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1. Introduction

The Choquet integral is commonly used as the integral in non-additive measure theory, and
has been already generalized to the framework of Riesz spaces; see Boccuto and Riečan [1],
Duchoňet al. [3], and [7] among others. The fundamental three limit theorems that are used
in applications of the integral are the monotone convergence, the dominated convergence,
and the bounded convergence. In [7], the author has given a comprehensive discussion on
the theory of Choquet integration for Riesz space-valued non-additive measures, and has
formalized the monotone convergence theorem and the dominated convergence theorem
under the smoothness condition on the involved Riesz space,called the monotone function
continuity property. This paper is a continuation of [7], and this time, in exchange for the
uniform essential boundedness of the integrands, we can obtain some convergence theorems
for Choquet integrals with respect to Riesz space-valued non-additive measures (for short,
Riesz space-valued Choquet integrals) under weaker conditions on the smoothness of the
Riesz space and the modes of convergence of the integrands.

In Section 2, we give a definition and basic properties of the Riesz space-valued asym-
metric Choquet integral by utilizing the existing theory ofRiemann(-Stieltjes) integration in
Riesz spaces. In Section 3, we formalize the bounded convergence theorem for Riesz space-
valued Choquet integrals of a sequence of functions converging in measure. In Section 4,
we formalize another form of the bounded convergence theorem for Riesz space-valued
Choquet integrals of functions converging in distributionunder the monotone function con-
tinuity property. The autocontinuity of non-additive measures plays a crucial role in these
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formalizations. The obtained results in Sections 3 and 4 contain the corresponding ones
discussed in Denneberg [2] and Murofushiet al. [9] for real-valued Choquet integrals.

2. The Asymmetric Choquet integral

It is always assumed thatV is a Riesz space, and the standard terminology of the theory of
Riesz spaces [8] will be used. Denote byR andN the set of all real numbers and the set of
all natural numbers, respectively.

In this section, we give a definition of the asymmetric Choquet integral for Riesz space-
valued non-additive measures and study its basic properties. To this end, we utilize the
existing theory of Riemann(-Stieltjes) integration in Riesz spaces [11]. We have already
given its summary in [7, Appendix A] for readers’ convenience and will use those results
without mentioning explicitly.

From now on we assume that(X,F ) is a measurable space, that is,F is a σ -field of
subsets of a non-empty setX. We also assume thatV is a Dedekind complete and weakly
σ -distributive Riesz space [13]. Denote byχA the characteristic function of a setA.

Definition 2.1. A set functionµ : F →V is called a non-additive measure if it satisfies the
following two conditions:

(i) µ( /0) = 0.
(ii) µ(A)≤ µ(B) whenever A,B∈ F and A⊂ B (monotonicity).

See [2, 10, 12] for comprehensive information on real-valued non-additive measures.

Definition 2.2. Let µ : F → V be a non-additive measure. Let f: X → R be anF -
measurable function. The function Gf : R→V defined by

Gf (t) := µ ({x∈ X : f (x) > t}) (t ∈ R)

is called the decreasing distribution function of f with respect toµ .

Since the functionGf is decreasing, it follows from the theory of Riemann integration in
Riesz spaces (see [7, Appendix A] for instance) that everys> 0, Gf is Riemann integrable
on the bounded closed interval[0,s], and the functionϕ : [0,∞) → V defined byϕ(a) :=
∫ a

0 Gf (t)dt for eacha∈ [0,∞) is increasing. In the same way, the functionψ : (−∞,0]→V
defined byψ(b) :=

∫ 0
b {Gf (t)−µ(X)}dt for eachb∈ (−∞,0] is also increasing. Therefore,

the following formalization is well-defined.

Definition 2.3. Let µ : F → V be a non-additive measure. Let f: X → R be anF -
measurable function. We say that f is Choquet integrable with respect toµ if the following
two conditions are satisfied:

(i) The set
{

∫ a
0 Gf (t)dt : a> 0

}

is bounded from above.

(ii) The set
{

∫ 0
b {Gf (t)− µ(X)}dt : b< 0

}

is bounded from below.

In this case, the (asymmetric) Choquet integral of f with respect toµ is defined by
∫

X
f dµ := sup

a>0

∫ a

0
Gf (t)dt+ inf

b<0

∫ 0

b
{Gf (t)− µ(X)}dt.

The following proposition can be proved by the definition of the Choquet integral and
the properties of the Riemann integral in Riesz spaces [7, Appendix A].
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Proposition 2.1. Let µ : F → V be a non-additive measure. Let f,g,h : X → R be F -
measurable functions.

(1) Let c≥ 0. If f is Choquet integrable, then so is c f and it holds that
∫

X(c f)dµ =
c
∫

X f dµ .
(2) Let c∈ R. If f is Choquet integrable, then so is f+ c and it holds that

∫

X( f +
c)dµ =

∫

X f dµ + cµ(X).
(3) Assume that f and g are Choquet integrable and f(x) ≤ g(x) for all x ∈ X. Then it

holds that
∫

X f dµ ≤
∫

X gdµ .
(4) Assume that f and g are Choquet integrable and there is c> 0 satisfying| f (x)−

g(x)| ≤ c for all x∈ X. Then it holds that|
∫

X f dµ −
∫

X gdµ | ≤ cµ(X).
(5) Assume that h(x) ≤ f (x) ≤ g(x) for all x ∈ X. If g and h are Choquet integrable,

then so is f and it holds that
∫

X hdµ ≤
∫

X f dµ ≤
∫

X gdµ .

Definition 2.4. [9, Definition 3.2]Letµ : F →V be a non-additive measure. Let f: X →R

be anF -measurable function. LetΦ be a non-empty family ofF -measurable, real-valued
functions on X.

(1) We say that f is essentially bounded if there is r∈R with r > 0 such that Gf (r) = 0
and Gf (−r) = µ(X).

(2) We say thatΦ is uniformly essentially bounded if there is r∈R with r > 0 such that
Gf (r) = 0 and Gf (−r) = µ(X) for all f ∈ Φ.

The following proposition shows that every essentially bounded, measurable function is
Choquet integrable.

Proposition 2.2. Let µ : F → V be a non-additive measure. Let f: X → R be anF -
measurable function. If f is essentially bounded, then it isChoquet integrable. More pre-
cisely, if there is r∈ R with r > 0 such that Gf (r) = 0 and Gf (−r) = µ(X), then it holds
that

∫

X
f dµ =

∫ r

0
Gf (t)dt+

∫ 0

−r

{

Gf (t)− µ(X)
}

dt =
∫ r

−r
t d(−Gf ).

Proof. Assume that there isr ∈R with r > 0 such thatGf (r) = 0 andGf (−r) = µ(X). Then
Gf (t)= 0 for all t ≥ r andGf (t)= µ(X) for all t ≤−r. Therefore, the set

{
∫ a

0 Gf (t)dt : a> 0
}

is bounded from above and

sup
a>0

∫ a

0
Gf (t)dt =

∫ r

0
Gf (t)dt.

Similarly, the set
{

∫ 0
b

{

Gf (t)− µ(X)
}

dt : b< 0
}

is bounded from below and

inf
b<0

∫ 0

b

{

Gf (t)− µ(X)
}

dt =
∫ 0

−r

{

Gf (t)− µ(X)
}

dt.

Therefore,f is Choquet integrable and the first equality holds. The second equality follows
from [7, Propositions A.3 and A.7].

3. The bounded convergence theorem

In this section, we formalize the bounded convergence theorem for Riesz space-valued Cho-
quet integrals of a sequence of functions converging in measure.
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Definition 3.1. Let µ : F → V be a non-additive measure. Let f be anF -measurable,
real-valued function on X and{ fn}n∈N a sequence of such functions.

(1) We say that{ fn}n∈N converges to f almost everywhere and write fn → f (a.e.) if
there is N∈ F with µ(N) = 0 such that fn(x)→ f (x) for every x6∈ N.

(2) We say that{ fn}n∈N converges to f almost uniformly and write fn → f (a.u.) if
there is a decreasing net{Eα}α∈Γ ⊂ F with µ(Eα) ↓ 0 such that fn converges to
f uniformly on every set X\Eα .

(3) We say that{ fn}n∈N converges to f in measure and write

fn
µ

−→ f if µ ({x∈ X : | fn(x)− f (x)|> ε})→ 0 for everyε > 0.

Definition 3.2. Let µ : F →V be a non-additive measure.

(1) µ is said to be autocontinuous from above ifµ(A∪Bn) → µ(A) for each A∈ F

and each{Bn}n∈N ⊂ F with µ(Bn)→ 0.
(2) µ is said to be autocontinuous from below ifµ(A\Bn)→ µ(A) for each A∈F and

each{Bn}n∈N ⊂ F with µ(Bn)→ 0.
(3) µ is said to be autocontinuous if it is autocontinuous from above and below.
(4) µ is said to be null-continuous ifµ(

⋃∞
n=1Nn) = 0 whenever Nn ∈F andµ(Nn) = 0

for all n ∈ N.
(5) µ is said to be continuous from above ifµ(An) ↓ µ(A) whenever{An}n∈N ⊂F and

A∈ F satisfy An ↓ A.

We give a typical example of Riesz space-valued non-additive measures satisfying the
properties given above.

Example 3.1. Denote byL0[0,1] the Dedekind complete Riesz space of all equivalence
classes of Lebesgue measurable, real-valued functions on[0,1]. Let K be a Lebesgue inte-
grable, real-valued function on[0,1]2 with K(s, t) ≥ 0 for almost all(s, t) ∈ [0,1]2. Define
the vector-valued set function byλ (A)(s) :=

∫

AK(s, t)dt for every Borel subsetA of [0,1]
and almost alls∈ [0,1]. Then,λ is anL0[0,1]-valuedorder countably additiveBorel mea-
sure on[0,1], that is, it holds that∑n

k=1 λ (Ak)→ λ (A) whenever{An}n∈N is a sequence of
mutually disjoint Borel subsets of[0,1] with A=

⋃∞
n=1An. Let µ(A) :=

√

λ (A)+λ (A)2 for
every Borel subsetA of [0,1]. Then,µ is anL0[0,1]-valued non-additive measure which is
autocontinuous, null-continuous, and continuous from above.

The following proposition shows that the convergence in measure follows from the al-
most convergence or the almost uniform convergence under the frequently used “quasi-
additivity” conditions of non-additive measures given above. See [4, 5, 6] for the Egoroff
theorem, the Lebesgue theorem, the Riesz theorem, and the Lusin theorem concerning the
convergence of measurable functions.

Proposition 3.1. Let µ : F → V be a non-additive measure. Let f be anF -measurable,
real-valued function and{ fn}n∈N a sequence of such functions.

(1) If { fn}n∈N converges to f almost uniformly, then it converges in measure.
(2) Assume thatµ is continuous from above. If{ fn}n∈N converges to f almost every-

where, then it converges in measure.
(3) Assume thatµ is null-continuous. If{ fn}n∈N converges to f almost uniformly, then

it converges almost everywhere.
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Proof. (1) Let{Eα}α∈Γ ⊂ F be a decreasing net withµ(Eα) ↓ 0 such thatfn converges to
f uniformly on each setX \Eα . Fix ε > 0. Then we have

limsup
n→∞

µ({| fn− f | ≥ ε})≤ µ(Eα)

for everyα ∈ Γ, so thatµ({| fn− f | ≥ ε})→ 0.
(2) By assumption, there is a setN ∈ F with µ(N) = 0 such thatfn(x)→ f (x) for every

x 6∈ N. Fix ε > 0. Thenµ(
⋂∞

n=1
⋃∞

k=n{| fk− f | ≥ ε}) = 0. Thus, by the continuity ofµ from
above, we have infn∈N µ(

⋃∞
k=n{| fk− f | ≥ ε}) = 0, so thatµ({| fn− f | ≥ ε)→ 0.

(3) It follows from assumption thatµ(
⋂∞

n=1
⋃∞

k=n{| fk − f | ≥ ε}) = 0 for everyε > 0.
For eachi ∈N, let Ni :=

⋂∞
n=1

⋃∞
k=n{| fk− f | ≥ 1/i} andN :=

⋃∞
i=1Ni . Thenµ(Ni) = 0 for

eachi ∈ N, so thatµ(N) = 0 sinceµ is null-continuous. Further,fn(x) → f (x) for every
x 6∈ N.

Lemma 3.1. Let µ : F →V be a non-additive measure. Assume thatµ is autocontinuous.
Let f be anF -measurable, real-valued function on X and{ fn}n∈N a uniformly essentially
bounded sequence of such functions. If{ fn}n∈N converges in measure to f , then{ fn, f}n∈N

is also uniformly essentially bounded.

Proof. We have only to show thatf is essentially bounded. By assumption, there isr ∈ R

with r > 0 such thatGfn(r) = 0 andGfn(−r) = µ(X) for all n∈N. Let A := { f > r +1}

andBn := {| fn− f | > 1} for eachn∈ N. Since fn
µ

−→ f , we haveµ(Bn)→ 0, so that the
autocontinuity ofµ implies µ(A\Bn)→ µ(A). SinceA\Bn ⊂ { fn > r} for all n∈ N, we
have

0≤ Gf (r +1) = lim inf
n→∞

µ(A\Bn)≤ lim inf
n→∞

Gfn(r) = 0.

Thus, we haveGf (r +1) = 0. In a similar way, we haveGf (−r −1) = µ(X).

Theorem 3.1. Let µ : F → V be a non-additive measure. The following conditions are
equivalent:

(i) µ is autocontinuous;
(ii) The bounded convergence theorem holds forµ , that is, if a uniformly essentially

bounded sequence{ fn}n∈N of F -measurable, real-valued functions on X con-
verges in measure to anF -measurable, real-valued function f on X, then it holds
that

∫

X fndµ →
∫

X f dµ .

Proof. (i) ⇒ (ii): By Lemma 3.1, we may assume that there is a real numberr > 0 such that
Gfn(r) =Gf (r) = 0 andGfn(−r) =Gf (−r)= µ(X) for all n∈ N, so that by Proposition 2.2,
fn and f are all Choquet integrable.

Let g := { f ∨(−r)}∧ r andgn := { fn∨(−r)}∧ r (n= 1,2, . . .). ThenGf (t) = Gg(t) and
Gfn(t) = Ggn(t) for all t ∈R andn∈N. Thus,

∫

X f dµ =
∫

X gdµ and
∫

X fndµ =
∫

X gndµ for
all n∈N.

Fix ε > 0. Since|g(x)| ≤ r for all x∈ X, one can find anF -measurable, simple function
h : X →R such that|h(x)| ≤ r and|h(x)−g(x)|< ε for all x∈ X. Then by Proposition 2.1,
it holds that

(3.1)

∣

∣

∣

∣

∫

X
hdµ −

∫

X
gdµ

∣

∣

∣

∣

≤ εµ(X).
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We first prove that there is{pn}n∈N ⊂V with pn ↓ 0 such that for everyn∈N andt ∈R,
it holds that

(3.2) µ({h> t})≤ µ({gn > t −2ε})+ pn.

To prove this, letBn := {|gn−h|> 2ε} for all n∈ N. Since|gn(x)−g(x)| ≤ | fn(x)− f (x)|

for all x∈ X, it follows thatgn
µ

−→ g. Further, since|h(x)−g(x)|< ε for all x∈ X, we have
{|gn−h|> 2ε} ⊂ {|gn−g|> ε} for all n∈ N. Thus, it holds thatµ({|gn−h|> 2ε})→ 0,
so thatµ(Bn) → 0. Since the family{{h> t} : t ∈ R} consists of finitely many sets, say
A1,A2, . . . ,Am, the autocontinuity ofµ from below shows that for eachk= 1,2, . . . ,m, there

is {p(k)n }n∈N ⊂ V with p(k)n ↓ 0 such thatµ(Ak) ≤ µ(Ak \Bn)+ p(k)n for everyn∈ N. Let

pn := sup1≤k≤m p(k)n for eachn∈N. Thenpn ↓ 0, and for everyk = 1, . . . ,m andn∈ N, it
holds that

(3.3) µ(Ak)≤ µ(Ak \Bn)+ pn.

Taken∈ N andt ∈ R arbitrarily. Since{h> t} = Ak0 for somek0 (1≤ k0 ≤ m) and{h>
t} \Bn ⊂ {gn > t −2ε}, the desired inequality (3.2) follows from (3.3).

In a similar way, there is{qn}n∈N ⊂V with qn ↓ 0 such that for everyn∈N andt ∈ R, it
holds that

(3.4) µ({gn > t +2ε})≤ µ({h> t})+qn.

Let un := pn∨qn for eachn∈ N. Thenun ↓ 0. Fix n∈ N. Since|h(x)| ≤ r for all x∈ X,
by Proposition 2.2,h is Choquet integrable and

(3.5)
∫

X
hdµ =

∫ r

0
µ({h> t})dt+

∫ 0

−r

{

µ({h> t})− µ(X)
}

dt.

Then, by (3.2) we have

(3.6)
∫

X
hdµ ≤

∫ r

0
Ggn(t −2ε)dt+

∫ 0

−r

{

Ggn(t −2ε)− µ(X)
}

dt+2run.

On the other hand, it holds that
∫

X
(gn+2ε)dµ =

∫ r+2ε

0
Ggn+2ε(t)dt+

∫ 0

−r+2ε

{

Ggn+2ε(t)− µ(X)
}

dt(3.7)

=

∫ r+2ε

0
Ggn(t −2ε)dt+

∫ 0

−r+2ε

{

Ggn(t −2ε)− µ(X)
}

dt

≥
∫ r

0
Ggn(t −2ε)dt+

∫ 0

−r

{

Ggn(t −2ε)− µ(X)
}

dt.

Since
∫

X(gn + 2ε)dµ =
∫

X gndµ + 2εµ(X) by Proposition 2.1, it follows from (3.6) and
(3.7) that

(3.8)
∫

X
hdµ ≤

∫

X
gndµ +2εµ(X)+2run.

In a similar way, by (3.4) and (3.5), it holds that

(3.9)
∫

X
hdµ ≥

∫

X
gndµ −2εµ(X)−2run.
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As shown in the second paragraph of this proof,f andg, as well asfn andgn, have the
same Choquet integrals. Thus by (3.1) and (3.9), we have

∣

∣

∣

∣

∫

X
fndµ −

∫

X
f dµ

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

X
gndµ −

∫

X
gdµ

∣

∣

∣

∣

≤ 3εµ(X)+2run,

so that limsupn→∞ |
∫

X fndµ −
∫

X f dµ | ≤ 3εµ(X). Sinceε > 0 is arbitrary, lettingε → 0,
we have

∫

X fndµ →
∫

X f dµ .
(ii) ⇒ (i): Let A,Bn ∈ F (n= 1,2, . . .) and assume thatµ(Bn)→ 0. Then the sequence

{χA∪Bn
}n∈N is uniformly essentially bounded andχA∪Bn

µ
−→ χA. Thus, by assumption, we

haveµ(A∪Bn) =
∫

X χA∪Bn
dµ →

∫

X χAdµ = µ(A), so thatµ is autocontinuous from above.
The autocontinuity ofµ from below can be proved in a similar way.

Remark 3.1. (1) Theorem 3.1 extends a part of [9, Theorem 3.3] to Riesz space-valued
Choquet integrals.

(2) In Theorem 3.1, we do not need to assume the monotone function continuity property
of the Riesz spaceV and the pointwise convergence of the integrands{ fn}n∈N; see [7,
Theorem 4.15].

4. Another form of the bounded convergence theorem

In this section, we formalize another form of the bounded convergence theorem for Riesz
space-valued Choquet integrals of functions converging indistribution. To this end, we
need a notion of continuity of Riesz space-valued functions. Recall that a double sequence
{ui, j}(i, j)∈N2 of elements ofV is called aregulatorin V if it is order bounded andui, j ↓ 0 for
eachi ∈ N, that is,ui, j ≥ ui, j+1 for eachi, j ∈ N and infj∈Nui, j = 0 for eachi ∈N. Denote
by Θ the set of all mappings fromN intoN.

Definition 4.1. [7, Definition 4.1]Let g : R → V be a function and t0 ∈ R. We say that
g is continuous at t0 if there is a regulator{ui, j}(i, j)∈N2 in V with the property that for
everyθ ∈ Θ, one can findδ > 0 such that for each t∈ R with |t − t0| < δ , it holds that
|g(t)−g(t0)| ≤ supi∈N ui,θ(i). We say that g is continuous onR if it is continuous at every
point ofR.

Definition 4.2. [2] Let µ : F →V be a non-additive measure. Let f be anF -measurable,
real-valued function on X and{ fn}n∈N a sequence of such functions. We say that{ fn}n∈N

converges to f in distribution and write fn
G

−→ f if G fn(t) → Gf (t) for every continuity
point t of Gf .

Remark 4.1. SinceGf is decreasing, it is easy to see that infε>0Gf (t0−ε)= supε>0Gf (t0+
ε) = Gf (t0) holds for every continuity pointt0 of Gf .

Proposition 4.1. Let µ : F →V be a non-additive measure. The following conditions are
equivalent:

(i) µ is autocontinuous.
(ii) If a sequence{ fn}n∈N of F -measurable, real-valued functions on X converges in

measure to anF -measurable, real-valued function f on X, then it convergesin
distribution to the same limit function f .
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Proof. (i) ⇒ (ii): Assume thatfn
µ

−→ f . Let t0 ∈ R be a continuity point ofGf . Fix ε > 0.
We first prove

(4.1) limsup
n→∞

Gfn(t0)≤ Gf (t0− ε).

Let A := { f > t0− ε} and letBn := {| fn− f | > ε} for all n∈ N. Since fn
µ

−→ f , we have
µ(Bn)→ 0, so that the autocontinuity ofµ impliesµ(A∪Bn)→ µ(A). Since{ fn > t0} ⊂
A∪Bn for all n∈ N, it follows that limsupn→∞ Gfn(t0) ≤ limsupn→∞ µ(A∪Bn) = µ(A) =
Gf (t0− ε).

In a similar way, it can be shown that

(4.2) Gf (t0+ ε)≤ lim inf
n→∞

Gfn(t0).

Sincet0 is a continuity point ofGf andε > 0 is arbitrary, by (4.1), (4.2), and Remark 4.1,

Gfn(t0)→ Gf (t0), which implies thatfn
G

−→ f .

(ii) ⇒ (i): Let A,Bn ∈ F (n= 1,2, . . .) and assume thatµ(Bn)→ 0. SinceχA∪Bn

µ
−→ χA

andGχA is continuous at 1/2, it follows thatGχA∪Bn
(1/2)→ GχA(1/2). Thus,µ(A∪Bn)→

µ(A), so thatµ is autocontinuous from above. In a similar way, the autocontinuity of µ
from below can be proved. Thus the proof is complete.

Remark 4.2. Proposition 4.1 extends [9, Theorem 3.1] to Riesz space-valued non-additive
measures.

In [7], we introduced and imposed a new property of Riesz spaces concerning the car-
dinality of the set of points of discontinuity of a Riesz space-valued monotone function to
obtain analogues of the monotone convergence theorem and the dominated convergence the-
orem of Riesz space-valued Choquet integrals. Recall that the set of points of discontinuity
of a monotone real-valued function is at most countable. We have an example showing that
this is not the case of a Riesz space-valued monotone function.

Example 4.1. [7, Example 4.4] For eacht ∈ [0,1], define the elementht ∈R
[0,1] by

ht(ξ ) :=

{

1 if 0 ≤ ξ ≤ t,

0 if ξ > t

for all ξ ∈ [0,1]. Let g(t)(ξ ) := ht(ξ ) for all t,ξ ∈ [0,1]. It is readily seen thatg : [0,1]→
R
[0,1] is increasing and discontinuous at every point of(0,1]. Thus the set of points of

discontinuity ofg is uncountable.

Owing to Example 4.1, the following property defines a new class of Riesz spaces.

Definition 4.3. We say that a Riesz space V has the monotone function continuity property
if every V -valued monotone function defined on any closed, finite interval onR has at most
countably many points of discontinuity.

Many important function spaces and sequence spaces enjoy this property; see [7, Exam-
ple 4.9].

Theorem 4.1. Let µ : F →V be a non-additive measure. Let f be an essentially bounded,
F -measurable, real-valued function on X and{ fn}n∈N a uniformly essentially bounded
sequence of such functions. Assume that V has the monotone function continuity property.

If fn
G

−→ f , then it holds that
∫

X fndµ →
∫

X f dµ .
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Proof. By assumption, we may assume that there isr ∈ R with r > 0 such thatGfn(r) =
Gf (r) = 0 andGfn(−r) = Gf (−r) = µ(X) for all n∈ N. Then, by Proposition 2.2,fn and
f are all Choquet integrable.

Since the functionsGfn and Gf are decreasing, they are functions of bounded varia-
tion on [−r, r]. It is easy to see that{Gfn}n∈N satisfies conditions (i) and (ii) of [7, Theo-
rem A.10]. SinceV has the monotone function continuity property,Gf has at most count-

ably many points of discontinuity, so that the convergencefn
G

−→ f implies condition (iii)
of [7, Theorem A.10]. Thus we have

∫ r
0 Gfn(t)dt →

∫ r
0 Gf (t)dt. Similarly, we also have

∫ 0
−r{Gfn(t)−µ(X)}dt→

∫ 0
−r{Gf (t)−µ(X)}dt. Therefore

∫

X fndµ →
∫

X f dµ and the proof
is complete.

Remark 4.3. (1) Theorem 4.1 almost extends [2, Theorem 8.9] and [9, Theorem 3.2] to
Riesz space-valued Choquet integrals.

(2) In Theorem 4.1, we do not need to assume the continuity of the measureµ and the
pointwise convergence of the integrands{ fn}n∈N; see [7, Theorem 4.15].
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