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Abstract

In this paper we study the metastable behavior of one of the simplest disordered spin system,
the random field Curie-Weiss model. We will show how the potential theoretic approach can be
used to prove sharp estimates on capacities and metastable exit times also in the case when the
distribution of the random field is continuous. Previous work was restricted to the case when the
random field takes only finitely many values, which allowed the reduction to a finite dimensional
problem using lumping techniques. Here we produce the first genuine sharp estimates in a
context where entropy is important.
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1 Introduction and main results

The simplest example of disordered mean field models is the random field Curie-Weiss model. Here
the state space is n ={—1,1}", where N is the number of particles of the system. Its Hamiltonian

IS
2
N (1
Hy[w](0) == (NZoi) - hi[w]a;, (1.1)
i A i A

where A={1,...,N}and h;, i A, arei.i.d. random variables on some probability space (Q, , L)
For sake of convenience, we will assume throughout this paper that the common distribution of h
has bounded support and that it is in a general position in the sense of the assumption on distinct
eigenvalues as stated in Lemma|3.2 below.

The dynamics of this model has been studied before: dai Pra and den Hollander studied the short-
time dynamics using large deviation results and obtained the analog of the McKeane-Vlasov equa-
tions [11]. The dynamics of the metastability for the mean field Curie-Weiss model, without ran-
dom fields, was studied already by Cassandro et al. in 1984 [13]. Later, Mathieu and Picco [19]
and Fontes, Mathieu, and Picco [15], considered convergence to equilibrium in the case where the
random field takes only the two values = [_Finally, Bovier et al. [6] analyzed this model in the case
when h takes finitely many values, as an example of the use of the potential theoretic approach to
metastability. In this article we extend this analysis to the case of random fields with continuous
distributions, while at the same time improving the results by giving sharp estimates of transition
times between metastable states.

The present paper should be seen, beyond the interest presented by the model as such, as a first
case study in the attempt to derive precise asymptotics of metastable characteristics in kinetic Ising
models in situations where neither the temperature tends to zero nor an exact reduction to low-
dimensional models is possible. As a result one has to control a genuine microscopic evolution in
terms of the geometry of macroscopic and/or mesoscopic landscapes. In particular, hitting times
of individual microscopic configurations become irrelevant - they live on larger exponential scales.
Instead one has to study hitting times of mesoscopic neighborhoods of (mesoscopic) critical points.
But this renders useless all the methods which are directly based on the Markovian renewal structure
of the microscopic dynamics, and, consequently alternative techniques should be devised. In the
sequel we shall refer to the above discussion as to the problem of large entropy of microscopic
states. Finding ways to cope with such large entropy is the principal challenge we try to address in
this paper. While the RFCW model is certainly one of the simplest examples of this class, we feel
that the general methodology developed here will be useful in a much wider class of systems.

1.1 Gibbs measure and order parameter. The static picture

The equilibrium statistical mechanics of the RFCW model was analyzed in detail in [1] and [16].
We give a very brief review of some key features that will be useful later. As usual, we define the
Gibbs measure of the model as the random probability measure

N g=BHy [](0)
Zg n[w]

g [0](0) = , (1.2)
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where the partition function is defined as

Zgn[0] = [ga PHni@l© = >=N Z e~ BHN[w](0) (1.3)

GSN

We define the total magnetization as
(0)== > (1.4)
my(o)=— ) o;. .
N N _ i

The magnetization will be the order parameter of the model, and we define its distribution under
the Gibbs measures as the induced measure,

BN = Hpn oMy’ (1.5)
on the set of possible values 'y = {—1,—1+2/N,...,1}.
Let us begin by writing

NB

Zgn[w] g n[w](m)=exp (Tmz) Zg y [02](m) (1.6)

where
Zg  [0](m) = Co@xp (Bzhioi) vty o=m) = [231{;\1—12 AGi=m}- )
i A
For simplicity we will in the sequel identify functions defined on the discrete set Iy with func-

tions defined on [—1,1] by setting f(m) = f([2Nm]/2N). Then, for m (—1,1), Z,ﬁ (m) can be
expressed, using sharp large deviation estimates (see e.g. (1.2.27) in [12]), as

exp (=N Iy[w](m))

/1 [w](m)

where o(1) goes to zero as N 1 co. This means that we can express the right-hand side in (1.6) as

Zg  [0](m) = (1+0(1)), (1.8)

Zon[w] g Lw]l(m) =1/ 2 oxp (—NBFg  [w](M)) (1 +0(1)). (1.9)
where
1,01
Fpn [e0](m) = —Zm +EIN[w](m)- (1.10)

Here I [w](y) is the Legendre-Fenchel transform of the log-moment generating function

1
Nln [T éxp (tgoi) (1.12)

= %Z\:Incosh (t+Bh;).

Uy [w](1)
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Above we have indicated the random nature of all functions that appear by making their dependence
on the random parameter w explicit. To simplify notation, in the sequel this dependence will mostly
be dropped.

We are interested in the behavior of this function near critical points of Fgy. An important
consequence of Equations (1.6) through (1.11) is that if m is a critical point of Fg \, then for
|V| < N—l/2+5

% = exp (—BTNa(m )vz) (1+0(1)), (1.12)
with
a(m ) =Fg (M )=—1+B7 I (m). (1.13)
Now, if m is a critical point of Fg \ , then
m =B (m)=p""t, (1.14)
or
Bm =1 y(m)=t. (1.15)

Since Iy is the Legendre-Fenchel transform of Uy, I (x) = UN_l(x), so that

1
m =Uy(Bm )= NZtanh(B(m +h;))). (1.16)
i A
Finally, using that at a critical point, 1, {m ) = U;ét) we get the alternative expression
, ..
(m) 1+ ! 1+ ! (1.17)
am)=—1+—--—-—-=-— : :
BU(Bm) By a(1—tanh?@B(m +hy)))

We see that, by the law of large numbers, the set of critical points converges, [,=hlmost surely, to
the set of solutions of the equation

m = Lfanh (B (m +h)), (1.18)
and the second derivative of Fg (m ) converges to
lim F, ((Mm)=—-1+ ! (1.19)
im m)=-— . .
N=oo PN B Lwlil —tanh?(B(m +h)))
Thus, m is a local minimum if
B [{i1—tanh®(B(m +h))) <1, (1.20)
and a local maximum if
B [ i1 —tanh®*(B(m +h))) > 1. (1.21)

(The cases where 3 I;Ql —tanh?(B(m + h))) = 1 correspond to second order phase transitions
and will not be considered here).

Collecting all these observations, we get the following:

1544



Proposition 1.1. Let m be a critical point of g \. Then, [y-Almost surely,
exp (=BNFg (M )) (1 +0(1))

\/% (1 —tanh®(B(m + h)))‘

(m )
2

Zgn pn(m)= (1.22)

with

Fan(m )= —BiNchosh (B(m +hy)). (1.23)
i A

From this discussion we get a very precise picture of the distribution of the order parameter.

1.2 Glauber dynamics

We will consider for definiteness discrete time Glauber dynamics with Metropolis transition proba-
bilities

1
pn[w](o,0) = N &P (=BI[Hn[w](o ) — Hy[w](0)]4 ), (1.24)
if o and o differ on a single coordinate,
1
pn[w](0,0) =1~ Z N &XP (—B[Hn[w](o ) — Hy[w](0)]4), (1.25)

and py(o,0) = 0 in all other cases. We will denote the Markov chain corresponding to these
transition probabilities o(t) and write [ Jlw] = L Ifor the law of this chain with initial distribution
v, and we will set [gl= [5]. As is well known, this chain is ergodic and reversible with respect
to the Gibbs measure pg y[w], for each w. Note that we might also study chains with different
transition probabilities that are reversible with respect to the same measures. Details of our results
will depend on this choice. The transition matrix associated with these transition probabilities will
be called Py, and we will denote by Ly = Py — 1 the (discrete) generator of the chain.

Our main result will be sharp estimates for mean hitting times between minima of the function
Fg,n (M) defined in (1.10).
More precisely, for any subset A Sy, we define the stopping time

T, =inf{t > 0|o(t) A} (1.26)
We also need to define, for any two subsets A,B Sy, the probability measure on A given by

Hgn (0) Lslts < TAl
o aMpN(0) GGITe < Tal’

VA,B(O-) = Z (127)

We will be mainly concerned with sets of configurations with given magnetization. For any | Iy,
we thus introduce the notation S[1]={oc Sy : my(o) I} and state the following:

Theorem 1.2. Assume that B and the distribution of the magnetic field are such that there exist more
than one local minimum of Fg . Let m be a local minimum of Fg , M = M(m ) be the set of minima

1545



of Fg n such that Fg (M) < Fg y(m ), and z be the minimax between m and M, i.e. the lower of the
highest maxima separating m from M to the left respectively right. Then, [,=hlmost surely,

Lo, yon Tsm1 = exp (BN [Fn (@) —Fgn(m)]) (1.28)

2nN | B L1 —tanh? (B(z +h))) -1

x = (1+0(1)),
BIvil'\ 1—B L,{i1—tanh® (B(m +h)))
where y; is the unique negative solution of the equation

1—tanh(B(z +h)))exp(—2B[z +h

( (BE +h))exp(=2B[z +hl.) | _ 1.29)
exp(~2B[z +hl.) _ 5
B (1+tanh(B(z +h))) Y
Note that we have the explicit representation for the random quantity
@) —(m)

Fen(@)—Fgn(m) = — (1.30)

BiNZ [Incosh (B(z +h;)) —Incosh (B(m +h;))].
i A

Remark. Note that the B - oo limit in (1.18) leads to the following limiting relation for critical
points,

m = h>-m)— th<-m) (1.31)

It is easy to construct distributions of h for which the above equation has a prescribed (odd ) number
of solutions. If h has a compact support (which does not contain %1 as its inf and sup) then the
number of solutions to obviously equals to the number of solutions to (1.31) for all B large
enough. In other words, the assumptions of our Theorem are naturally satisfied by a large family of
random fields.

Remark. Two obvious questions are: Does the conclusion of Theorem [1.2]still holds if we start the
dynamics not from Vg, 1.5pm7. bUt rather from an arbitrary microscopic point o S[m ]? Also is
there an exponential scaling law for the escape times? These issues are addressed in the forthcoming
[3]. The answer to the first question is “yes”, but so far for a specific choice of the dynamics. The
proof involves a coupling construction which is inspired by the recent paper [17]. Although we have
little doubt that the answer to the second question should be “yes” as well, for the moment there is
still a technical issue to settle.

The proof of Theorem|1.2 on mean transition times relies on the following result on capacities (for
a definition see Eqg. (2.5) in Section 2 below).

Theorem 1.3. With the same notation as in Theorem[1.2)we have that
BIval exp(—BNFgn())(1+0(1))
2MN - /B 01— tanh? (B(z +h))) —1

Zg ncap (S[m 1,S[M]) = (1.32)
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The proof of Theorem [1.3]is the core of the present paper. As usual, the proof of an upper bound
of the form (1.32) will be relatively easy. The main difficulty is to prove a corresponding lower
bound. The main contribution of this paper is to provide a method to prove such a lower bound in
a situation where the entropy of paths cannot be neglected.

Before discussing the methods of proof of these results, it will be interesting to compare this theorem
with the prediction of the simplest uncontrolled approximation.

The naive approximation. A widespread heuristic picture for metastable behavior of systems like
the RFCW model is based on replacing the full Markov chain on Sy by an effective Markov chain
on the order parameter, i.e. by a nearest neighbor random walk on "y with transition probabilities
that are reversible with respect to the induced measure, . The ensuing model can be solved
exactly. In the absence of a random magnetic field, this replacement is justified since the image of
o(t), m(t) = my(a(t)), is a Markov chain reversible w.rt. g \; unfortunately, this fact relies on
the perfect permutation symmetry of the Hamiltonian of the Curie-Weiss model and fails to hold in
the presence of random field.

A natural choice for the transition rates of the heuristic dynamics is

1
nlolmm)=s———— > gulwle) Y.  pylwlco), (1.33)

B.N [w](m) o:my (0)=m o :my(oc)=m

which are different from zero only if m = m=x2/N or if m = m. The ensuing Markov process
is a one-dimensional nearest neighbor random walk for which most quantities of interest can be
computed quite explicitly by elementary means (see e.g. [20;4]). In particular, it is easy to show
that for this dynamics,

IQs[m ],S[M]TS[M] = €exp (BN I:FB,N (z)- FB,N (m )])

2N | Blpfii—tanh® (B@z +h)) —1
Bla@)I'\| 1B G,fi1 —tanh? (B(m +h)))

where a(z ) is defined in (1.19).

The prediction of the naive approximation is slightly different from the exact answer, albeit only by
a wrong prefactor. One may of course consider this as a striking confirmation of the quality of the
naive approximation; from a different angle, this shows that a true understanding of the details of
the dynamics is only reached when the prefactors of the exponential rates are known (see [18] for
a discussion of this point).

(1+0(1)),

The picture above is in some sense generic for a much wider class of metastable systems: on a
heuristic level, one wants to think of the dynamics on metastable time scales to be well described by
a diffusion in a double (or multi) well potential. While this cannot be made rigorous, it should be
possible to find a family of mesoscopic variables with corresponding (discrete) diffusion dynamics
that asymptotically reproduce the metastable behavior of the true dynamics. The main message of
this paper is that such a picture can be made rigorous within the potential theoretic approach.

Acknowledgements. The authors thank Alexandre Gaudilliere, Frank den Hollander, and Cristian
Spitoni for useful discussions on metastability.
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2 Some basic concepts from potential theory

Our approach to the analysis of the dynamics introduced above will be based on the ideas developed
in [6; 7; 8] to analyze metastability through a systematic use of classical potential theory. Let us
recall the basic notions we will need. In the sequel we shall frequently use the short-hand notation
M= HMgN-
For two disjoint sets A,B Sy, the equilibrium potential, h, g, is the harmonic function, i.e. the
solution of the equation

(Lnhap)(0)=0, o A B, (2.1)

with boundary conditions
1, ifo A

) 2.2
0, ifo B (22)

hag(0) = {
The equilibrium measure is the function

eas(0) = —(Lyhag)(0) = (Lyhg a)(0), (2.3)

which clearly is non-vanishing only on A and B. An important formula is the discrete analog of the
first Green’s identity: Let D Sy and D® = Sy \ D. Then, for any function f, we have

= 2 WE)Py(@,0)11(0) ~ ()Y (2.4)
= —’CZE:)u(o)f (o)(Lyf) (o) — ZD: u(o)f(o)(Ly f)(o).
In particular, for f = h, 5, we get that )
%MZS H(0)Py (T, G Ya(0) — g (6 )T 25)

= u(0)exp(c) = cap(A,B),
o A

where the right-hand side is called the capacity of the capacitor A, B. The functional appearing on
the left-hand sides of these relations is called the Dirichlet form or energy, and denoted

1
() =3 Z n(o)py(0,0)[f(0) - f ()% (2.6)
0,0 Sy

As a consequence of the maximum principle, the function h, g is the unique minimizer of ®y with
boundary conditions (2.2), which implies the Dirichlet principle:

cap(A,B) = A inf @y (h), (2.7)

where 5 denotes the space of functions satisfying (2.2).
Equilibrium potential and equilibrium measure have an immediate

hag(o), ifo A B

ega(0), ifo B. (2.8)

Ita < Tl = {
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An important observation is that equilibrium potentials and equilibrium measures also determine
the Green’s function. In fact (see e.g. [7; 5]),

has(0) = D | Gs\a(0, 0 )eas(a) (2.9)
o A

In the case then A is a single point, this relation can be solved for the Green’s function to give

(O )hgs(0)

= 2.10
1(0)205(0) (2.10)

Gs\e(0,0)

This equation is perfect if the cardinality of the state space does not grow too fast. In our case,
however, it is of limited use since it is not possible to give precise enough estimates on the functions
ho,s(0 ) and eg ().

But (2.9) remains useful. In particular, it gives the following representation for mean hitting times

D M(0)ers(0) Loz = Y W(0 )hap(o), (2.12)
o A o Sy
or, using definition (1.27),
1
CdTe = oy D (o )Hhup(o). (2.12)
"o Sy

From these equations we see that our main task will be to obtain precise estimates on capacities and
some reasonably accurate estimates on equilibrium potentials. In previous applications [6; 7;!8; 10;
9], three main ideas were used to obtain such estimates:

(i) Upper bounds on capacities can be obtained using the Dirichlet variational principle with
judiciously chosen test functions.

(ii) Lower bounds were usually obtained using the monotonicity of capacities in the transition
probabilities (Raighley’s principle). In most applications, reduction of the network to a set of
parallel 1-dimensional chains was sufficient to get good bounds.

cap(x.A)
cap(x,B)

(iii) The simple renewal estimate h, g(x) <
through capacities again.

was used to bound the equilibrium potential

These methods were sufficient in previous applications essentially because entropy were not an issue
there. In the models at hand, entropy is important, and due to the absence of any symmetry, we
cannot use the trick to deal with entropy by a mapping of the model to a low-dimensional one, as
can be done in the standard Curie-Weiss model and in the RFCW model when the magnetic field
takes only finitely many values [19; 6].

Thus we will need to improve on these ideas. In particular, we will need a new approach to lower
bounds for capacities. This will be done by exploiting a dual variational representation of capacities
in terms of flows, due to Berman and Konsowa [2]. Indeed, one of the main messages of this paper
is to illustrate the power of this variational principle.
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Random path representation and lower bounds on capacities. It will be convenient to think of
the quantities p(o)py (o, 0 ) as conductances, c¢(o, o ), associated to the edges e = (0,0 ) of the
graph of allowed transitions of our dynamics. This interpretation is justified since, due to reversibil-
ity, c(o,0 ) =c¢(o ,0) is symmetric.

For purposes of the exposition, it will be useful to abstract from the specific model and to consider a
general finite connected graph, (S, ) such that whenever e = (a, b) , then also —e = (b, a)
Let this graph be endowed with a symmetric function, c: - [ Icalled conductance.

Given two disjoint subsets A,B S define the capacity,

1 :
cap(A,B) = > hlA:rglmlee:(;:) c(a, b) (h(b) — h(a))2 . (2.13)

Definition 2.1. Given two disjoint sets, A,B S, a non-negative, cycle free unit flow, f, from Ato B
isa function f : - [ 1 {0}, such that the following conditions are verified:
(i) if f(e) >0, then f(—e) =0;

(i) f satisfies Kirchoff’s law, i.e. for any vertexa S\ (A B),

D f(ba)=> f(ad); (2.14)
b d

(iii)

> f(aby=1=>> "f(ab); (2.15)
aA b a b B

(iv) any path, y, from A to B such that f (¢) > 0 for all e v, is self-avoiding.
We will denote the space of non-negative, cycle free unit flows from Ato B by L, gl.

An important example of a unit flow can be constructed from the equilibrium potential, h , i.e. the
uniqgue minimizer of (2.13). Since h satisfies, foranya S\ (A B),

D lc(a b)(h (b)—h (a)) =0, (2.16)

b

one verifies easily that the function, f , defined by

1
f (a, b) = WC(&I, b) (h (a) —h (b))+ ) (217)

is a non-negative unit flow from A to B. We will call f the harmonic flow.

The key observation is that any f  L,gl gives rise to a lower bound on the capacity cap(A, B), and
that this bound becomes sharp for the harmonic flow. To see this we construct from f a stopped
Markov chain [=I( Lg,J.., CJlas follows: For each a S\ B define F(a) =), f(a, b).

We define the initial distribution of our chain as [(a) = F(a), fora A, and zero otherwise. The
transition probabilities are given by
_f(a,b)

f
q (a,b)= m, (2.18)
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fora B, and the chain is stopped on arrival in B. Notice that by our choice of the initial distribution
and in view of (2.18) [will never visit sitesa S\ B with F(a) =0.

Thus, given a trajectory = (ag,aq,..-,a,) withag; A ,a, Banday S\(A B)for [F
0,...,r—1,
r—1 f(eli
_1ll=o
|j = )=—F——. (2.19)
=0 F (@

where e+ (agamm1) and we use the convention 0/0 = 0. Note that, with the above definitions, the
probability that [Cpasses through an edge e is

Cge D= 00 )l 3=1(). (2.20)

Consequently, we have a partition of unity,

0 )ig
Letey=0} = Z f(e){ — t } (2.21)

We are ready now to derive our f-induced lower bound: For every function h with h|, = 0 and
hlg = 1,

v

Z ce) ( .h)?

e:f(e)=0
_ c(e)
N ZZP—L@ )f(e) eh)z'

As a result, interchanging the minimum and the sum,

1
EZc(e)( .h)?

c(ap )
cap(A.B) = Z Z 0 ) h(ao) o ey )= 1Zf(a\z,aE1 (h(ag) ~h(a)”

_(aO 1111 ar
-1
f(e)
= > g )[Z C(e)} : (2.22)

Since for the equilibrium flow, f ,

5 fe) 1 (223
4 c(e) cap(AB)’ '

with CIprobability one, the bound (2.22) is sharp.
Thus we have proven the following result from [2]:

Proposition 2.2. Let A,B S. Then, with the notation introduced above,

-1
f
cap(A B) = fsu%| ﬁ_—{z %] (2.24)
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3 Coarse graining and the mesoscopic approximation

The problem of entropy forces us to investigate the model on a coarse grained scale. When the
random fields take only finitely many values, this can be done by an exact mapping to a low-
dimensional chain. Here this is not the case, but we can will construct a sequence of approximate
mappings that in the limit allow to extract the exact result.

3.1 Coarse graining

Let | denote the support of the distribution of the random fields. Let I5ywith [1 {1,...,n}, be a
partition of | such that, for some C < oo and for all []Ij=C/n= []

Each realization of the random field {h;[w]}; —#pduces a random partition of the set A ={1,...,N}
into subsets

AN[w]l={i A:hj[w] I} (3.1)
We may introduce n order parameters
1
mwlE) =5 > o (3.2)
i A[w]
We denote by m [w] the n-dimensional vector (mq[w], ..., m,[w]). In the sequel we will use the

convention that bold symbols denote n-dimensional vectors and their components, while the sum of
the components is denoted by the corresponding plain symbol, e.g. m = anl m = m takes values
in the set

M0l = >0 {—pnk[w]l, —pyilw] + 2, py [w] = 2, py k[w]}, (3.3)
where
|\ [o0]]
N
We will denote by e (= 1,...,n, the lattice vectors of the set 'y, i.e. the vectors of length 2/N
parallel to unit vectors.

Pk = pPnklw] = 3.4)

Note that the random variables py x concentrate exponentially (in N) around their mean values

CeAnk = LeIhi L] = pe

Notational warning: To simplify statements in the remainder of the paper, we will henceforth
assume that all statements involving random variables on (Q, , [)Ihold true with [,-brobability
one, for all but finitely many values of N.

We may write the Hamiltonian in the form

Hy [0](0) = —NE(m[w](0)) + Y > aihi[w], (35)
=i Ao
where E : [™1. [Islthe function

2
l n n _
E(x) =2 (Zxk) + hxy, (3.6)

k=1 k=1
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with

hes h;, and h;=h,—hg (3.7)
i
Note that if h; = ﬁzfor all i  Apwhich is the case when h takes only finitely many values and the

partition 1 s chosen suitably, then the Glauber dynamics under the family of functions m s again
Markovian. This fact was exploited in [19; 6]. Here we will consider the case where this is not the
case. However, the idea behind our approach is to exploit that by choosing n large we can get to a
situation that is rather close to that one.

Let us define the equilibrium distribution of the variables m[o]

sn[w](X) = pgn[w]l(M[w](0) =X) o
1 e
= meBNE(X) @{m[m](o)zx}ezglzl ALS (hi—ho)

where Zy [w] is the normalizing partition function. Note that with some abuse of notation, we
will use the same symbols gy, Fgn as in Section 1 for functions defined on the n-dimensional
variables x. Since we distinguish the vectors from the scalars by use of bold type, there should
be no confusion possible. Similarly, for a mesoscopic subset A I'{ [w], we define its microscopic
counterpart,

A= \[Al={oc  : m(o) A}. (3.9

3.2 The landscape near critical points.

We now turn to the precise computation of the behavior of the measures g y [w](X) in the neigh-
borhood of the critical points of Fg \ [w](X). We will see that this goes very much along the lines of
the analysis in the one-dimensional case in Section 1.

Let us begin by writing

1
Zgn[w] pnlw](x)=exp | NP E(ZX% +meg ]_[z [wl(x#p)  (3.10)

where

l:l = ~_ . =
ZBvN [w](y) = I;lmexp B IZA: hio;i ]l{V\Eh_lZi /\Doi=Y} - Eg%lm]l“/\:h_lZi /\E,Ci=Y}' (3.11)
Fory (—1,1), these ZNDcan be expressed, using sharp large deviation estimates [12], as
—IAHN, ](Y)
Z5 w](y) = e (Wi ) oy, (3.12)

V2N B0l (Y)

where o(1) goes to zero as [\t co. Note that as in the one-dimensional case, we identify functions
on 'y with their natural extensions to ["1This means that we can express the right-hand side in
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(3.10) as

Zg n[] B,N[w](x)zl_[ ('”'iw]h,(:[ipﬁ/pa exp (—=NBFg N [w](X)) (1 +0(1)), (3.13)
=1
where )
n _ 1 n
Fon[0] () =—3 (Zx —lef!dEZpdN,cEw](XépDﬁ (3.14)
=1 =1

Here Iy fw](y) is the Legendre-Fenchel transform of the log-moment generating function,

Un 0l (t) —In [‘;j exp [t o (3.15)

I/\dj 7
= |/\[|]Z Incosh (t +Bh; )

We again analyze our functions near critical points, z , of Fg \. Equations (3.10)-(3.15) imply: if z

is a critical point, then, for v < N7™1/2%9
z +Vv N
% = exp (—%(v, E@)v)) (1+0(1)), (3.16)
with
0%Fgn(z) 1 -
(E(J_—'))km_-m:—l"'fsk,[@ PN EAPH= —1+0mAm (3.17)

Now, if z is a critical point of Fg \ ,

n
Dz, +heF By 2 e =By, (3.18)
=1
. n
or, with z =Zj=lzm B
B(z +hg =y @ZAhP)=tr (3.19)
By standard properties of Legendre-Fenchel transforms, we have that INJ&X) = UN_,gx), so that
zpcF Uy (P +hp = Z tanh(B(z +h;))). (3.20)
| /\I:l

Summing over [ e see that z must satisfy the equation
1
7 = NZtanh([z(z +hy)), (3.21)
i A

which nicely does not depend on our choice of the coarse graining (and hence on n).
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1

Uy, it oy’

Finally, using that at a critical point INy&zépﬁ, =

random numbers Xd)n the right hand side of
_ 1 _ 1

= Bpddy B +hp) - %Zi a(1—tanh*(B(z +hi))).

The determinant of the matrix [(z1) has a simple expression of the form
n 1 n .
1-> = A 3.23
( ; 5 ];! o (3.23)
B s
(1 -N > (1-tann?(Bz + hi)))) [ Ao
i A =1

(1-B f1—tanh?@ +h))) [ [Ac1+0@)),
=1

we get the explicit expression for the

>

(3.22)

det ([(21))

where o(1) | 0, a.s., as N 1 co. Combining these observations, we arrive at the following proposition.

Proposition 3.1. Let z be a critical point of g . Then z is given by (3.20) where z is a solution
of (3.21). Moreover,

| det(L(z1))|

\/(g_g)n ’B L1 —tanh®@(z +h))) - 1’

x exp| BN —ﬂ+izmcosh(ﬁ(z +h;)) | | (1+0(1))
p 2 BN i -

Proof. We only need to examine (3.13) at a critical point z . The equation for the prefactor follows
by combining (3.12) with (3.23). As for the exponential term, Fg \, notice that by convex duality

I, 2 4PD= tZ AP T Uyt )= B(z +hpz fprr Un Bz +hp)). (3.25)
Hence equals

Zgn pn(Z) (3.24)

1 L, 1 — —
—5 (2 )2—§Z£D+E§[p[§(z +hpz T P, (B +hp) ]
1 I - - 1
=—3 (z )2—; z T2 zD—th+B—NiZ\:EIIncosh (B +hy))
:%(z )Z—BiN;mcosh (B +hy)). (3.26)

O

Remark. The form given in Proposition[3.1]is highly suitable for our purposes as the dependence on
n appears only in the denominator of the prefactor. We will see that this is just what we need to
get a formula for capacities that is independent of the choice of the partition of | and has a limit as
n1too.
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Eigenvalues of the Hessian. We now describe the eigenvalues of the Hessian matrix [(zZ1).

Lemma 3.2. Let z be a solution of the equation (3.21). Assume in addition that the distribution of
magnetic fields is in a general position in the sense that all numbers A, (see (3.22)) are [=h.s. distinct
. Then y is an eigenvalue of [{z1) if and only if it is a solution of the equation

S 1 1 . (3.27)
SRS e (ei o)) Y

Moreover, (3.27) has at most one negative solution, and it has such a negative solution if and only if

B N
N; (1—tanh? (B (z +h))) >1. (3.28)

Remark. To analyze the case when some Xk coincide is also not difficult. See Lemma 7.2 of [6].

Proof. Due to the particular form of the matrix [, we get thatu = (uy,...,u,) [™iban eigenvector
of [with eigenvalue vy if

n
> urt Re—y)ug =0, k=1,...n. (3.29)
=1

From the assumption that all f\k take distinct values, it is easy to check that the set of equations
(3.29) has no non-trivial solution for y = A,.

Since none of the f\k =, to find the eigenvalues of [k just replace ka by f\k — vy in the first line
of (3.23). This gives

n

1 LN
det (I(z1) —y)) = (1_2:@) [ [Rerw. (3.30)
=1

=1

Equation (3.27) is then just the demand that the first factor on the right of (3.30) vanishes. It is
easy to see that, under the hypothesis of the lemma, this equation has n solutions, and that exactly
one of them is negative under the hypothesis (3.28). O

Topology of the landscape. From the analysis of the critical points of Fg \ it follows that the
landscape of this function is in correspondence with the one-dimensional landscape described in
Section 1 (see also Figure 1.). We collect the following features:

(i) Letm; <z, <m, <z, <---<z <m,, bethe sequence of minima resp. maxima of the
one-dimensional function Fg \ defined in (1.10). Then to each minimum, m;, corresponds a
minimum, m; of Fg y, such that I m; = m;, and to each maximum, z;, corresponds a

saddle point, z; of Fg y, such that I Z, (7%

(if) For any value m of the total magnetization, the function Fg \ (x) takes its relative minimum
on the set {y : Y.y + m} at the point X~ [™determined (coordinate-wise) by the equation

i@):%Ztanh (B (m+a+h)), (3.31)
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Figure 1: Correspondence between one and n-dimensional landscapes

where a = a(m) is recovered from
1
m:NZtanh (B(m+a+hy)). (3.32)
i A

Moreover, taking into account that the cardinality of {y : >.y -+ m} is O (N"), we infer,
Fen(m) = Fg n(X) < Fg n(m) +O(NINN/N). (3.33)

Remark. Note that the minimal energy curves X(-) defined by pass through the minima and
saddle points, but are in general not the integral curves of the gradient flow connecting them. Note
also that since we assume that random fields {h;(w)} have bounded support, for every & > 0 there
exist two universal constants 0 < ¢; < ¢, < oo, such that

dX {m)
dm

GPcFE =CPm (3.34)

uniformlyinN,m [—-1+9d,1—d&]andin [(ZF1,...,n.

4 Upper bounds on capacities

This and the next section are devoted to proving Theorem [1.3. In this section we derive upper
bounds on capacities between two local minima. The procedure to obtain these bounds has two
steps. First, we show that using test functions that only depend on the block variables m(o), we
can always get upper bounds in terms of a finite dimensional Dirichlet form. Second, we produce a
good test function for this Dirichlet form.

4.1 First blocking.

Let us consider two sets, A, B N that are defined in terms of block variables m. This means that
forsome A,B 'y, A= \[Aland B = ([B]. Later we will be interested in pre-images of two
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minima of the function Fg \. We get the obvious upper bound

1

cap(A.B) = h"‘fwiccz b n [@](0)p(0, ) [h(a) —h(o)]?

1
< inf 5002 Hp n [01(0)p(0, 0 ) [u(m(a)) — u(m(c ))]?

u
N

= inf >0 [ueo—ue)]® Y mpalel©@ ) po.o)

U ap

x,x Iy o nIx]1 o nIx1]
= inf > @l (x,x ) [u(x) —u(x )]?
AB X N
= [apf (A B). (4.1)
with 1
OO = T ZN[X] ool ZN[X]p(o,o). 4.2)
Here
as={h:Sy -~ [0,1]: o Ah(c)=1, o B,h(c)=0} (4.3)
and
ap={u:ly - [0,1]: x A u(x)=1, x B, u(x)=0} (4.4)

4.2 Sharp upper bounds for saddle point crossings

Let now z be a saddle point, i.e. a critical point of g \ such that the matrix [(z]) has exactly one
negative eigenvalue and that all its other eigenvalues are strictly positive. Let A, B be two disjoint
neighborhoods of minima of Fg \ that are connected through z , i.e. A and B are strictly contained
in two different connected components of the level set {x : Fg y(X) < Fg n(z )}, and there exists a
path y from A to B such that max,  Fg n(X) =Fgn(Z ).

To estimate such capacities it suffices to compute the capacity of some small set near the saddle
point (see e.g. [4] or [8] for an explanation). For a given (small) constant p = p(N) 1, we
define

Dy(P)={x TIy:lzgxth=sp, 1=[Zn}, (4.5)

In this section we will later choose p = C+/InN/N, with C < co. Dy(p) is the hypercube in '}
centered in z with sidelenght 2p. For a fixed vector, v '}y, consider three disjoint subsets,

Wo = {x Ty:lv.(x=z))|<p}
W, = {x Iy:(v.(x—z))=-p}
W, = {x Iy:(v,(x—z))=p} (4.6)

We will compute the capacity of the Dirichlet form restricted to the set Dy (p) with boundary con-
ditions zero and one, respectively, on the sets W; n Dy(p) and W, n Dy (p). This will be done by
exhibiting an approximately harmonic function with these boundary conditions. Before doing this,
it will however be useful to slightly simplify the Dirichlet form we have to work with.
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Cleaning of the Dirichlet form. One problem we are faced with in our setting is that the transition
rates ry (X, x ) are given in a somewhat unpleasant form. At the same time it would be nicer to be
able to replace the measure g\ by the approximation given in (3.16). That we are allowed to do
this follows from the simple assertion below, that is an immediate consequence of the positivity of
the terms in the Dirichlet form, and of the Dirichlet principle.

Lemma 4.1. Let ®y,®y be two Dirichlet forms defined on the same space, I", corresponding to the
measure  and transition rates r, respectively  and 7. Assume that, for all x,x T,

(x) r(x,x)
‘ N(X)—l‘sé, , ?(X’X)—l'sé. 4.7
Then for any sets A, B
(1-38)?°< w =1-93)2 (4.8)
Capl, (A, B)
Proof. Note that [apf (A,B) =inf, , ®y(u)=®y(u ), and
Tapl (A, B)=inf, ,, ®y(u)=®y(T). But clearly
1 ~ (x)_ r(x,x))
oyu) = 3 x,er (x) 0 F(X, X )W (u (xX)—u (x)) (4.9)
= %XXZF ()@ =B)F(x,x )L =8) (u (x)—u (x))
> (1-258)2 ) in:B % XXZF TOOT(X, x ) (u(x) —u(x ))
= (1-3)2Tap| (A B).
By the same token,
Oy(u) = (1—3)%Lapf (A B). (4.10)
The claimed relation follows. O

To make use of this observation, we need to define suitable modified measure and rates, in order to
control the rates ry(x, x ) and the measure g y(X). Let us define the modified measure

~ N
sn(X) = pn(Z )exp (—%((X —z), @) (x—z )))- (4.11)

Making a second-order Taylor expansion of the exponent of g \(x), Fg n(X), around z , and from
the definition (4.11) of ~B,N(x), we get that for all x Dy (p) and for some K < oo it holds

pn(X)

= 1
g.N(X)

< KNn®p3, (4.12)

which follows easily from a rough estimate of the error term in the Taylor expansion of Fg  (X).
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For that concerns the rates, we first define, for o N

Ne@)={i A : o(i)==1}. (4.13)
Forall x Iy, we then have
mox+ed = pn0) Y ppnlwl©@) Y p(o.o’) (4.14)
o wix i AZ(o)
. 1 28 [m(o)—+hi]
= N0 D Hpalwl) Y e N
o i i AZ(o)

Notice that for all o n(X), IN{O)| is a constant just depending on x. Using that h; = F]:,i—ﬁi,
with ﬁi [— CIJ) we get the bounds

a0, x +ey= Llg=28Ime)+hdd, (1 1 o(1y). (4.15)

It follows easily that, for all x Dy (p),

rn(X, X +epy

1| < cB (= np), 4.16

T B(#np) (4.16)

for some finite constant ¢ > 0.

With this in mind, we let T(x,x +ehy=ry(z ,z +epi=rand 1(x +epx) = rlj% be the
B.N

modified rates of a dynamics on Dy (p) reversible w.r.t. the measure g \(X), and let Ly denote the

correspondent generator.

For u A, We write the corresponding Dirichlet form as

n
Op (W= pn(z) Z Z reg PNO2).IEDO=2)) (y(x) —u(x +e)°. (4.17)
x Du(p) =1

4.3 Approximated harmonic functions for 5DN

We will now describe a function that we will show to be almost harmonic with respect to the Dirichlet
form ®p . Define the matrix [(zl ) = [wlith elements

Ced= Toh@) Tk (4.18)

Let M i=1,...,n be the normalized eigenvectors of [, and ¥; be the corresponding eigenvalues.
We denote by ¥, the unique negative eigenvalue of [_dnd characterize it in the following lemma.

Lemma 4.2. Let z be a solution of the equation (3.21) and assume in addition that

%Z (1 — tanh? B(z + hi))) >1. (4.19)

i=1
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Then, z defined through (3.20) is a saddle point and the unique negative eigenvalue of [(Zl) is the
unique negative solution, ¥, = ¥,(N, n), of the equation

X a1 tanh(B@ +hy)))exp(—2B [z +hd),) ~

= 1. 4.20
=r - 2 afi-tann(B(z +h)exp(-28[z +hd}.,) oy (4.20)
P acl—tanh® Bz +h)))
Moreover, we have that
lim lim y;(N,n) =y, (4.21)
ntoo Ntoo
where y; is the unique negative solution of the equation
1—tanh(B(z +h)))exp(—2B [z +h
( (B +h))exp(=2B [z +hly) | _ (4.22)

exp(=2B[z +h].)
B(1+tanh(B@z +N))) 2y

Proof. The particular form of the matrix [allows to obtain a simple characterization of all eigen-
values and eigenvectors. Explicitly, any eigenvector u = (uq,...,u,) of [wlith eigenvalue y, should
satisfy the set of equations

n
- TRUcF (A —Y)ue=0, k=1,..,n. (4.23)
=1

Assume for simplicity that all rkf\k take distinct values (see [6], Lemma 7.2 for the general case).
Then the above set of equations has no non-trivial solution for y = r Ay, and we can assume that
S ToacF 0. Thus, i
T T
= D2z T (4.24)
NA —Y

Multiplying by T, and summing over k, u, is a solution if and only if y satisfies the equation

n rk

—— =1 (4.25)
=1 A~y
Using (4.15) and noticing that % = %(pk —2,), we get
Mg = %(Pk—zk)eXp (—ZB [m(0)+ﬁk]+) @ +o(oy. (4.26)

Inserting the expressions for z, /p, and f\k given by (3.20) and (3.22) into (4.26) and substituting
the result into (4.25), we recover (4.20).
Since the left-hand side of (4.25) is monotone decreasing in y as long as y = 0, it follows that

there can be at most one negative solution of this equation, and such a solution exists if and only if
left-hand side is larger than 1 for y = 0. The claimed convergence property (4.21) follows easily. [
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We continue our construction defining the vectors v by

v =907 ¥, (4.27)
and the vectors V(") by
v = g0 o O (4.28)
o= Vo ' e '

We will single out the vectors v = v and V = v, The important facts about these vectors is that
o =g,v®, (4.29)

and that _ _
(v(l), vy = Sij- (4.30)

This implies the following non-orthogonal decomposition of the quadratic form [ 1
n
(v, 5= D iy, vO)(x,vD). (4.31)
i=1

A consequence of the computation in the proof of Lemma/4.2, on which we shall rely in the sequel,
is the following:

Lemma 4.3. There exists a positive constant & > 0 such that independently of n,

6smkinv|(Sml?kaS%. (4.32)
Proof. Due to our explicit computations,
-1
N = % (1 - i) Bi > (1-tanh? (B +h)))| el ., (4.33)
Pk N R

Recall that random fields h; have bounded support and that y; in (4.65) satisfies y;  (—o0,0).
Consequently, in view of (3.20), the relation (4.33) implies that the quantities @, = r A —y1(N, n)
are bounded away from zero and infinity, uniformly in N, nand k = 1,...,n. Since by (4.27) and

(4.24) the entries of v are given by
1 -1/2
o
V= — — , (4.34)
=z

the assertion of the lemma follows. O
Finally, define the function f : 3 by

fa e~ BNIT1IU?72 4
[Z eBNImler2gy

—~ a
- _BNWl'f e-BNITLIR/2g,,

f (a)

(4.35)

2n

—O00
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We claim that the function
g(x) = f((v,x)) (4.36)
is the desired approximated harmonic function.

The reason behind such a choice of the test function g should be very clear: A formal continuum
limit for the Euler equation for (4.17) gives,

E o
Z:’r%ﬁclg()()_;mrlﬁk'lﬁkﬁmg()()_o. (437)

If one tries to find a vector v which would give rise to a solution of the form g(x) = f((v, x)),
then, in order to have things in a closed form one readily arrives to the following eigenvalue-type
constraint on v: There exists y, such that

VKIVZAk’m[ﬂE k=1,...,n. (4.38)
[

Which means that one has to look among v-s of the form (4.27). The choice of the negative eigen-
value just traces the natural geometry of the saddle point on a rout from one minimum to another.

Back to our problem: In order to verify that g in (4.36) is the required approximated harmonic
function, notice first that g(x) = o(1) for all x Wy n Dy(p), while g(x) = 1 —o(21) for all x
W, n Dy (p)- Moreover, the following holds:

Lemma 4.4. Let g be defined in (4.36). Then, for all x Dy (p), there exists a constant ¢ < oo such

that
T BIY.l —BNI[71l(x,v)?/2 y 2
(LNg) X)) = ﬁe : Zr,jj cp-. (4.39)
n =1

Remark. The point of the estimate (4.39) is that it is by a factor p? smaller than what we would get
for an arbitrary choice of the parameters v and y;. We will actually use this estimate in the proof of
the lower bound.

Proof. To simplify the notation we will assume throughout the proof that coordinates are chosen
such that z = 0. We also set [ =l [{zl). Using the detailed balance condition, we get

Tan(x—ed TN (X —e@r

r(x,x —eph= NB,N(X) r(x —epx) = NB,N(X)

- (4.40)

Moreover, from the definition of NB'N and using that we are near a critical point, we have that

Tan(X—ep)
Tan(X)

exp (— B[ (x, B - ((x —ey [¥—e)] ) (4.41)
exp (—%N(emli)) (1+o(N7Y)).
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From (4.40) and (4.41), the generator can be written as
n
(Tng) ) = D refa(x +ed—g(x) (4.42)
=1

BN g(x)—g(x —epy _
x (1—exp (—T(emli)) T T ed— 900 (1+O(N 1))) :

Now we use the explicit form of g to obtain

g(x +eh—g(x) = f((x,v)+VvAN)—f((x,v) (4.43)
f (X, V)IVAN +VENT2E (x,v)/2+VINT3f ((R,V))/6
BVl

Zn_Ne—Bvall(x,v)z/z (1—v[§|\71|(x,v)/2+0 (pz))_

In particular, we get from here that

g(x) —g(x —epy
g(x +epy—g(x)

= exp (=BNI71l [(x —erv)® = (x,v)*] 72) (4.44)
1= VBRI, v) - viINI/2+0 (p?)
1—-vBIVl(x,v)/2+0 (p?)
vZRI19.1/2N +0 (p?) )
1—vBIf:I(x,v) +0 (p?)
exp (=BI¥1Iv . v)) (1+0(p%)
Let us now insert these equations into (4.42):

exp (—BIValvx, v)) (1 +

o n
(tNg) (X) = %E_BNWH(X,V)Z/Z; rlﬂlil_v[E|V1|(va)/2+o (pZ)) )

< (1—exp {~E DI~ BIalveex, )} (1+0(0D)).  (445)
Now
1-exp (=& (eaBD — BITalvetx, V) (1+0(p)
= BX (e nDO+BIV1Iv cx, v) +O(p?). (4.46)

Using this fact, and collecting the leading order terms, we get

T BlV].I — g 2
(LNg) (X) = me BNIY1[(x,v)=/2

xirﬁi[(%q(em@ﬂﬂ?lw@(,v)) +O(p2)] . (4.47)
=1

Thus we will have proved the lemma provided that
n
D ri Y (emEI—91vetx, v)) = 0. (4.48)
=1
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But note that from (4.31), and recalling that e —¢lenotes the lattice vector with length 2/N, we get
n
Y (emX)—91vx,v) = Zvjvg(x,vm). (4.49)
j=2
Hence, using that by (4.28) r—= V —and that by (4.30) V is orthogonal to v with j = 2, (4.48)

follows and the lemma is proven. O

Having established that g is a good approximation of the equilibrium potential in a neighborhood
of z , we can now use it to compute a good upper bound for the capacity. Fix now p = C+/InN/N.

Proposition 4.5. With the notation introduced above and for every n [, We get

n/2 n
cap(A, B) < B,N(z)BlylI 2[3 /I“ 1+O(IZII-\/(InN)3/N)) (4.50)

21N

Proof. The upper bound on cap(A, B) is inherited from the upper bound on the mesoscopic capacity
[apf, (A, B). As for the latter, we first estimate the energy of the mesoscopic neighborhood Dy =
Dy(p) of the saddle point z . By Lemma 4.1} this can be controlled in terms of the modified
Dirichlet form ‘5DN in (4.17). Thus, let g the function defined in and choose coordinates such
thatz =0. Then

Tn(0) D D e PN B2 fg(x +e)—g(x))® (4.51)

X Dy =1
B|V1| —BN[F1I0GV)2 a—BN (X, /2 D2
(05 D e PTG BN B2 Y Triy?
B =1

x (l—v[§|\71|(x,v)+0 (N"tInN))?

B (0 )[3|V1| Z e—BN|\71|(x,v)ze—BN((x,lI)l)/2 (1+O (\/In N/N)) .

Dn

®p (9)

Here we used that ) fy2 = > 2= 1. It remains to compute the sum over x. By a standard

approximation of the sum by an mtegral we get

1565



D7 e PNl BN (G, DO/ (4.52)

X Dy

= (;) Jd”xe_BNWl'(X"’)ze_BN((X"15')/2 (1+0(/InN/N))

_ (g)n (l—[ r—%Jdnye—BNw(y.V)ze—sN«y,m)/z (1+0(v/InN7N))
=1

_ (g) (l_[ r—%Jdnye—BNZ?::LW]KV(D,V)Z/Z (1+0( /mN/N))
=1

_ N)“(” _%(211)“ 1

. e [ (i 1+0(+/INN/N)

(2 Q BN [T, 19; |( )

ggj ]_[\/ih 1+O(\/InN/N))

Inserting (4 into (4.51) we see that the left-hand side of (4.51) is equal to the right-hand side
of (4.50) up to error terms.

It remains to show that the contributions from the sum outside Dy in the Dirichlet form do not
contribute significantly to the capacity. To do this, we define a global test function g given by

0, X W
gx) = 1, X W, (4.53)
g(X), X WO

Clearly, the only non-zero contributions to the Dirichlet form ®y (g) come from Wo =W, W,
where @ W, denotes the boundary of Wj. Let us thus consider the sets W)" = Wy n Dy and W' =
Wy n Dy, (see Figure 2.).

We denote by tD” .»(@) the Dirichlet form of g restricted to W'” and to the part of its boundary

contained in Dy, i.e. to W0 n Dy, and by CDWout(g) the Dirichlet form of § restricted to W . With
this notation, we have

O (@) = Py (@) + (@ (4.54)

B @ (1+0(viInN/N)) + O (8)
(CDUVm(g) - (CDUVm(g) B! m(g))) (2+0(ViInN/N) ) + 02 @).

The first term in (4.54) satisfies trivially the bound

®0,(9) = &,.,(9) =¥, (0), (4.55)
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Figure 2: Domains for the construction of the test function in the upper bound

where D, = Dy(p ) is defined as in (4.55) but with constant p = C 4/InN/N such that D
Wc;”. Performing the same computations as in (4.51) and (4.52) it is easy to show that 5DN () =

5DN (9)(1 +0(1)), and then from (4.54) it follows that
Bhyn(9) = Bo, (9)(L —0(1)). (4.56)

Consider now the second term in (4.54). Since g = g on W,, we get

n

5UVSn(9) - 5&,{;”(@') = Z Z N(x)rz[(g(x +e))— g(x))Z _ g(x)zJ
X 9Wy"nWy =1

+ > > Teor (g +ed— 9(x))2 - (1 - 9(x))?]. (4.57)

x aw"nw, 31

where we also used that the function § has boundary conditions zero and one respectively on W;
and W,. By symmetry, let us just consider the first sum in the r.h.s. of (4.57). For x = dW;" n W, it

holds that (x,v) <= —p =—C+/InN/N, and hence

1 .
g(x)2 = g PNITIP® (4.58)

V2rBlgiic NN
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Using this bound together with inequality (4.43) to control (g(x +e)— g(x))z, we get

> 2, ord (st +en—g(x))* g (x)’]

x aW/"nw, =1

SME—BNI%IPZ Z ~(x)(1+ CN_)

21N -
x W, W, InN

~ BIVil _gnjg, e Z _
B’N( )2T[N -
X AWM W,

W) (4.59)

for some constant ¢ independent on N. The sum over x GWc;” n W; in the last term can then

be computed as in (4.52). However, in this case the integration runs over the (n — 1)-dimensional
hyperplane orthogonal to v and thus we have

N n—1
Z e BN((x. /2 — (E) Jdn—lxe—BN((x,m)/Z

X OWI"nW;
NN
(E) [ = Jdn—lye—BN((y,m)/z
=2
n

(ﬁ)n_ (l_[ r_% e_BNleZ/ZJd”‘lye_BN(2?=2\71(V“)'V)2’2)
2

[=2
n—1
TN\ 2 n rm ~ 2
— —BNy.p“/2
= — —e ) (4.60)
(ZB) l;! v

Inserting (4.60) in (4.59), and comparing the result with &3DN(g), we get that the I.h.s of (4.59) is
bounded as

1
1

IA

N NG 12 o~ e~
(HcW) Ne PNITIP*/25, (g) = o(NT¥)p, (9), (4.61)

with K = w which is positive if C is large enough. A similar bound can be obtained for the
second sum in (4.57), so that we finally get

By (9 — &33@1(5)‘ =< o(N")@p, (9). (4.62)

wout (§)- But it is easy to realize that this is negligible
0

with respect to the leading term. Indeed, since for all x  Df; it holds that Fen(X) = Fgn(z )+
K InN/N, for some positive K < co depending on C, we get

The last term to analyze is the Dirichlet form ®

O (9) < zghe—BNFB,N<Z INTE = o(N7K ) (9). (4.63)
; :

From (4.54) and the estimates given in (4.56), (4.61) and (4.63), we get that ®\ () = CTJDN (9)(1+
o(1)) provides the claimed upper bound. O

Combining this proposition with Proposition [3.1, yields, after some computations, the following
more explicit representation of the upper bound.
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Corollary 4.6. With the same notation of Proposition[4.5,

BIval exp(—BNFgn(z)) (1 +0(1))

Zs ncap(A B) < , (4.64)
B.N
2N /BN G —tanh? (B (z +h))) —1
where y; is defined through Eq. (4.22).
Proof. First, we want to show that
n -1 5
|det( [(21))| = (]_[ o []v= (4.65)
=1 =1
To see this, note that
CSRLE@)R,

where R is the diagonal matrix with elements Ry = 8 — T3 Thus

[ [19¢h= Idet( D= [det(R L@)R)| = | det( L(@)) | det(R?) = [det(La)| [ [r  (4.66)
=1 =1

as desired. Substituting in (4.50) the expression of g.n(Z ) given in Proposition (3.1), and after
the cancelation due to (4.65), we obtain an upper bound which is almost in the form we want. The
only n-dependent quantity is the eigenvalue ¥, of the matrix [_Taking the limit of n — oo and using
the second part of Lemma(4.2, we recover the assertion of the corollary. O

This corollary concludes the first part of the proof of Theorem[1.3. The second part, namely the
construction of a matching lower bound, will be discussed in the next section.

5 Lower bounds on capacities

In this section we will exploit the variational principle form Proposition|2.24 to derive lower bounds
on capacities. Our task is to construct a suitable non-negative unit flow. This will be done in
two steps. First we construct a good flow for the coarse grained Dirichlet form in the mesoscopic
variables and then we use this to construct a flow on the microscopic variables.

5.1 Mesoscopic lower bound: The strategy

Let A and B be mesoscopic neighborhoods of two minima m, and mg of Fg , exactly as in the
preceding section, and let z be the highest critical point of Fg \ which lies between m, and mg.
It would be convenient to pretend that ms,z ,mg  I'}j: In general we should substitute critical
points by their closest approximations on the latter grid, but the proofs will not be sensitive to
the corresponding corrections. Recall that the energy landscape around z has been described in
Subsection 3.2.
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Recall that the mesoscopic capacity, [apf, (A, B), is defined in (4.1). We will construct a unit flow,
fag, from A to B of the form

p.n OOy (X, X )
o\ (9)

fas(X,x )= @pp(X, X ), (5.1)

such that the associated Markov chain, ( [;ﬁ AYB), satisfies

0F | ) eas(e)=1+0(1) | =1-o(1). (5.2)

AB
In view of the general lower bound (2.22), Eq. (5.2) implies that the mesoscopic capacities satisfy

-1

f
@A (A B)= ] Y % = Oy (§) (1 — o(1)), (5.3)
e=(x,x) !

which is the lower bound we want to achieve on the mesoscopic level.

We shall channel all of the flow f, g through a certain (mesoscopic) neighborhood Gy of z . Namely,
our global flow, fy g, in (5.1) will consist of three (matching) parts, f5,f and fg, where f, will be a
flow from A to 0 Gy, f will be a flow through Gy, and fz will be a flow from d Gy to B. We will
recover (5.2) as a consequence of the three estimates

Eﬁ?‘(z o) = l+0(1)) =1-0(1), (5.4)

whereas,

[{3;]( > oae) = o(l)) =1-0o(1) and [;BJ( > esle) = o(1)> =1-o(1). (5.5)

The construction of f through Gy will be by far the most difficult part. It will rely crucially on
Lemmal4.4]

5.2 Neighborhood G

We chose again mesoscopic coordinates in such a way that z = 0. Set p = N ~1/2*2 and fix a (small)
positive number, v > 0. Define

Gy =Gn(PV) =Dy() N {x : (x,7) (-vp,vp)}, (5.6)

where V = VO is defined in (4.28), and Dy is the same as in (4.5). Note that in view of the
discussion in Section 4, within the region Gy we may work with the modified quantities, gy and
ren = 1,...,n, defined in (4.11) and (4.17).
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The boundary 9 Gy of Gy consists of three disjoint pieces, d Gy =0,Gy  0dgGy  0,Gy, Where
0pGy ={x 0Gy:(x,V)=<-vp} and 9gGy={x Gy :(x,V)=vp}. (5.7)
We choose v in (5.6) to be so small that there exists K > 0, such that
Fg,n (X) > Fg n (0) + Kp?, (5.8)

uniformly over the remaining part of the boundary x 9,Gy.

Let § be the approximately harmonic function defined in (4.36) and (4.53). Proceeding along the
lines of (4.51) and (4.52) we infer that,

@ @ +o@) = > Ha) Y. reEx +ed—§(x))°, (5.9)

X Gy 00y Cligy, (X)

where Ig (x) = {[J x +e5 Gy}. For functions, @, on oriented edges, (x, x +ep), of Dy, we use
the notation @{x) = @(x,x + e, and set

1) = g N COT@CX),

n

d [e1() =D, ( del(x)— del(x—e)).
=1
In particular, the left hand side of can be writtenas|d [ §]I/ ~B’N(x).

Let us sum by parts in (5.9). By (5.8) the contribution coming from d,Gy is negligible and, conse-
quently, we have, up to a factor of order (1 + o(1)),

dlaead [ g0+ > > &b glx). (5.10)

X Gy X 0aGyn Eligy (X)

Furthermore, comparison between the claim of Lemma 4.4 and (4.51) (recall that p? = N22~1
N ~1/2) shows that the first term above is also negligible with respect to ®, (g). Hence,

oN@@A+o(W)= > Y. & §IX). (5.11)

X OAGN ‘:"GN (X)

5.3 Flow through Gy

The relation (5.11) is the starting point for our construction of a unit flow of the form

c
) = ——  del(x) (5.12)
@\ (9)
through Gy. Above ¢ =1 + o(1) is a normalization constant. Let us fix 0 <vy v small enough
and define,
(x, V)V

X——=
v 2

GJ =Gy n {x : <vop}. (5.13)

Thus, Gﬁ is a narrow tube along the principal V-direction (Figure 3.). We want to construct ¢ in
(5.12) such that the following properties holds:
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P1: fis confined to Gy, it runs from 0,Gy to dgGy and it is a unit flow. That is,

x Gy.d [@l(x)=0 and > > ffel(x)=1. (5.14)

X 0xGy Cligy (x)

P2: @ is a small distortion of  § inside G2,

@) = [@(x) (1 +0o(1)), (5.15)

uniformly in x G and [Z1,...,n
P3: The flow f is negligible outside Gﬁ in the following sense: For some K > 0,

1
max maxf =—. 5.16
o, M fx) N< (5.16)

Once we are able to construct f which satisfies P1-P3 above, the associated Markov chain ( Iib )
obviously satisfies (5.4).

The most natural candidate for ¢ would seem to be g. However, since § is not strictly harmonic,
this choice does not satisfies Kirchoff's law, and we would need to correct this by adding a (hope-
fully) small perturbation, which in principle can be constructed recursively. It turns out, however, to
be more convenient to use as a starting choice

(O)(x)—vq/ P19l exp( BNI91](x,v)?/2), (5.17)

which, by (4.43), satisfies
02 (x) = (F(x +e—T(x)) (1 +0(p)), (5.18)

uniformly in Gy . Notice that, by (5.12), this choice corresponds to the Markov chain with transition
probabilities

a(x, X +eh= =—(1+0(1)) = qrl + o(1)). (5.19)

Zkk

From (3.16) and the decomposition (4.31) we see that

1+ 0(p) O — SA
~N,B(O) ™1 = 21N

= ‘75%/ i'jl ZV (x,v(D)2

In particular, there exists a constant x; > 0 such that

Fe©@1(x)
“np0)

uniformly inx Gy \GJ andI=1,...,n

exp (=B (19210, v)? + (x, () )

<exp (—xlNza) : (5.20)

1572



Next, by inspection of the proof of Lemma /4.4, we see that there exists X,, such that,

4 @100|=x0p? E@1(x), (5.21)

uniformly in x Gy and & 1,...,n. Notice that we are relying on the strict uniform (in n)
positivity of the entries v jas stated in Lemma[4.3]

Truncation of g, confinement of f and property P1. Let  be the positive cone spanned by
the axis directions eq, ..., e,,. Note that the vector V lies in the interior of . Define (see Figure 3.)

Gy =int(3Gy — +)nGy and G =(8,Gy+ )nGy. (5.22)

We assume that the constants v and v, in the definition of Gy and, respectively, in the definition of
G are tuned in such a way that G2 n 9,Gy = .

WV

0AGN

H . 0 1 2
Figure 3: Narrow tube Gy and sets Gy and Gy

Let @@ be the restriction of © to G},

PR =001 6y (5:23)

Now we turn to the construction of the full flow. To this end we start by setting the values of @ —n

0,Gy equal to cﬁ(o) if [ Ig, (x) and zero otherwise. By (5.11) and the bound (5.20), the second of
the relations in (5.14) is satisfied.

In order to satisfy Kirchoff’s law inside Gy, we write ¢ as @ = (5(0)+u with u satisfying the recursion,
n n _
D1 1) =), dulx—ex—d [e91x). (5.24)
=1 =1
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Since ®© =0 on Gy \ G}, we may trivially take u = 0 on Gy \ G2 and then solve (5.24) on G2
using the latter as an insulated boundary condition on 0 G,ﬁ nGy-

Interpolation of the flow inside GZ. We first solve (5.24) inside G7. By construction, if x ~ GZ
then x —e G,}l 6AG,{|, forevery [ 1,...,n. Accordingly, let us slice G,{, into layers [, as follows:
Set

Lo 05GY, (5.25)
and, fork=0,1,...,
k
Loh=4x Gy :x—eq | JGorall (21,...,n}. (5.26)
j=0
Since all entries of v are positive, there exists X3 = ¢3(n) and M < x3/p, such that
M
Gy =] (5.27)
i=0
Now define recursively, for each x L,
n ~
A1) =a Y. ulx—ep—d [@91x) |, (5.28)
j=1

where the probability distribution, q4,...,q,, is defined as in (5.19). Obviously, this produces a
solution of (5.24). The particular choice of the constants qn (5.19) leads to a rather miraculous
looking cancelation we will encounter below.

Properties P2 and P3. We now prove recursively a bound on u that will imply that Properties P2
and P3 hold. Let ¢, be constants such that, forally L]

| I =cp® & F1Y). (5.29)
Then, for x L.}, we get by construction (5.28) and in view of that
| dul(x)l - QEZ:| j[U](X—ej)I+ )

— — 5.30
T0©100) 000 P (-39
2 i[P@1(x —e))
< p cchzj: OTRNEG

By our choice of @ in (5.23),

ToO7(x —e. V. n
i@ 1(x —ej) _ _jexp{B_N vi((x,v(i))z—(x—ej,v(‘))z)} (5.31)

e @1x) =T =

= v—’;xp {BN iZz:f/i(x,v(i))(ej,v(i))} (1+0(1/N))
Vi +2B(e;, 0) X (e, TP (x, v?)

= v (1+0(p?).
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However, foreachi=2,...,n,

> (e D(e;, 9Dy =0. (5.32)
j=1

Therefore, with the choice q =+ ﬁ(l +0(1)), we get
k

i[e@1(x —¢)) 2
g = =1+0(p?), (5.33)
EZ e @1(x)

uniformly in x Gﬁl and | =1,...,n. Thus, the coefficients c, satisfy the recursive bound

Chrr = 0 (1+0(p?)) + X207, (5.34)
with ¢y = 0. Consequently, there exists a constant, c, such that
o, < kpZcekeP®, (5.35)
and hence, since M < x3/p, ¢y = O(p). As a result, we have constructed u on G,ﬂ such that

| dule)|=0(p) b 910, (5.36)

uniformly in x G,{l and [ = 1,...,n. In particular, (5.15) holds uniformly in x G,{, and hence, by
(5.20), P3 is satisfied on G, \ GY. Moreover, since by construction @ = 0 on Gy \ G3, P3 is trivially

satisfied in the latter domain. Hence both P2 and P3 hold on G (GN \G,ﬁ).

It remains to reconstruct u on G,ﬁ \G,{l. Since we have truncated g outside G, Kirchoff’s equation
(5.24), for x G,%, \G,{,, takes the form  [u](x) = 0. Therefore, whatever we do in order to
reconstruct @, the total flow through G2 \ G, equals

1+ o0(1) s
) Do 1)L ey (5.37)

1
X GN =1

By (5.36) and (5.20), the latter is of the order O (pl‘”e‘xl'\‘%). Thus, P3 is established.

5.4 Flows from A to d,Gy and from 0;G to B

Let f be the unit flow through Gy constructed above. We need to construct a flow

g ()N (X, Y)

fa(x,y) = (1+0(1)) o (@) Qalx,y) (5.38)
from A to d,Gy and, respectively, a flow
)y (x,y)
fo(x,y) = (L+0(1) =22 g (x, ) (5.39)

Oy (9)

from 9gGy to B, such that (5.5) holds and, of course, such that the concatenation fa g = {fa,f,f3}
complies with Kirchoff’s law. We shall work out only the f,-case, the fz-case is completely analogous.
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The expressions for ®y(9) and 5 y(x) appear on the right-hand sides of (4.50) and (3.13). For
the rest we need only rough bounds: There exists a constant L = L(n), such that we are able to
rewrite (5.38) as,

— (l + 0(1))¢N (g)fA(X ' y) < LN ”/2+1e_N(FB,N (z )_FBVN (x))_
NN (X, Y)

Pa(x,y) (5.40)

This would imply a uniform stretched exponentially small upper bound on @, at points x which are
mesoscopically away from z in the direction of Fg \, for example for x satisfying

Fon(z )= Fpn(x)>cN?®h (5.41)

With the above discussion in mind let us try to construct f, in such a way that it charges only bonds
(x,y) for which is satisfied. Actually we shall do much better and give a more or less explicit
construction of the part of fo which flows through Gﬁ: Namely, with each point x BAGﬁ we shall
associate a nearest neighbor path y* = (y* (—ka(x)),...,y*(0)) on I'{; such that (5.41) holds for all
y y*and,

Vi(=Ka(x)) A y(0)=x and m(y*(+1))=m(y*()) +2/N. (5.42)

The flow from A to aAGE, will be then defined as

@)= > Lo v > o). (5.43)

X 0pGY Cllgy (x)

By construction f, above satisfies the Kirchoff’'s law and matches with the flow f through Gy on
aAG,?l. Strictly speaking, we should also specify how one extends f on the remaining part 0,Gy \
aAGﬁ. But this is irrelevant: Whatever we do the [:,ﬁ-probability of passing through 0,Gy \aAGE,
is equal to

Z Z%X) =o(1). (5.44)

X 0aGy\0AGY I

It remains, therefore, to construct the family of paths {y*} such that (5.41) holds.
Each such path y* will be constructed as a concatenation y* =y n*.

STEP 1 Construction of §. Pick & such that & — 1 < m, = m(m,) and consider the part X[d —1,z ]
of the minimal energy curve as described in (3.31). Let y be a nearest neighbor '} -approximation
of X[® — 1,z ], which in addition satisfies m(y(- + 1)) = m(y(:)) + 2/N. Since by (3.34) the curve
X[d — 1,z ] is coordinate-wise increasing, the Hausdorff distance between ¥ and X[d — 1,z ] is at
most 2 n/N. Let x” be the first point where y hits the set Dy (p), and let u” be the last point where
y hits A (we assume now that the neighborhood A is sufficiently large so that u” is well defined).
Then ¥ is just the portion of y from u” to x*.

STEP 2 Construction of n*. At this stage we assume that the parameter v in (5.6) is so small that
Gy lies deeply inside Dy (p). In particular, we may assume that

Fon(x?) < min{FB,N(x) DX aAG,C\’,},

1576



and, in view of (3.34), we may also assume that
XE<X X 0,65 and [(Z1,...,n. (5.45)
Therefore, x — x” has strictly positive entries and, as it now follows from (4.29),
(IIIX—XA) = (v,x—xA) > 0.

By construction G,(\’l is a small tube in the direction of V. Accordingly, we may assume that
( DX — xA) > 0 uniformly on 9,Gg. But this means that the function

t:[0,1] » (L + t(x — x"), (x* + t(x — x*))

is strictly increasing. Therefore, Fg \ is, up to negligible corrections, increasing on the straight line
segment, [xA,x]  [™MWhich connects x* and x. Then, our target path n* is a nearest neighbor
Iy -approximation of [x”, x] which runs from x” to x . In view of the preceding discussion it is
possible to prepare n* in such a way that Fg y(z )—Fg n(-) > cN?2~1 along n*. Moreover, by (5.45)
it is possible to ensure that the total magnetization is increasing along n* .

This concludes the construction of a flow f, g satisfying/5.3. O

In the sequel we shall index vertices of y* =y n* as,
Y = (7 (=ka),---¥°(0)) . (5.46)

Since,
Fen(Y)=Fan(@)—c (y—2z ,v)?, (5.47)

for every y lying on the minimal energy curve X[3—1,z ] and since the Hessian of Fg  is uniformly
bounded on X[d — 1,z ], we conclude that if vy is chosen small enough, then there exists ¢, > 0
such that

Fen( () =Fan(@)=ca (V) =2 V)%, (5.48)
uniformly in x OAG,?,. Finally, since the entries of v are uniformly strictly positive, it follows from

(5.48) that,

(N 1/2+d + k)Z

Fen(Y (=K) <Fpgn(z )—c3 N : (5.49)

uniformly in x  daand k {0,...,ka(x)}.

5.5 Lower bound on cap(A, B) via microscopic flows

Recall that A and B are mesoscopic neighborhoods of two minima of Fg \, z is the corresponding
saddle point, and A= \[A], B= y[B] are the microscopic counterparts of A and B. Let f,g =
{fa,f,fz} be the mesoscopic flow from A to B constructed above. In this section we are going to
construct a subordinate microscopic flow, fa g, from Ato B. In the sequel, given a microscopic bond,
b= (o0,0), we use e(b) = (m(co), m(c )) for its mesoscopic pre-image. Our subordinate flow will
satisfy

fae@= Y. fag(b). (5.50)

b:e(b)=e
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In fact, we are going to employ a much more stringent notion of subordination on the level
of induced Markov chains: Let us label the realizations of the mesoscopic chain ,g as X =
(x_@...,x@), in such a way that x_; A, xr;; B, and m(xq) = m(z ). If e is a mesoscopic
bond, we write e X if e = (X o X 1) for some [=F —[,]..., [gl— 1. To each path, x, of positive
probability, we associate a subordinate microscopic unit flow, fX, such that

fX(b) >0 if and only if e(b) x. (5.51)

Then the total microscopic flow, f, g, can be decomposed as
fA,B = Z [::ﬂ ( A,B == i) fL (552)
X

Evidently, (5.50) is satisfied: By construction,

Z fX(b) =1 for every x and eache X. (5.53)
b:e(b)=e

On the other hand, fog(e) =, [f,ﬁ ( AB = 5) I x3-
Therefore, (5.52) gives rise to the following decomposition of unity,

= > =
Lty e (0)>0y = Z Z Ef;‘j( Az l) = g)’ (5.54)

ShE fase®d)fX(b)
where ([£]X) is the microscopic Markov chain from A to B which is associated to the flow fX.
Consequently, our general lower bound (2.24) implies that

-1

1

fas(X X ) F (O 0 )
cap(A,B) = ZEZ‘ET( B =X) ;@AiB’N(GS;N(GEQESH

-1

& (X X ) PO 50 1)
> — |_£| AB [H1 [H1 .
= ; Iiﬁ ( AB 5) EZ:Q Mg N (0PN (OO0 1) (5:55)

We need to recover @, (g) from the latter expression. In view of (5.1), write,

fas(X X ) F (OO0 ) _ @A (X 5X 1) (5.56)
Mg N (0PN (OO0 1) ®n (@)
BN (XN (X X 1) F (O 50 )
Mg N (0PN (OO0 1) .

Since we prove lower bounds, we may restrict attention to a subset of good realizations x of the

mesoscopic chain 5 g Whose E;ﬁ -probability is close to one. In particular, (5.4) and (5.5) insure
that the first term in the above product is precisely what we need. The remaining effort, therefore,
is to find a judicious choice of f X such that the second factor in (5.56) is close to one. To this end we
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need some additional notation: Given a mesoscopic trajectory X = (X_p;...,X ), define k = k(D
as the direction of the increment of [=th jump. That s, X [g; = X €. On the microscopic level such
a transition corresponds to a flip of a spin from the A, slot. Thus, recalling the notation /\f(cr) =
{i A :o(i)==1}, we have that, if o5 y[xdand om; y[X@il. then o = 6, o for
some i A;(m(cr@ By our choice of transition probabilities, py, and their mesoscopic counterparts,
rns in (4.2),

n (X X =81)

= Az cﬁ,‘ 1+0(e)). (5.57)
PN (O 50 1) ’ k(m(

uniformly in [Cdnd in all pairs of neighbors o0 5;. Note that the cardinality, ‘/\;(lﬂ()'@‘, is the
sameforalloq NIXh

For x I'r,\“, define the canonical measure,

]l{o' N [x]}uB,N (0)
g.N(X) '

M () = (5.58)

The second term in (5.56) is equal to
(00 @)
pgﬁ (oD 1/ ’/\;([D(o@’

(1+0(g)). (5.59)

If the magnetic fields, h, were constant on each set I, then we could chose the flow f*(0 ;0 m) =
ugﬁ(cﬁ,- 1/‘/\;@3(0@‘, and consequently we would be done. In the general case of continuous
distribution of h, this is not the case. However, since the fluctuations of h are bounded by 1/n, we
can hope to construct f* in such a way that the ratio in (5.59) is kept very close to one.

Construction of fX. We construct now a Markov chain, [Z£]on microscopic trajectories, ~ =
{0'0,...,0'@}, from [Xo] to B, such that o [Xd for all & 0,..., ] The microscopic
flow, f%, is then defined through the identity [X{b X) = fX(b).

The construction of a microscopic flow from Ato  [xg] is completely similar (it is just the reversal
of the above) and we will omit it.

We now construct X1

STEP 1. Marginal distributions: For each [Z0,..., [glwe use véto denote the marginal distribution
of o—under [£1The measures vé,are concentrated on  [xd; The initial measure, vg—, is just the
canonical measure uEON. The measures VLEIl are then defined through the recursive equations

Vi (O ) = Z VE{O)A O O ). (5.60)
on [xd

STEP 2. Transition probabilities. The transition probabilities, q {0 0 m,), in (5.60) are defined
in the following way: As we have already remarked, all the microscopic jumps are of the form
O Gromfor some j A y{0), where 6j+ flips the j-th spin from —1 to 1. For such a flip define

ezgﬁj
=.
2 /\;(o@ezﬁ '
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Then the microscopic flow through an admissible bound, b = (050 1), is equal to

X X V%O&,
fAorom) = Eb ) =vH{o o sOm) = T— —— (1 +0(g)). (5.62)
Noto0)
Consequently, the expression in (5.59), and hence the second term in (5.56), is equal to
d( i’ 1+0(E)=¥YLox(@+0(9). (5.63)

Main result. We claim that there exists aset, , g, of good mesoscopic trajectories from A to B, such
that

[;ﬁ ( AB A,B) =1-o0(1), (5.64)
and, uniformly in x AB:
1
D WHoDPAs(X X ) | <1+0(e). (5.65)
=)
This will imply that,
cap(A,B) = &y (9) (1 — O(g)), (5.66)

which is the lower bound necessary to prove Theorem/1.3.

The rest of the Section is devoted to the proof of (5.65). First of all we derive recursive estimates
on W for a given realization, x, of the mesoscopic chain. After that it will be obvious how to define

AB-

5.6 Propagation of errors along microscopic paths

Let x be given. Notice that uéﬁ is the product measure,
n .
e = Qi (5.67)

where u ) is the corresponding canonical measure on the mesoscopic slot N(J) ={—1,1}\

the other hand according to (5.61), the big microscopic chain X splits into a direct product of n smaII
microscopic chains, =@, ..., =M which independently evolve on N(l),..., N(”). Thus, k(D= k
means that the [th step of the mesoscopic chain induces a step of the k-th small microscopic chain
>0, Let t;[[JJ. .., T,[ [Jbe the numbers of steps performed by each of the small microscopic chains
after [CSteps of the mesoscopic chain or, equivalently, after [CSteps of the big microscopic chain .
Then the corrector, W ;in (5.63) equals

Yo = ]_[llJ(’) oy, (5.68)
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where Gg is the projection of o—pn N(j). Therefore we are left with two separate tasks: On
the microscopic level we need to control the propagation of errors along small chains and, on the
mesoscopic level, we need to control the statistics of T;[[]..., T,[O The latter task is related to

characterizing the set, , g, of good mesoscopic trajectories and it is relegated to Subsection|5.7

Small microscopic chains. It would be convenient to study the propagation of errors along small
microscopic chains in the following slightly more general context: Fix1 M [@ahdO=<e 1.
Let 94,...,9um [—1,1]. Consider spin configurations, & v ={-1, 1M, with product weights

W(E) = e52i %50, (5.69)
As before, let A*(&) = {i : &@)==x1}. Define layers of fixed magnetization, [K] =

{€ w1 |NT@®)|=K]}. Finally, fix 8,8, (0,1), such that 3 < 3.

SetKg= doM andr = (8, —93;)M . We consider a Markov chain, == {=,...,=,} on , such
that =, mlKo+Tl= fforTt=0,1,...,r. Let p; be the canonical measure,

R GO

() = —

(5.70)

We take vy = I as the initial distribution of =4 and, following (5.61), we define transition rates,
engj
- -
i A0 &

We denote by [the law of this Markov chain and let v, be the distribution of = (which is concen-
trated on ;), that is, v¢(&) = [(E. = &). The propagation of errors along paths of our chain is
then quantified in terms of W(-) = v(:)/u ().

qT(ETlGj_'_ET) = (5.71)

Proposition 5.1. Forevery t=1,...,r and each & MT define

M M
(&)= gy ad  c=pe( ()= )i ATO). (B72)
i=1 i=1

Then there exists ¢ = ¢(8g, d1) such that the following holds: For any trajectory, § = (&, ..., &), of
positive probability under [t holds that

el&e) = [ oéo)Te“‘z’““ (5.73)

foralltT=0,1,...,r.

Proof. By construction, Yy =1. Let &1 NT”. Since v satisfies the recursion

VertGra) = D, V(0] Eran)te(8] Erar, Eraa), (5.74)

i A (Errn)
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it follows that Y satisfies

VT(ej_ET+l)qT(ej_ET+l’ET+1)

Gre1Ere)) = D,

i A*(Ersr) HT+1(ET+1)

“T(ej_ET+l)qT(ej_E-T+l’E-T+l) _
= Z (E ) qu(ej E-1'+1)-
j /\+(ET+1) l"lT+l T+1
By our choice of transition probabilities in (5.71),
-1
ut(ej—ET+l)qT(ej_ET+liET+1) _ ZT+1 Z ezsgi - (5.75)

Mre1(&ret) Zx i AT(8: &)
o

Recalling that |/\+(ET){ = |/\;’| = K + T does not depend on the particular value of &,

Zewp 1 1 1 .
il D, wE=— 3] mjz (0 E)e?

Teogm e A @

1 1 1
= 2=, w®: U = e | o D, €
z ZM {/\4— i Z * |/\ (E‘l’+l)| i ;()
We conclude that the right hand side of (5.75) equals

1 Mt (Z. A=) ezggi) 1 -

" ' - =T : - . (5.76)
N Eerd)| X a0 enn € NG| (8] &)
As a result,
W1 Eesr) = T W (6] Ers)- (5.77)
|/\+(ET+1)|]' At (Exer) T(ej ET+1)
Iterating the above procedure we arrive to the following conclusion: Consider the set, (&,41), of
all paths, & = (&, ..., &, &+1), Of positive probability from ,\2 to n}ﬂ to &;+1- The number,
Diy1 = | (ZT+1)|, of such paths does not depend on &,1. Then, since Yy =1,
era(Eer) = — Zﬁ 5 (5.78)
T+HI\ST+L) — . :
Prrig Gups=o (&)
We claim that o)
s € ) s—1
— =1+ , (5.79)
S(ES) ( M s—l(Es—l)
uniformly in all the quantities under consideration. Once (5.79) is verified,
T
2 0
W (&) < eP®T/M max [ } , (5.80)
e & & 0(o)
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where for &g ,\‘A), the relation &, &, means that there is a path of positive probability from &g
to &,. But all such &g's differ at most in 2T coordinates. It is then straightforward to see that if

& &rand g, &, then

O(EO) O(e)T/M 581
NI &8

and (5.73) follows.
It remains to prove (5.79). Let & ,jl and & = ej—a ,\j_l. Notice, first of all, that

-1(E) = (B) =e*9 =1+0(e). (5.82)

Similarly,

e {u (i AD)-p( A}

M
=1

1+ (0 —1) {uoal A -G A

i=1

<

By usual local limit results for independent Bernoulli variables,

1
Mot (i AT)—p(i AT)=0 (M) , (5.83)

uniformlyins=1,...,r—1andi=1,...,M. Hence, ;— (=1+0(g).
Finally, both _;and _;(&) are (uniformly ) O(M), whereas,

M
1= 1@ =2 (=) {ual A= 1g 4@y} =0@EM. (5.84)
i=1
Hence,
s _ s~ 1+0(6) . ( O(e))
= = 1+—|, 5.85
B @170 L@ UM (5.85)
which is (5.79). 0

Back to the big microscopic chain. Going back to (5.68) we infer that the corrector of the big
chain X satisfies the following upper bound: Let o = (0y, 04, ...) be a trajectory of = (as sampled
from I_T_J Then, for every [Z0,1,..., g1,

ANy ¢ L 0)) T
j
Yo =< exp CEZ T l_[ ﬁ , (5.86)
where Mj = \/\j| = ij,
) — 2hi %ol [ - D¢~y — 2h; _
0 —Z\:e Mg N (I /\j), and o (Og )—Z\:e Il{i Aj_(céj))}. (5.87)
I A I A
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Of course, 0y = uXO(J) ( éj)). It is enough to control the first order approximation,

(J) Tl (J)( (1)) 0(1)

The variables Yq,...,Y, are independent once X, is fixed. Thus, in view of our target, (5.65), we
need to derive an upper bound of order (1 + O(g)) for

g1 n T
IEIZ exp csZ !
=0 =1

B + ZT,—[EJY,- Op (XX =)
J j=1

& ST 1 xol) oy,
= exp CSZT [ T (e519) @ (X e ) (5.89)
=0 = MY

which holds with [7-probability of order 1 — O(g).

5.7 Good mesoscopic trajectories

A look at (5.89) reveals what is to be expected from good mesoscopic trajectories. First of all, we may
assume that it passes through the tube G,?, (see (5.13)) of z . In particular, xg Gﬁ. Next, by our

construction of the mesoscopic chain [;f‘fl‘ and in view of (3.20) and (3.21), the step frequencies,
T;[ 04 are, on average, proportional to p;. Therefore, there exists a constant, C,, such that, up to

exponentially negligible E;fj-probabilities,

T[]
max
Y

<C, (5.90)

holds.

A bound on microscopic moment-generating functions. We will now use the estimate (5.90) to
obtain an upper bound on the product terms in (5.89). Clearly, (')(G(J)) = (1+0(g))M;j, uniformly

in j and 6. Thus, by (5.88),

a0 = (1-6M) (Lppey ~ P00 =-) =% G

1A

Now, for any t = 0,

Xo(J) i).s zﬁi
Inu O ( ) = T<atx E;:i ~ (1_3 ) Lto(iy=—13 | » (5.92)
i
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where E?éj) is the variance with respect to the tilted conditional measure, uBO(J) ® defined through

xo(J) Y
XO(J)S( f) = “BN (fe J)

_— 5.93
He.n Xo(j) ( J) (5.93)
Mg N
However, uXO(J) *(") is again a conditional product Bernoulli measure on N(j), i.e.,
welds() = ® ooy | | 200 =Nxo(h) |, (5.94)
where B
e
i(g,9) = 5.95
S e v wrwr s (5.95)

h:
el +e
By (5.90) we need to consider only the case s/M; < C,. Evidently, there exists 8; > 0, such that,

d1 =min min minp;(g,s) < max max maxp;(g,s) <1—9,. (5.96)
J s=CiMji A;j o s=CiMj i A

On the other hand, since x,  GJ, there exists &, > 0, such that

NXq(j NXo(j
5, <min O(J)smax O(J)sl—az. (5.97)

J Mj J Mj

We use the following general covariance bound for product of Bernoulli measures, which can be
derived from local limit results in a straightforward, albeit painful manner.

Lemma 5.2. Let &; > 0 and &, > 0 be fixed. Then, there exists a constant, C = C(d4,0,) < oo, such
that, for all conditional Bernoulli product measureson ,, M [, af the form

M M
& @( D> E= ZMO) , (5.98)
i=1 k=1

with p1,...,py (01,1 —98¢) and 2My; (—M(1—93,),M(1—93,)),andforalll=s=k <l <M, it
holds that

C
‘ (0% (1, —ry; l{z.=—1})‘ = (5.99)
Going back to (5.92) we infer from this that
Xo(D) (LT[ 2 J[E-ﬁ
l_[p (e i J) =exp4 O(e )Z (5.100)

J

uniformly in = 0,..., 5]

Statistics of mesoscopic trajectories. (5.89) together with the bound (5.100) suggests the follow-
ing notion of goodness of mesoscopic trajectories X :

1585



Definition 5.3. We say that a mesoscopic trajectory X = (X_r...,X ) isgood, and write X apg,
if it passes through G2, satisfies (5.90) (and its analog for the reversed chain) and, in addition, it
satisfies

-1

Pa(X X 1) =1+0(g). (5.101)

exp { O(g) Z bl [l_:ﬁ
i

n
[N =1 M

By construction (5.65) automatically holds for any x ag- Therefore, our target lower bound
(5.66) on microscopic capacities will follow from

Proposition 5.4. Let f, g be the mesoscopic flow constructed in Subsections|5.3/and (5.4, and let the set
of mesoscopic trajectories 5 g be as in Definition5.3. Then (5.64) holds.

Proof. By (5.49) we may assume that there exists C > 0 such that, for all x under consideration and
forall (= —0L])..., 1,
Opp(X X ) <€ ¢, (5.102)

In view of (5.2) it is enough to check that

oy ", ;[
D | e 0@~ —1 | Pas(XXm) =0(), (5.103)
=0 i=1 j

with E;fj-probabilities of order 1 —o(1). Fix & > 0 small and split the sum on the left hand side
of (5.103) into two sums corresponding to the terms with [= N'/?72 and 3 N/?79 respectively.
Clearly,

> il [Fﬁ = o(1), (5.104)

j:l ]

uniformly in 0 < [ N/27%_ On the other hand, from our construction of the mesoscopic flow
fag, Nnamely from the choice (5.19) of transition rates inside Gﬁ, and from the property (3.34) of
the minimizing curve X(-), it follows that there exists a universal (e-independent) constant, K < oo,

such that [
T.
[;ﬁ max max —— >K | =o(1). (5.105)
] ENI/Z—B Iﬂ]
Therefore, up to E;f‘j-probabilities of order o(1), the inequality
n [ n p? [2]

O(e L~ <o)k’ - =K20(g)—, 5.106
( >; TRERC ;} v, = Koy (5.106)
holds uniformly in = N*/27% | A comparison with (5.102) yields (5.103). O

The last proposition leads to the inequality (5.66)), which, together the upper bound given in (4.64),
concludes the proof of Theorem[1.3.
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6 Sharp estimates on the mean hitting times

In this section we conclude the proof of Theorem To do this we will use Equation with
A= [my]and B = [M], where m, is a local minimum of Fg \ and M is the set of minima
deeper than m,. The denominator on the right-hand side of (2.12), the capacity, is controlled by
Theorem (1.3 What we want to prove now is that the equilibrium potential, h,g(0), is close to
one in the neighborhood of the starting set A, and so small elsewhere that the contributions from
the sum over o away from the valley containing the set A can be neglected. Note that this is not
generally true but depends on the choice of sets A and B: the condition that all minima m of Fg y
such that Fg  (m) < Fg y (M) belong to the target set B is crucial.

In earlier work (see, e.g., [5]) the standard way to estimate the equilibrium potential h, g(0) was

. . cap(Ao)
to use the renewal inequality hyg(0) < cap(e.0)

This bound cannot be used here, since the capacities of single points are too small. In other words,
hitting times of fixed microscopic configurations are separated on exponential scales from hitting
times of the corresponding mesoscopic neighborhoods. We will therefore use another method to
cope with this problem.

and bounds on capacities.

6.1 Mean hitting time and equilibrium potential

Let us start by considering a local minimum m, of the one-dimensional function Fg \, and denote
by M the set of minima m such that Fg \(m) < Fg y(my). We then consider the disjoint subsets
A= [my]andB= [M], and write Eq. (2.12) as

1
2, ve(©) Lot = s i [2_;1]0 Z[m] Ha 1 (0)a(0). (6.1)

We want to estimate the right-hand side of (6.1). This is expected to be of order g \(m), thus
we can readily do away with all contributions where gy is much smaller. More precisely, we
choose & > 0 in such a way that, for all N large enough, there is no critical point z of Fg \ with

Fen(@) [FB,N(mo)’ Fgn(mg) + 5] , and define
s ={m: Fg n(m) = Fg n(mMy) + O} (6.2)

Denoting by s the complement of 5, we obviously have

Lemma 6.1.
DD upn(0)hap() = Ne™PN o (mp). (6.3)
m fo [m]
The main problem is to control the equilibrium potential h, g (o) for configurations o [ 5] To
do that, first notice that
5= smy) ) s(m), (6.4)
m M

where 5(m) is the connected component of 5 containing m (see Figure 4.). Note that it can
happen that s(m) = 5(m) for two different minima m,m M.

With this notation we have the following lemma.
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Figure 4. Decomposition of the magnetization space [—1,1]: The dotted lines and the continuous
lines correspond respectively to g and 5= a;(mO)Um v a(m).

Lemma 6.2. There exists a constant, ¢ > 0, such that

(i) foreverym M,

> Bpn(@)hag(@) =e PN [\ (mp) (6.5)
o [ s(m]
and
(ii)
> bpa(@) [1-hag(@)] eV [ (my). (6.6)
o [ s(my]

The treatment of points (i) and (ii) is completely similar, as both rely on a rough estimate of the
probabilities to leave the starting well before visiting its minimum, and it will be discussed in the
next section.

Assuming Lemma (6.2, we can readily conclude the proof of Theorem [1.2. Indeed, using (6.5)
together with (6.3), we obtain the upper bound

> en(©@has(@) <= > gnm+0( gu(mee )

G Sn m B(mo)

B,N(mo)HZB a(m O)(1 0(1)), (6.7)

where a(m,) is given in (1.19). On the other hand, using (6.6), we get the corresponding lower

1588



bound

D ipn(©@hag(@) = > > pgn(0) [1- (1A —hpge(0)]

o Sy m 5(m0)0 [m]
= Y pn(m—0( gu(mye PN
m E(mo)

= mN 1+o0(1 6.8
= gn(mpy) ZBa—(mo)( 0(1)). (6.8)

From Equation (1.12) for g \(m,) and Equation (1.32) for cap(A, B), we finally obtain

Z Hp N (O)hap(0)

Lol Ts cap(A,B)

o Sy

= exp (BN (FB,N(Z )— FB|N(m0)))

omN | B Lpfil —tanh® (B(z +h))) —1
BIVal 1—BI;Q1—tanh2(B(mo+h)))

(1+0(1)), (6.9)
which proves Theorem[1.2]

6.2 Upper bounds on harmonic functions.

We now prove Lemma 6.2 giving a detailed proof only for (i), the proof of (ii) being completely
analogous. This requires, for the first time in this paper, to get an estimate on the minimizer of the
Dirichlet form, the harmonic function h, g(0).

First note that, since hyg(0) = [ty < Tg) forall o / A B, the only non zero contributions to
the sum in (i) come from those sets g(m) (at most two) whose corresponding m is such that there
are no minima of M between m, and m. By symmetry we can just analyze one of these two sets,
denoted by 5(m ), assuming for definiteness that my; < m . Note also that since h,g(c) = 0 for
all o such that m = m(ag), the problem can be reduced further on to the set

5= s(m)n{m:m<m} (6.10)

Define the mesoscopic counterpart of 5, namely, for fixed m  Mandn [ Igtm I} be the
minimum of Fg \ (x) correspondent to m , and define

Us=Us(m)={x Iy :m(x) s} (6.11)

We write the boundary of Us asdUg = 0,Us 0gUs, Where 0gUs =0 U n B, and observe that, for
allo [Us]

hag(0) = Lslta < Tgl = LalTspo,u,1 < Tspogus1l: (6.12)
Let maxp— 06(D1 1, and for 8 = 6 (D define
N (mm)? &
Gg=1{m UB:ZES— . (6.13)
=1 PO ®

1589



/

A={x:m(x)=my} B={x:m(x)=m}

Figure 5: Neighborhoods of m, and m in the space I'j;. Here we denoted by Us(m) the meso-
scopic counterpart of ~ (m,).

As before, we denote by d Gg the boundary of Gg, and write 0 Gg = d,Gg 093Gg, Where 05Gq =
0Gg n B (see Figure 5.).

The strategy to control the equilibrium potential, [g{T, < Tg), consists in estimating the probabil-
ities [glTta < Tspo,c,1 8], for o [Us \Ggl, and LslTspy,c,1 < Tal, for o Gg, in order to
apply a renewal argument and to get from these estimates a bound on the probability of the original
event.

Proceeding on this line, we state the following:

Proposition 6.3. For any a (0, 1), there exists n, [, slich that the inequality
[olTa < Tspo,c,] B) < e~ (A—)BN [Fg n (mp)+3—Fg y(m(0))] (6.14)
holds for all [Us\Gg], n=ng, and for all N sufficiently large.

Proof of Proposition 6.3t Super-harmonic barrier functions. Throughout the next computations,
¢, ¢ and ¢ will denote positive constants which are independent on n but may depend on 3 and on
the distribution of h. The particular value of ¢ and ¢ may change from line to line as the discussion
progresses.

We first observe that, for all o [Us\Ggl,

LeITa<T (o641 8] = LelTs[a,u,1 < T [a,6,1 8- (6.15)

The probability in the r.h.s. of (6.15) is the main object of investigation here.

The idea which is beyond the proof of bound (6.14) is quite simple. Suppose that  is a bounded
super-harmonic function defined on  [Ug\Gg], i.e.

(LyW)(©) <0 forallo  [Us\Ggl. (6.16)
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Then Y(oy) is a supermartingale, and T = Tspa,u,]7 T [9,6,] 8 IS @n integrable stopping time, so
that, by Doob’s optional stopping theorem, o [Us\Ggl,

Le(o7) = W(O0). (6.17)

On the other hand,

(o) = min

AYd

]UJ(G YLlT [0,us1 <T [0,G61 B): (6.18)

and hence
Y(o)
max ———.
o [BUs1Y(0)

The problem is to find a super-harmonic function in order to get a suitable bound in (6.19).

LelT [0,Us1 <T [9,60] B) = (6.19)

Proposition 6.4. For any a  (0,1), there exists np  [Csdch that the function Y(o) = @(m(0)),
with @ : ™1} [ddfined as
@(x) = eI OBNFan (O, (6.20)

is super-harmonic in  [Ug5\ Gg] for all n=ngy and N sufficiently large.

The proof of Proposition 6.4 will involve computations with differences of the functions Fgn- We
therefore first collect some elementary properties that we will use later. First we need some control
on the second derivative of this function. From (3.14) we infer that

0°F 2 1
L(X) =— (—1 + EEIIN&% ép@) . (6.21)

dxZ, N
Thus all the potential problems come from the function Iy
Lemma 6.5. Foranyy (—1,1),
tanh™(y) — B = I, Ly) <tanh™'(y) + B[] (6.22)

In particular, as y — +1, I (y) - *oo.

Proof. Recall that IN’é,y) = UN_’ldy). Set IN’é,y) =t. Then

1

y=— Y tanh(t+ph) (6.23)
|/\[hiZA:D '
and hence
tanh(t—B Dk y <tanh(t+pB 0l (6.24)
or, equivalently, (6.22), which proves the lemma. O

Lemma 6.6. Forany y (—1,1) we have that
1
1- (lyl+ @1 - y?)*

0<Iy &)< (6.25)
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In particular, forally [—-1+v,1—vVv],withv (0,1/2),

o<l =s——<c¢, 6.26
N'&'y) 2v +v2+0(0 ¢ ( )

and, forally (—1,—-1+v] [1-v,1),
o=l =< . 6.27

Proof. We consider only the case y = 0, the case y < 0 is completely analogous. Using the relation
-1
Iy, (X)) = (UN’&IN&X))) and setting tF |, (y)arctanh(y), and using Lemma|6.5, we obtain

1

r-zX)IZi /\lﬁx)(l —tanhz(Bﬁi + tdb
1
1 — tanh?([BI+ tp),
1
1 —tanh?(tanh™1(y) + 2 [R))
1

1— (y + 2 [Bltanh (tanh_l()/)))2

1
= , (6.28)
1— (y + 2[RI — y?))?

where we used that tanh is monotone increasing. The remainder of the proof is elementary algebra.
O

Iy cy) =

IA

IA

IA

Let us define, for all m such that x p— [—1,1—2/N],

9e) =5 (Fup(x +e—Fyp(x)). (6.29)
Lemmal6.6/has the following corollary.

Corollary 6.7. (i) f x#p—5 [—1+Vv,1—V], withv >0, then

9(x) = —x —het gy X AP+ O(L/N). (6.30)
(i) Fx#p [-1,—1+v] [1—v,1—2/N], then

gr(x) = —x —het 31y x AP+ O(2), (6.31)

where O(1) is independent of N, n, and v.

(iii) FxAp—5 [-1+v,1—v], with v > 0, then there exists ¢ < oo, independent of N, such that

19:60) — 9ex — el = (6.32)
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(iv) fx#p5 [-1,—1+v] [1-—v,1—2/N], then

l9x) — 9kx —epi = C, (6.33)

where C is a numerical constant independent of N, n, and v.

The proof of this corollary is elementary and will not be detailed.

The usefulness of (ii) results from the fact that |l },is large on that domain. More precisely, we
have the following lemma.

Lemma 6.8. There exists v > 0, independent of N and n, such that, if x Ap— 1 — v, then g{x) is
strictly increasing in x —and tends to +oco as x Ap 4 +1; similarly if X Ap—< —1 + v, then g{x) is
strictly decreasing in x —and tends to —co as x Ap+ —1.

Proof. Combine (ii) of Corollary[6.7 with Lemma/6.5/and note that his bounded by hypothesis. [

The next step towards the proof of Proposition 6.4/ is the following lemma.

Lemma 6.9. Let m Ug\ Gg and denote by S(m) = {LZIm Ap—+ 1}. Then there exists a constant
¢ =c(B,h) =0, independent of N and n, such that the following holds. If

]
Ebz(r]n)p:s 5" (6.34)
then
> prfom))’= c?, (6.35)

CS(m)

Proof. From the relation IN’&X) = UN_EX), we get that, for all 1 S(m),

mD—-%Ztanh (B (gcgm)(L +o(1)) + m+h;)). (6.36)
i Ao
Here o(1) tends to zeroas N — oo,

We are concerned about small g¢m). Subtracting < >, a tanh (B (m+h;)) on both sides of (6.36)
and expanding the right-hand side to first order in g-gm), and then summing over [1 S(m) , we
obtain

1Y 1
m—N;tanh(B(m+hi))— Z mD—NZtanh(B(m+hi))

CB(m) i Ao
1/2

<c Z pzl]glfm)|sc Z prgz¢m) . (6.37)

CB(m) CB(m)
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Notice that the function m - m — %Z:\Ll tanh (B (m+h;)) has, by (1.20), non-zero derivative

at m . Moreover, by construction, m is the only zero of this function in 5 (m ). From this
observations, together with (6.37), we conclude that

. 1/2
(Zp@zl__(,m)) =>clm—m|—2 Z P (6.38)
=1

£B(m)

for some constant ¢ < oo, Here we used the triangle inequality and the fact that
‘mD— %Z. A tanh (B(m+hi))‘ < 2p Under the hypothesis of the lemma, this gives the de-

sired bound if [Imn—m |=c¢ [Z1 6 for some constant ¢ < co. On the other hand, we can write, for
1 S(m),

1
5 > [tanh (B (gr(m)(1 +o(1)) + m +h;)) —tanh (B (m+h;))]|

3
4
3

.B_
I

1
+ = |tanh (B (m+h;)) —tanh (B (m +h;))]
N ; =
< cpdm—m |[+c pdgdm)l. (6.39)
Hence we get the bound
172 1/2
2 (megmp?
Z pPa{m) = c Z B —Ccm—m |
B(m) CB(m)
172
O (megm )2 (m7m )2
= | LT X | —elmem
=1 C8(m)
1/2
= c| 210 -4 Z po -—clm—m|
S(m)

> cZy/20 —c|m—m | (6.40)

where in the last line we just used that m  Gg. The inequalities (6.38) and (6.40) now yield (6.35),
concluding the proof of the lemma. O

Proof of Proposition 6.4/ Leto [U5\Gg] and set x = m(o), so that, for Y as in Proposition 6.4,
LyW(o) = Ly@(x). Let ' be the configuration obtained from o after a spin-flip at i, and introduce
the notation

Lv@(x) = Y Li@(x), (6.41)
[=1
where
Leg()= Y. pu(@,0)[e(x +e— o)1+ D, pn(o.o)[@(x —ed—@(x)]. (6.42)
i AZ(x) i AL

1594



Notice that when x Ap+ %=1, then /\J—ax) = and the summation over /\gx) in (6.42) disappears.
We define the probabilities

Tie Z pn (0,0, (6.43)

i AX)
and observe that they are uniformly close to the mesoscopic rates defined in (4.2), namely

-l —rl:] c
¢ I’N(X,X+_e|i|<e ’ (644)

for some ¢ > 0 and [ = 1/n. Notice also that

cprs [+ [Chscpr (6.45)

With the above notation and using the convention 0/0 = 0, we get

Lep(x) = @(x)[THexp(2B(1—a)grx)) —1]
+@(x) (2} {exp (—2B(1 — a)gpéx —ep) — 1]

= @(x) (1{%%@530 + 1{%%%ax)) (6.46)

where we introduced the functions
Gr(x) =exp (2B(1—a)gfx)) — 1+ %‘;(exp (2B —o)gpfx —ep)y) —1) (6.47)
67(x) = exp (~2B(L - gulx —e) ~ L+ (o0 (BU-gG0) =) (6.48)

When x #p =+ %1, the local generator takes the simpler form

Lo = | OO EEHexp (2B - m)grx —e) —1] ifxppcr1
v @ (x) ] {exp (2B (1 — o) g(x)) — 1] if X Ao —1

Thus, from Lemmal6.8/and inequalities (6.45), we get immediately that for all [Such that x Ap -+
+1

(6.49)

Leig(x) = —(1+ o)) (X). (6.50)

Let us now return to the case when x is not a boundary point. By the detailed balance conditions,
we get

v(X, X +eph=exp (—2Bgrlx)) ry (X +esx)

Iy (X, X — €)= exp (2B grtx —e) ry (X —epx),
and thus, together with (6.44),

(6.51)

exp (—2Bgx) —cOi= %S exp (—2Bgc(x) +c O 652
exp(ZBg@x—e@—clj]s%ﬁexp(zp’,g@(—e@+c[ﬁ .

Inserting the last bounds in (6.47) and (6.48), and with some computations, we obtain

Gix) = (exp(2B(1—)gctx)) —1) (1—exp (2Bagetx —egy o)) (6.53)
+exp (28gc(x —e) cCA(exp2B(L— ) (9ex) — grx —e) — 1)
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Gx) = (exp(=2B(1—0o)grfx —e}) —1) (1—exp(=2Bagx) cO)) (6.54)
+exp (—2Bgctx)  cOI(exp2B(1—a) (9cx) — 9ebx —epy) —1)

where = —sign (g{x)) = —sign (g{x —ep).
For all [such that x Ap— [—1+Vv,1—V], we can use (6.32) to get

Grx) =< (exp (2B(1—)grtx)) —1) (1 —exp (2aBgptx) cO) +c/N (6.55)

GYx) < (exp(—2B(1—a)gr{x)) —1) (1 —exp (—2aBgx) cOJ +c/N. (6.56)

The right hand sides of both (6.55) and (6.56) are negative if and only if {9|:l]> %E Let us define
the index sets

S = {Cxdpo [—1+v,1—v],|g@<)|s;—I3 (6.57)
S = {CIxdpo [—l+v,1—v],|gi|x)|>;—[3 _ (6.58)
If 1 S=, it holds that
max{G(x), G ()} =< £ 2] (6.59)
which implies, together with (6.46) and (6.45), that
L@ (x) < £ g (X). (6.60)
To control the r.h.s. of (6.55) and (6.56) when [1S~, set
yeEmin{B o], 2} =B |9ctx)| (6.61)
If gpx) > ;—Bc,'then
exp (2B(L—o)g(x)) —1 = exp(2A-a)yh—1=2(1- )y (6.62)
and
1—exp(2Bagx) —c] = l—exp(ayph<-—0aym (6.63)

- - 2
so that the product in the r.h.s. of (6.55) is bounded from above by —2(1 — a)ayg., On the other

hand, when g{x) < —;—BE,'

exp(2B(1—grfx)) -1 < exp(—2Q-a)yp—1<—-(1A-a)y (6.64)
and
1—exp(2Bag{x)+c] = 1l—exp(—ayp= %aym (6.65)

. . 3 2 .
and the product in the r.h.s. of (6.55) is bounded from above by _Z(l — a)ayr, Altogether, this
proves that, for all [1S~,

GHx)=-3(1-mayd, (6.66)

and with a similar computation that

Gx) = —3(1—-mayZ, (6.67)
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For all [1S~, we then have
Lg(x) < —capryZe(x). (6.68)

It remains to control the case when x Zp5 (—1,—1+v] [1—v,1). But from Lemma 6.8/ it
follows that, while the positive contribution to Gax) and G(x) remains bounded by a constant,
the negative contribution becomes very large as soon as v is small enough. More explicitly, for all v
small enough, we have

ng) < —(exp(=C ) — 1)? + exp(*C )(exp(2B (1 — a)c) — 1) < —(1 + o(1))

G(x)=—(1—exp( C))*+exp( C )(exp(2B(L—o)c)—1)=<—(1+0(1))
where C and C are positive constants tending to +co as v | 0, and the sign =+ is equal to the sign
of x5

From (6.45) and (6.46), we finally get
Lep(x) = —(1 +0(1))pep(X). (6.70)

From (6.50), (6.60), (6.68) and (6.70), we conclude that the positive contribution to the generator
Lyo(x) = anl L (x), comes at most from the [slin S=, and can be estimated by

%lﬁz prs L2 (6.71)
|:S<

(6.69)

Now we distinguish two cases, according to whether the hypothesis of Lemma 6.9 are satisfied or
not.

Case 1: Zm(x) Py %. By (6.50), we obtain

DLe(x) = D> L)+ Y. Lig(x) (6.72)
=1 [B=

EB(x)

2]
< g (L+o@W)P() + £

which is negative as desired if 8 is small enough, that is, with our choice, if [ small enough.
Case 2: ZEB(X) PrE %. In this case, the assertion of Lemmal6.9 holds.
By (6.50), (6.68), and (6.70), and for all [1 S(x)\ L=, we have

L (x) < —p@(x) min{cay?,1} < —cap y2¢(x), (6.73)
where the last inequality holds for a < 4/c. Now we use that
o) > L)+ Y. Lig(x). (6.74)
CB()\S< Cs<

The first sum in (6.74) is bounded from above by

—cap(x) Y Py < —cap(x) pdﬁnin{Bzg%X):%}

CB(x)\S™ CB(x)\S<

IA

—ca@(x)min{ B2 > prgZ(x)ii ;. (6.75)
CB(x)\s<
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But from Lemma|6.9/we know that, for all x Uz \Gg,

) [2]
Z p@gx)zcg—%ﬁzc — (6.76)

CB(x)\S< 6

where ¢ is a positive constant provided that a = ¢6. If n large enough, the inequality

min{ B2 > prgx);3 2min{c ?;%}:C—Ii—l (6.77)

CB(x)\S< 6

holds, and from (6.71) and (6.75) we get

LyW(o) = -CE(l—a)ex)(c a8 t—ca™l). (6.78)

By our choice of 8, the condition c a@ ' —ca™! >0 < a > cB is satisfied for any a  (0,1)
as soon as n is large enough. Hence, for such n’s and for N large enough, we get that Lyy(0) =
Ly @(X) < 0, concluding the proof of Proposition [6.4. O

Substituting the expression of the super-harmonic function (6.20) in (6.19) and using with (6.15),
we obtain that for all o [Us\Gg]

GITA<T pogsl =  max e G OBN[Fnm@)-Foum©)]
o [0Us]
< ¢ (@W-BN[Fa(me)+3—Fg n(m(o)] (6.79)

where the last inequality follows from the definition of U5 together with the bounds in (3.33). This
concludes the proof of Proposition 6.3.

Renewal estimates on escape probabilities. Let us now come back to the proof of Lemmal6.2. An
easy consequence of Eq. (6.14) is that, for all o [04Go 1,

T <e 7 NM)TO) max el+~ N M) :
[ATA<T [5,6,] 8) <€ (1—)BN (Fg n (M) +3) (1—o)BNFg y (M) (6.80)
A0 m aAGe

while obviously [glTa < T [5,c,] 8) =0 forallo [Gg \ 95Gg]. To control the r.h.s. of (6.80),
we need the following lemma:

Lemma 6.10. There exists a constant ¢ < oo, independent of n, such that, for allm Gg,

Fen(m)<Fgn(m )+cl (6.81)

Proof. Fixm Gg and set m —m = v. Notice that, from the definition of Gg,
2
M m
v gsmaxpigs 2] (6.82)
Using Taylor’s formula, we have
1 14 3
Fen(m)=Fgn(m )+ > (v, C(m )v) + ED Fgn(X)V7, (6.83)
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where [(m ) is the positive-definite matrix described in Sect. 3.2 (see Eq. (3.16)) and x is a suitable
element of the ball around m . From the explicit representation of the eigenvalues of [(m ), we
seethat [(mM ) <c[t, and hence

(v, @ )v) <cT v 3=<cl] (6.84)
The remainder is given in explicit form as
n a3F 1 n 1
BN
D¥Fg N (X)VE = Z = (x)v%:EZ—ZIN’&Xdp@VE (6.85)
R =1 P
1S 1 Uyl
= —— v

~2, N3O
PEPH{uy 1)
1 1 IAdT Y A tanh(ter BR)(L — tanh?(ter BRY)

= —= v
2 ~ 3 ™
P&Py (|/\E|]-1 Y A (L—tanh?(t ¢ Bhi)))
where t+ I AX#APh Thus
51
|D3FB’N(X)V3{SCZ—2V?I’:1€C [+ vi3<c] (6.86)
=1 pI:I
where we used that |v Ap < 1. Hence, for some ¢ < oo, independent of n,
Fen(m) = Fgn(m )+cl] (6.87)
which proves the lemma. O

From (6.80), applying inequality (6.81) and recalling that Fg y(m ) = Fg y(m ), we get that for all
O [0aGel
[lTa < T [9,6,] ) <& VPN (Fon(mo)+d=Fgn(m)=eD)] (6.88)

The last needed ingredient in order to get a suitable estimate on [g{T, < Tg), is stated in the
following lemma.

Lemma 6.11. For any &, > 0, there exists ng [ slich that, for all n = ng, for all © [0,Gg], and
for all N large enough,

[olts < T [5,6,7) =€ P (6.89)

Proof. Fix o [0,Gg] and set m(0) = m(o). As pointed out in the proof of Lemma|6.10, every
m(0) 0,Gg can be written in the form m(0) = m +v, withv  I'§ such that v , < [dThen,
let m = (m(0), m(1),...,m( v ;N) = m ) be a nearest neighbor path in '}, from m(0) to m , of
length N v 1, with the following property: Denoting by [ the unique index in {1,...,n} such that
mA{t) = m{t — 1), it holds that

m{ty=m{t—1)+2s, t=1, (6.90)
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where we define
s; = sign (mm—mdt—l)). (6.91)

Note that, by property (6.90), m(t) Gg for all t = 0. Thus, all microscopic paths, (o(t));=o, such
that 0(0) = o and m(a(t)) = m(t), for all t =1, are contained in the event {Tg < T [,6,1}- Thus
we get that

Lelte <T [36,1) = Lelm(o(t))=m(t), t=1,..., v 1N)

v 1N
=[] ttm(o®) = m)|m(o(t—1)) =m(t - 1))
t=1

v 1N
- l_[ Z pn(O(t —1),0'(t— 1)). (6.92)
=1 i AL

Note that /\S‘mis the set of sites in which a spin-flip corresponds to a step from m(t — 1) to m(t).

The sum of the probabilities in the r.h.s. of (6.92) corresponds to the quantity E?El) defined in

(6.43). From the inequalities (6.44) and (4.15), it follows that, for some constant c>0 depending
on B and on the distribution of the field,

[‘;‘E” = c|ATm(t = 1)I/N = c|AT(m )I/N, (6.93)
where the second inequality follows by our choice of the path m.
Now, since |/\Hm )I/N = % (pE,-t ma, using the expression (3.20) for mmand continuing from
(6.93), we obtain
[?El) =c P (6.94)

Inserting the last inequality in (6.92), and using that, by definition of the path m, the number of
steps corresponding to a spin-flip in A-is equal to [v 4N, for all (= {1,...,n}, we get

v {N

[lTe <T [3,6,]) = l_[ C P

t=1

n
e vV iNInC) l_[vaEH\l
O
=1

eN TIn(c)g—N Y vin(1/p0)

>
> N ThE)g~NX vih Py
= QNI )e—N(Z”Elvgp@“2 2

v

e (/5 e )), (6.95)

where in the third line we used the inequality v ;< [C#? v , < T, And in the last line we used
that m(0) = m +v Gg. By our choice of 8 [ khere exists ng  [sudch that, for all n = ng,
V&= Th(c) < BS,. For such ns, inequality (6.95) yields the bound and concludes the
proof of the Lemma. 0
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We finally state the following proposition:

Proposition 6.12. For all o [Us] it holds that
@TA < TB) < e_BN((1_“)(FB,N(mo)+5_FB,N (m )—C@—Sz)(l + O(l)) (696)
Proof. Let us first consider a configuration o [04Gg]- Then it holds

clta<Tg) = [GITA<T [5,6,1 8)F Z [olTa<Tg, Ty= T [9,64] A B)
N [0aGel

S Lelta<T 36,1 8)+ . m[%i(Ge] Lqlta < ) LalT [5,6,1 < Tr)

LalTA < Tp) (1 - e_BNéz) :

S [TA<T (5,6, B)+n m[%i(Ge]

(6.97)

where in the second line we applied the Markov property, and in the last line we insert the result
(6.12). Now, taking the maximum over o [0,Gg] on both sides of (6.97) and rearranging the
summation, we get

max Ta<Tp) < max TA<T ePN2,
o MBG, oltA<Te) o T g telta 0:61)
< e BN(@=o)(Fon(mo)+3—Fp (M )—c)F-5;) (6.98)

where in the last line we used the bound (6.88). This concludes the proof of (6.96) for o
[0Ge 1.
Then, let us consider o [Us\0,Gg]. As before, it holds

lta<Tg) = [GITA<T [5,6,1 8)F Z [lTA<Tg, Th=T [3,G,] A B)

n [04Ge]
S [lTta<T g6, 8)F . m[%XG ] Lqlta < T) LalT [9,6,1 < Tr)
A0
s LTta<T [, 8)+ max [ty <Tp), (6.99)
n [04Ge1
where [Ty < T [g,6,1 8) is 0 for all o [Gg \ 04Gg], and exponentially small in N for all
o [Us \ Gg] (due to Proposition 6.3). Inserting the bound (6.98) in the last equation, provides
Eq. for o [Us\ 0,Gg] and thus concludes the proof of proposition. O

The proof of formula (6.5) now follows straightforwardly. From (6.96), we get

> Hpn(0) Lolty < Tp)

o [ sm)l
< e BNLA-OEanmoyra=Fonm)=era] S (m)
m Us
= B’N(mo)eBN[otFB,N(mo)—(l—ot)(ZS—FB,N(m )—c033;] Z e~ BNFg (M)
m U5
< pn(myN"ePN [a(Fpn (Mo)—Fpn (M ))—(1-a)(3—c)3-5,] (6.100)

1601



where in the second inequality we used the expression (1.9) for g \(mg), while in the last line we
applied the bound Fg (M) < Fg y(m ) = Fg n(m ), and then bounded the cardinality of U5 by N™.
Finally, choosing a small enough, namely

o< 6_0562
Fp.n(mg) — Fgn(m )+&—cl]

(6.101)

we can easily ensure that (6.100) implies (6.5).

In exactly the same way one proves (6.6). This concludes the proof of Lemma 6.2 and thus of
Theorem|1.2.
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