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Abstract. Let G be a simple graph with eigenvalues λ1, λ2, . . . , λn. The Estrada index of G

is defined as EE(G) =
∑

n

i=1
eλi . In this paper, the unique graph with maximum Estrada index is

determined among connected graphs with given numbers of vertices and cut edges.
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1. Introduction. Let G be a simple graph with n vertices. The eigenvalues

of the adjacency matrix A(G) of G are called the eigenvalues of G, denoted by

λ1, λ2, . . . , λn. The Estrada index of a graph G is defined as

EE(G) =

n∑

i=1

eλi .

This concept was proposed in [4], and it found successful applications in biochemistry

and in complex networks, see [4–9]. Besides these applications, the Estrada index has

also been extensively studied in mathematics, see [2, 3, 10, 11, 13–15]. Among these,

Ilić and Stevanović [11] determined the unique tree with minimum Estrada index

among the set of trees with given maximum degree. Zhang et al. [13] determined the

unique tree with maximum Estrada index among the set of trees with given matching

number.

A cut edge of a connected graph is an edge whose removal disconnects the graph.

For 0 ≤ r ≤ n − 3, let G(n, r) be the set of connected graphs with n vertices and r

cut edges, and Gn,r the graph obtained by attaching r pendant vertices (vertices of

degree one) to a vertex of Kn−r, where Kn is the complete graph on n vertices. Liu

et al. [12] characterized the unique graph in G(n, r) with maximum spectral radius,
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which is Gn,r. In this paper, we determine the unique graph in G(n, r) with maximum

Estrada index, which is also Gn,r.

2. Preliminaries. Denote by Mk(G) the kth spectral moment of graph G, i.e.,

Mk(G) =
∑n

i=1 λk
i . It is well-known that Mk(G) is equal to the number of closed

walks of length k in G, see [1]. Then

EE(G) =
n∑

i=1

∞∑

k=0

λk
i

k!
=

∞∑

k=0

Mk(G)

k!
.(2.1)

Let V (G) be the vertex set of G. Let Mk(G;u) be the number of closed walks of

length k starting at u in G.

Let G1 and G2 be two graphs. If Mk(G1) ≤ Mk(G2) for all positive integers k,

then by (2.1), we have EE(G1) ≤ EE(G2) with equality if and only if Mk(G1) =

Mk(G2) for all positive integers k. Let u ∈ V (G1) and v ∈ V (G2). If Mk(G1;u) ≤

Mk(G2; v) for all positive integers k, then we write (G1;u) � (G2; v). If (G1;u) �

(G2; v) and there is at least one positive integer k0 such that Mk0
(G1;u) < Mk0

(G2; v),

then we write (G1;u) ≺ (G2; v).

Let dG(v) be the degree of vertex v in the graph G.

For a vertex u of a graph G, G−u denotes the graph obtained from G by deleting

u and its incident edges. For subset S of the edge set of a graph G, G−S denotes the

graph obtained from G by deleting the edges in S. For an edge e of the complement

of G, G + e denotes the graph obtained from G by adding e.

3. Lemmas. Let H1, H2 be two non-trivial graphs with u, v ∈ V (H1), w ∈

V (H2). Let Gu be the graph obtained from H1 and H2 by identifying u with w, and

Gv be the graph obtained from H1 and H2 by identifying v with w.

For positive integer k, let Ti(v, k) (Ti(u, k), respectively) be the set of closed walks

of length k in Gv (Gu, respectively) starting at v (u, respectively) and an edge of Hi,

and ending at an edge of Hi, where i = 1, 2.

Lemma 3.1. Suppose that (H1; v) ≺ (H1;u). For i = 1, 2, |Ti(v, k)| ≤ |Ti(u, k)|

for all positive integers k.

Proof. We only prove the case i = 1. The case i = 2 is similar.

We may decompose W ∈ T1(v, k) into two types of closed walks in Gv starting at

v: (a) a closed walk in H1 starting at v; (b) a closed walk in H2 starting at v. Since

(H1; v) ≺ (H1;u), we may construct an injection fk mapping a closed walk of length

k in H1 starting at v into a closed walk of length k in H1 starting at u.
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Now we construct a mapping f∗ from T1(v, k) to T1(u, k). Let W = W1W2 · · · ∈

T1(v, k), where Wr for r ≥ 1 is a closed walk of length lr of type (a) if r is odd, and

of type (b) if r is even. Let f∗(W ) = f∗(W1)f
∗(W2) · · ·, where f∗(Wr) = flr (Wr) if

Wr is of type (a), and f∗(Wr) = Wr if Wr is of type (b). Then f∗(W ) ∈ T1(u, k).

Obviously, f∗ is an injection from T1(v, k) to T1(u, k). Then the result follows.

A weak version of the following lemma was given by Zhang et al. [13].

Lemma 3.2. If (H1; v) ≺ (H1;u), then EE(Gv) < EE(Gu).

Proof. For positive integer k, let S1(k) (S2(k), respectively) be the set of closed

walks of length k in Gv (Gu, respectively) containing at least one edge of H1 and at

least one edge of H2. Then

Mk(Gv) = Mk(H1) + Mk(H2) + |S1(k)|,

Mk(Gu) = Mk(H1) + Mk(H2) + |S2(k)|.

We need only to show that |S1(k)| ≤ |S2(k)| for all positive integers k, and it is strict

for some positive integer k0.

Note that

|S1(k)| = |S
(1)
1 (k)| + |S

(2)
1 (k)|,

where S
(1)
1 (k) is the subset of S1(k) for which every closed walk starts at a vertex

in V (H1), and S
(2)
1 (k) is the subset of S1(k) for which every closed walk starts at a

vertex in V (H2) \ {w}. Similarly,

|S2(k)| = |S
(1)
2 (k)| + |S

(2)
2 (k)|,

where S
(1)
2 (k) is the subset of S2(k) for which every closed walk starts at a vertex

in V (H1), and S
(2)
2 (k) is the subset of S2(k) for which every closed walk starts at a

vertex in V (H2) \ {w}.

Let W ∈ S
(1)
1 (k) with starting vertex x. We may uniquely decompose W into

three parts, say W1W2W3, where W1 is a walk from x to v in H1, W2 is a closed walk

in Gv starting at v and an edge of H2, and ending at an edge of H2, and W3 is a walk

from v to x in H1. Denote by kr the length of Wr for r = 1, 2, 3. Then k1, k3 ≥ 0,

k2 ≥ 2, and k1 + k2 + k3 = k. Let A = A(H1), and let a
(r)
ij be the (i, j)-entry of

A
r, which is equal to the number of walks of length r from the ith vertex to the jth

vertex of H1, see [1], where r ≥ 0. Then

|S
(1)
1 (k)| =

∑

k1+k2+k3=k

k1,k3≥0,k2≥2

∑

x∈V (H1)

a(k1)
xv |T2(v, k2)|a

(k3)
vx
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=
∑

k1+k2+k3=k

k1,k3≥0,k2≥2

|T2(v, k2)|
∑

x∈V (H1)

a(k1)
xv a(k3)

vx

=
∑

k1+k2+k3=k

k1,k3≥0,k2≥2

|T2(v, k2)|a
(k1+k3)
vv .

Similarly,

|S
(1)
2 (k)| =

∑

k1+k2+k3=k

k1,k3≥0,k2≥2

|T2(u, k2)|a
(k1+k3)
uu .

By Lemma 3.1, |T2(v, r)| ≤ |T2(u, r)| for all positive integers r. Since (H1; v) ≺

(H1;u), we have a
(r)
vv ≤ a

(r)
uu for all positive integers r, and it is strict for some positive

integer r0. It follows that |S
(1)
1 (k)| ≤ |S

(1)
2 (k)|, and it is strict for some positive

integer k0. Similarly, |S
(2)
1 (k)| ≤ |S

(2)
2 (k)|. Therefore |S1(k)| ≤ |S2(k)| for all positive

integers k, and it is strict for some positive integer k0.

Lemma 3.3. Let G1 and G2 be connected graphs with u ∈ V (G1) and v ∈ V (G2).

Let G be the graph obtained by joining u ∈ V (G1) with v ∈ V (G2) by an edge, and

G′ be the graph obtained by identifying u ∈ V (G1) with v ∈ V (G2), and attaching a

pendant vertex to the common vertex. If dG(u), dG(v) ≥ 2, then EE(G) < EE(G′).

Proof. Let H be the graph obtained from G by deleting the vertices in G2 different

from v. Let k ≥ 2 be a positive integer.

For x ∈ V (H), let Wk(H;x) be the set of closed walks of length k starting at x

in H. Then Mk(H;x) = |Wk(H;x)|. We construct a mapping f from Wk(H; v) to

Wk(H;u). For W ∈ Wk(H; v), we may decompose W into W = (vu)W ∗(uv), where

W ∗ is a closed walk of length k − 2 starting at u in H. Let f(W ) = (uv)(vu)W ∗.

Obviously, f(W ) ∈ Wk(H;u) and f is an injection. Since dH(u) > dH(v) = 1, we

have M2(H; v) < M2(H;u). Thus, f is an injection but not a surjection for k = 2.

It follows that (H; v) ≺ (H;u). Since G (G′, respectively) can be obtained from H

and G2 by identifying v ∈ V (H) (u ∈ V (H), respectively) with v ∈ V (G2), the result

follows from Lemma 3.2.

From Eq. (2.1) and noting that Mk(G) is equal to the number of closed walks of

length k in G, we have immediately the following lemma [10].

Lemma 3.4. Let G be a connected graph and e be an edge of its complement.

Then EE(G) < EE(G + e).

Let G(a, b) be the set of graphs obtained by attaching b pendant vertices to some

vertices of Ka, where a, b ≥ 1. For a graph G with u, v ∈ V (G), let rk(G;u, v) be

the number of walks of length k from u to v in G, and Wk(G;u, [v]) be the set of

closed walks of length k starting at u and containing v in G. Let Mk(G;u, [v]) =

|Wk(G;u, [v])|.
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Lemma 3.5. Let G ∈ G(a, b), where a ≥ 3 and b ≥ 1. Let u and v be the two

distinct non-pendant vertices in G. Suppose that u has s ≥ 1 pendant neighbors in G,

and v has no pendant neighbor in G. Then (G; v) ≺ (G;u).

Proof. Let k be a positive integer. Note that

Mk(G; v) = Mk(G − u; v) + Mk(G; v, [u]),

Mk(G;u) = Mk(G − v;u) + Mk(G;u, [v]).

Since s ≥ 1, G − u is a proper subgraph of G − v, and thus (G − u; v) ≺ (G − v;u).

We need only to show that Mk(G; v, [u]) ≤ Mk(G;u, [v]).

For W ∈ Wk(G; v, [u]), we may decompose W into two parts, say W1W2, where

W1 is the shortest (v, u)-section in W , and W2 is the remaining (u, v)-section of W .

Denote by w1, w2, . . . , wa−2 the common neighbors of u and v in G. Let H be the

graph obtained from G by deleting the s pendant neighbors of u in G. By the choice

of W1, we know that W1 consists of a closed walk starting at v in H −u whose length

may be zero and a single edge vu, or a walk from v to wi in H − u and a single edge

wiu for 1 ≤ i ≤ a − 2. Note that rk(G;u, v) = rk(G; v, u) [1]. Then

Mk(G; v, [u]) =
∑

x∈{v,w1,w2,...,wa−2}

k1+k2=k

k1,k2≥1

rk1−1(H − u; v, x)rk2
(G;u, v).

Similarly,

Mk(G;u, [v]) =
∑

x∈{u,w1,w2,...,wa−2}

k1+k2=k

k1,k2≥1

rk1−1(G − v;u, x)rk2
(G; v, u)

≥
∑

x∈{u,w1,w2,...,wa−2}

k1+k2=k

k1,k2≥1

rk1−1(H − v;u, x)rk2
(G;u, v).

Note that H − u ∼= H − v. For positive integer s, rs(H − u; v, v) = rs(H −

v;u, u), and rs(H − u; v, x) = rs(H − v;u, x) if x ∈ {w1, w2, . . . , wa−2}. Therefore

Mk(G; v, [u]) ≤ Mk(G;u, [v]).

Lemma 3.6. Let G ∈ G(a, b), where a ≥ 3 and b ≥ 2. If G 6∼= Ga+b,b, then

EE(G) < EE(Ga+b,b).

Proof. Since G 6∼= Ga+b,b, we may choose two non-pendant vertices, say u and

v, such that both u and v have at least one pendant neighbor in G. Suppose that v

has t ≥ 1 pendant neighbors. Let H be the graph obtained from G by deleting the t

pendant neighbors of v.
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Let G1 be the graph obtained from H and the star St+1 on t + 1 vertices by

identifying u with the center of St+1. Note that G can be obtained from H and the

star St+1 by identifying v with the center of St+1. By Lemma 3.5, (H; v) ≺ (H;u).

Then EE(G) < EE(G1) follows from Lemma 3.2. Repeating the transformation from

G to G1, we may finally have EE(G) < EE(Ga+b,b).

4. Main result. Now we prove our main result.

Theorem 4.1. Let G ∈ G(n, r), where 0 ≤ r ≤ n−3. Then EE(G) ≤ EE(Gn,r)

with equality if and only if G ∼= Gn,r.

Proof. The case r = 0 follows from Lemma 3.4.

Suppose that r ≥ 1. Let G be a graph in G(n, r) with maximum Estrada index.

Let S be the set of cut edges in G. Obviously, G − S consists of r + 1 connected

components. By Lemma 3.4, all these connected components are complete.

If there exists some edge, say u1v1, of S such that dG(u1), dG(v1) ≥ 2, then

applying Lemma 3.3 to G by setting u = u1 and v = v1, we may get a graph in

G(n, r) with a larger Estrada index, a contradiction. Thus, every cut edge of G has

exactly one end vertex with degree one, i.e., every cut edge of G is incident to a

pendant vertex. Then G is a graph obtained by attaching r pendant vertices to some

vertices of Kn−r, i.e., G ∈ G(n − r, r).

If r = 1, then obviously G ∼= Gn,1. If 2 ≤ r ≤ n− 3, then by Lemma 3.6, we have

G ∼= Gn,r.
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