomorphic to the mapping cone
of the Moore complex N(G)??.

Now Theorem 0.1 is clearly a consequence of Corollary 2.6 and Proposi-
tion 2.8.

3. Applications to Crossed Squares

As an application we consider in detail the relations between crossed squares
and crossed 2-modules.

The following definition was introduced by D. Guin-Waléry and J.-L. Loday
[16], see also [19] and [4].

Definition 3.1. A crossed square is a commutative diagram of group mor-
phisms

L
f−−−→ M

u

y
yv

N
g−−−→ P

with action of P on every other group and a function h : M ×N → L such that

(1) the maps f and u are P -equivariant and g, v, v ◦ f and g ◦u are crossed
modules,

(2) f ◦ h(x, y) = x g(y)x−1, u ◦ h(x, y) = v(x)y y−1,
(3) h(f(z), y) = z g(y)z−1, h(x, u(z)) = v(x)z z−1,
(4) h(xx′, y) = v(x)h(x′, y)h(x, y), h(x, yy′) = h(x, y) g(y)h(x, y′),
(5) h(tx,ty) = th(x, y)

for x, x′ ∈ M , y, y′ ∈ N , z ∈ L and t ∈ P .

It is a consequence of the definition that f : L → M and u : L → N are
crossed modules where M and N act on L via their images in P . A crossed
square can be seen as a crossed module in the category of crossed modules.
Furthermore, crossed squares are related to bisimplicial groups in the same way
crossed modules are related to simplicial groups:
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Proposition 3.2. Let G?? be a bisimplicial group and N(G)?? its Moore
complex. Suppose N(G)n,q = {1} for n > 2 or q > 2. Then the square

N(G)11

∂h
1−−−→ N(G)01

∂v
1

y
y∂v

1

N(G)10

∂h
1−−−→ N(G)00

is a crossed square where N(G)00 acts on other groups via the degeneracies sh
0

and sv
0 and the map h is given by commutators

h(x, y) = sh
0x sv

0y sh
0x

−1 sv
0y
−1.

Conversely, there is a functor associating to a crossed square C a bisimplicial
group whose Moore complex is naturally isomorphic to C.

To characterize the simplicial group having a Moore complex trivial in di-
mension bigger or equal to three, we have [8]

Definition 3.3. A crossed 2-module is a complex of length 2

L
∂2−−−→ M

∂1−−−→ N

of N -groups with action of M on L and a function { , } : M ×M → L, called
“Peiffer lifting”, such that

(1) ∂2{y, y′} = y y′ y−1 (∂1yy′)−1,
(2) {∂2z, ∂2z

′} = z z′ z−1 z′−1,
(3) {∂2z, y}{y, ∂2z} = z (∂1yz)−1,
(4) {y, y′ y′′} = {y, y′}{y, y′′}{∂2{y, y′′}−1,∂1y y′},
(5) {yy′, y′′} = {y, y′y′′y′−1} ∂1y{y′, y′′},
(6) x{y, y′} = {xy,x y′}

for x ∈ N , y, y′, y′′ ∈ M and z, z′ ∈ L.

With this definition, as expected, one has

Proposition 3.4. Let G? be a simplicial group and N(G)? its Moore complex.
Suppose N(G)n = {1} for n > 3. Then the complex

N(G)2
∂2−−−→ N(G)1

∂1−−−→ N(G)0

is a crossed 2-module, where N(G)0 acts on N(G)1 and N(G)2 by conjugacy
via the degeneracies and the Peiffer lifting is given by

{y, y′} = s1(y y′ y−1) s0y s1y
′−1 s0y

−1.

Conversely, there is a functor associating to a crossed 2-module D a simplicial
group whose Moore complex is naturally isomorphic to D.

Note that the image under the differential of a Peiffer lifting is a “Peiffer
commutator” [1]:

∂2{y, y′} = y y′ y−1 (∂yy′)−1.
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A crossed square can be seen as a complex of crossed modules of length one
and, applying Propositions 3.2 and 3.4 and Theorem 0.1, we have

Corollary 3.5. Let

L
f−−−→ M

u

y
yv

N
g−−−→ P

(2)

be a crossed square. Then, seeing the horizontal morphisms as a complex of
crossed modules, the mapping cone of (2) is a crossed 2-module

L
∂2−−−→ M oN

∂1−−−→ P,

where ∂2(z) = (f(z)−1, u(z)) for z ∈ L, ∂1(x, y) = g(x)v(y) for x ∈ M and
y ∈ N , and the Peiffer lifting is given by

{(x, y), (x′, y′)} = h(x, y y′ y−1).

Note that, as the roles of M and N are exchangeable, there are two crossed
2-modules associated to the crossed square (2). The simplicial group associated
to them via Proposition 3.4. are homotopic but they are not isomorphic.

This correspondence can be generalized to higher dimension. Loday [19] has
defined, as models of r-type of homotopy, catr-groups which can be seen as r-
simplicial groups having a trivial Moore complex for n > 2 in any direction. G.
Ellis defined [13, 14] r-crossed cubes which generalize crossed squares. On the
other hand, P. Carrasco defined hypercrossed complexes [6, 7] which are higher
dimensional analogues of crossed 2-modules. By repeated use of Theorem 0.1
we can associate to a crossed r-square an hypercrossed complex of length r +1.
Of course, the Moore complex of the diagonal is also of length r + 1 (Corollary
2.2, see also [5]), but it is a more complicated object.

Let us end with an example of composition of the mapping cone functor with
Porter’s functor [24].

Example 3.6. Let L
∂2 // M

∂1 // N be a crossed 2-module and let G? be
the corresponding simplicial group. The crossed square associated to G∗ by T.
Porter is, up to a canonical isomorphism,

N(G)2
∂2−−−→ Ker(d0)

∂2

y
yι

Ker(d1)
ι−−−→ G1

with Ker(d0) = N(G)1 ⊆ G1 and Ker(d1) ⊆ G1 and the map ι is the canonical
injection. The map h is given by commutators h(y, y′) = s1(y y′ y−1 y′−1). Then,
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in terms of the crossed 2-module, this crossed square is written as

L
∂2−−−→ M

∂2

y
yι

M ′ ι−−−→ M oN

,

where M ′ = Ker(d1) = {y−1s0∂1y | y ∈ M}. The mapping cone of this crossed
square is

L
(∂−1

2 ∂2)−−−−→ M oM ′ (ι ι)−−−→ M oN.
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