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1. Introduction

Several identities and recurrence relations for probability density function (pdf)
and distribution function (df) of order statistics of independent and identically dis-
tributed (éid) random variables were established by numerous authors including
Arnold et al. [1], Balasubramanian and Beg [3], David [13], and Reiss [18]. Further-
more, Arnold et al. [1], David [13], Gan and Bain [14], and Khatri [17] obtained
the probability function and df of order statistics of #d random variables from a
discrete parent. Corley [11] defined a multivariate generalization of classical order
statistics for random samples from a continuous multivariate distribution. Expres-
sions for generalized joint densities of order statistics of i#d random variables in
terms of Radon-Nikodym derivatives with respect to product measures based on df
were derived by Goldie and Maller [15]. Guilbaud [16] expressed the probability of
the functions of independent but not necessarily identically distributed (innid) ran-
dom vectors as a linear combination of probabilities of the functions of iid random
vectors and thus also for order statistics of random variables.

Recurrence relationships among the distribution functions of order statistics aris-
ing from nnid random variables were obtained by Cao and West [9]. In addition,
Vaughan and Venables [19] derived the joint pdf and marginal pdf of order sta-
tistics of innid random variables by means of permanents. Balakrishnan [2], and
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Bapat and Beg [7] obtained the joint pdf and df of order statistics of innid ran-
dom variables by means of permanents. Using multinomial arguments, the pdf of
Xrnt+1(1 <r <n+1) was obtained by Childs and Balakrishnan [10] by adding an-
other independent random variable to the original n variables X1, Xo, ..., X,,. Also,
Balasubramanian et al. [6] established the identities satisfied by distributions of or-
der statistics from non-independent non-identical variables through operator meth-
ods based on the difference and differential operators. In a paper published in 1991,
Beg [8] obtained several recurrence relations and identities for product moments of
order statistics of innid random variables using permanents. Recently, Cramer et
al. [12] derived the expressions for the distribution and density functions by Ryser’s
method and the distribution of maxima and minima based on permanents. In the
first of two papers, Balasubramanian et al. [4] obtained the distribution of single or-
der statistic in terms of distribution functions of the minimum and maximum order
statistics of some subsets of { X1, Xo, ..., X, } where X;’s are innid random variables.
Later, Balasubramanian et al. [5] generalized their previous results [4] to the case
of the joint distribution function of several order statistics.

In general, the distribution theory for order statistics is complicated when the
random variables are innid. In this study, the explicit expressions for the joint df
and pdf of order statistics of innid random variables are obtained.

From now on, the subscripts and superscripts are defined in the first place in
which they are used and these definitions will be valid unless they are redefined.

If a1, a9, ... are defined as column vectors, then the matrix obtained by taking m;

copies of a;, mo copies of as,... can be denoted as
[a1  ag...]
ma mo

and per A denotes the permanent of a square matrix A, which is defined as similar
to determinants except that all terms in the expansion have a positive sign.

Let X1, Xs, ..., X,, be innid continuous random variables and X7.,, < X5, < ... <
X,.n be the order statistics obtained by arranging the n X; ’s in increasing order of
magnitude.

Let F; and f; be df and pdf of X; (i = 1,2,...,n), respectively. Moreover,
Xims X5, ..., X, are order statistics of iid random variables with df F* and

pdf f*, respectively, defined by

(1.1) ot > F
. = 5

and

(1.2) fr= %Zf

Here, s is a non-empty subset of the integers {1,2,...,n} with ny > 1 elements.
Als/.) is the matrix obtained from A by taking rows whose indices are in s.
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The df and pdf of Xrl:naXrgzn7~--7X7"d:n (1 <rp <rg<..<rg<nd=

1,2,...,n) will then be given. For notational convenience we write
N,...,MM3,M2 n,...,m3,M2 n,...,r3—1,ro—1
2.0 Z co2, amd )
mq,...,M2,M1 ta,...,ta,t1 ta,...,ta,t1
instead of

rT3— 17”21

ICHECD I HED HD S MDD IETD IED 3>

Ns=K Mg=Tq mo=rg mi=r1 ltqg=mgq to=mao t1=m1 ta=rq to=ro ti=mr1
in the expressions below, respectively.
2. Theorems for distribution and probability density function

In this section, the theorems related to df and pdf of X, .n, Xryin, ooy Xryn are
given. The theorems connect the df and pdf of order statistics of innid random
variables to that of order statistics of iid random variables using (1.1) and (1.2).

Theorem 2.1.

F’r’l,Tz,.A.,'r"d:TL(x17m2a AR xd)

n,...,M3,M2 n,...,M3,M2 d
d
= ) ¢ Y (F)Sia et (] ( M1 — mw >
md,...,m2,M1 td,...,ta,t1 wel

(2.1)

d
Z (tg —ma)! Z H per| F(zw) J[sw/-) 5

m —Myy—1—1 toy—
ng=n—tq+mq Mgy MsgyesMsy ; W=1 w+1 w—1—twttw_1

1 <22 < ...<Zyg,

where F(2y) = (Fi(2w), Fa(2w), ..., Fp(x4)) is column vector, x, € R, C = [[]%"}

w=1

(M —My-1)!]7L, mg = 0, mgy1 = n, En51’ns2w’n5d_l denotes the sum over

d—1 . d
Uw_1 Sw for which s, (s, = ¢ forv # v, s = U,_1 Sws Nsyy = M1 — My—1 —
tw + tw,1 and t() =mj.

Proof. Tt can be written
(22) Frl,m,.“,rd:n(th% ~'~7$d) = P{Xrlzn S xlﬂX’l‘zi’ﬂ S x2, ~'-7er:n S xd} .

(2.2) can be expressed as
Ty.., 13,12

(2.3) Frivorrgn(®1, T2, oy Tg) = Z CperA

md,...,mM2,M1
where
A= |F(z1) F(aa) —F(z1) ... 1— F(xd)}

my mo—my n—mgq

is matrix.

F xw)*F(xw—l) = (Fl(xw)*Fl(xw—l)aFZ(zw)*F2(1'w—1)a "'aFn(xw)an(xw—l))/
(w= »d+1), Fi(zo) =0 and Fi(zgq41) = 1.
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Using properties of permanent, we can write
per A =per[F(z1) F(xz) —F(z1) F(as) — F(za) ... F(zq) —F(xg_1) 1—F(z4)]

mi ma2—mi m3—mza mqg—md—1 n—mgqg
n—mq m3—ma2
_ _1\n—mg—tg n—1mgq __1\ma—ma—t2 m3 — ma
= > (-1 ( Ny )...2(1) ( t )
tq=0 to=0
mo2—Mm1q
. _ mz—ml—tl m2_m1
I
t1=0
- per[F(z1) F(x2) e 1 F(zq))
mo—t1 mg—ma—tatty ta n—mg—tg+tag_1
n—mg ms3—msg Mo—mq < d m
ST et (T () X
tq=0 t2=0 t1=0 w=1 ns=n—tq
-per[F(z1) F(z2) F(zq) ][s/.)
mo—t; mz—mao—ta+ity n—mqg—tqg+tg—1

-y 8 S et (T ()

td mq t2 mao tl—ml w=1

> (ta—ma)! per[ F(z1) F(za) ..  F(zq) s/

Ns=n—tgt+my mao—ti+mi; mz—mi—to+t; n—mq—tq+tqg—1
d
Z Z Z 1) s 1 =1) <H ( Map 1 = My ))
tg=mgq to=mo t1=m1 w=1 tw — Mw
> (ta—ma)! >

ns=n—tg+mqy Mgy Mgy Msy_
-per[ F(z1) |[s1/.) per[ F(x2) Jls2/.) ... per[  F(za)  [sa/.)
mo—t1+m1 m3—mi—ta+i1 n—mgq—1—tqg+tqa—1

n,...,m3,ms

d
S (F)Ee e te) (H ( mzuﬂ_;@?:w )> Yo (ta—ma)

td,...,t2,t1 w=1 ns=n—tq+mq
(2.4)
d
> I per F(zw) [[sw/-),
e o, w=1 Map+1—Maw—1—tw+tw—1
51:Msgs 5 Msg g
where 1 = (1,1,...,1)". Using (2.4) in (2.3), (2.1) is obtained. 1

Theorem 2.2.

Frl,rz7...,m:n($lvx27 ~-~7l'd)

Ny.ry3, M2 Nyery M3, M2 d
= E C g (_1)2?17:1 (m111+1_t1“ I | < mw+1 My )
w — m
Mg,...,M2,M1 ta,...,t2,t1 w=1 b

My

d
25 - > (ta—ma)t Y T net T Fa @),

ns=n—tqg+mgy Mgy Msg sy Nsy_ W=1 =1
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where s, = {sL, 52, ..., 5w }.
Proof. Omitted. 1
Theorem 2.3.

F’I"1,T‘2,...,Td:n(‘rl7x27 ...,I’d)

;MM3,M2

Yy Y we

md,...,mM2,M1

(2.6)

My...,M3,M2

Z (_1)Zi 1 (M1 —tw) H

td,...,t2,t1 w=1

8

7N
o S
$H e
+
—

> [FS (xw)]merl—mw71—tw+tw71 .

Proof. (2.2) can be expressed as
F7'1,7‘2,...,Td277/(‘r17x27"'7xd)
(2.7) - ZZP{X;:“ <z, X5, < a0, X)L S wa}
is immediate from (2.1) and (2.7). Thus, (2.6) is obtained. |
Theorem 2.4.

le,’l‘g,...,’l‘dZn(xlj L2y ey l'd)

d
_ A+ (e —tw) Twtl — Tw — 1
oS et (T (e )

td, .7t2,t1 w=1
E (td — T‘d)! E
ns=n+rq—tq Mgy Mgy yeesMsy_q

d
(2.8) T D perl F(x.) | [sw/-) perlf (aflw)]kfu/-),

w=1n,, Twt1—Tw—1—1—tw+tw_1

d _
where f(x,,) = (fl(xw)7f2(xw)a~~-afn(xw))/7 D = [Hwill (T —rw—1 —1)1] 1; To =
0, 7441 =n+1, s= Uizlsw, S8y =@ for v# v, 84 = U, Swlsh, = b,
Nsy = Tw4+1 — Tw—1 — tw + twfl ) tO =T — 1; New = Tw+1 — Tw—1 — 1-— tw + tw—l
and ng = 1.

Proof. Consider

2.

( ]%){xl < Xpn @14 021,02 < Xy < @2+ 022, ooy g < Xy < g+ 024}
Dividing (2.9) by Hi:l 02, and then letting dx1, dxa, ..., 024 tend to zero, we obtain
(2.10) friwonrgn(T1, T2, ..., £g) = D per B,

where

B =[F(z1) f(z1) F(a2) —F(zx1) f(z2) ... f(zq) 1—F(zq)]

rp—1 1 ro—ri—1 1 1 n—rq
is matrix. Using properties of permanent, we can write
per B = perlF(z1) f(z1) F(az) — F(a1) f(2s) . f(za) 1 - F(ag)

ri—1 1 ro—ry—1 1 1 n—rq
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n—rq n—r rg—ro—1 e — 1
_ Z (71)7’L7T¢L*fd ( d ) Z (71)r37r2717t2 ( 3 2 )
tq=0 td to=0 t2
ro—r1—1
221: (_1)T2_T1—1—t1 < ro —T1 — 1 )
t1=0 ty

-per[ F(xy) f(z1) F(x2)

U . f(.rg) f(xd) 1 F(gjd) ]

rg—ro—1l—to+4t, 1 1 tq n—rq—tatta_1
n—rq rz—ra—lra—ri—1

d
Z Z Z (_1)7”‘1—7’1—61—2?,,: (H ( Tw-‘rl w— 1 ))
ta=0 t2=0  t1=0 v}

Z tq! per[ F(z1) F(z2)

v Flzg)  f(21) f(x2)
ns=n—tq ro—2—t; r3—ro—1l—t2+t; n—rq—tq+tq_1 1 1
f(xd)][S/J

rg—1 ro—1

Z YN (1) R et (ﬁ ( Fobt — T — 1 ))

ty — T
ta=rq ta=rat1=r1 w1 w w

Z (tqg —rq)! per[ F(xy)

Ng=n-+rq—tq

ro+r1—2—t1 r3—ri—l—totty

n—rq—1—tqgtta—1
f(ffl) f(ﬂfz) f(xd)][S/-)

73— 17"21

Z Z Z d+2i:1 (rw+1—tw) <ﬁ ( Twtl — Tw — 1 ))
ta=rq ta=rati=r1 w1 - Tw
' Z (ta —7ra)!

ns=n+rq—tq

Y. pe] F(z) fz)]ls1/-) per|

Mgy Mgy ro+r1—2—11
per[  Fzg)  fza)llsa/.)
n—rqg_1—tgtta—1 1

T3— 1'{'21

3 X S (1) et (ﬁ ( Fat =T — 1 ))

F(za)  f(z2)][s2/.) -

rg—ri—l—ta+t1 1

w — T
tqg=rq to=rati=nr; w

Z (ta —7a)!

ns=n+rq—tq

d
> IIpel F(,) (

f(zw)][sw/-)
19Msgs - Msy_q w=1 Twt+1—Tw—1—1—tw+tw—1 1

73— 1T21

55 st ([ (o))

— T
ta=rq  to=roti=r1 w

> (ta—ra)!

Nng=n-+rq—tq
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(2.11)
d
> I > perl F(z.) | [sw/) per(f(zw)]lsy/-)-
Ny Msg oMoy W=1 Ny, Tw4+1—Tw—1— 1=ty +ty—1 1
Using (2.11) in (2.10), (2.8) is obtained. 1

Theorem 2.5.

f’l"l,’l"g,‘..,’l‘din(xlﬂ X2y .y xd)

n,...,r3—1l,ro—1

d
_ d r _ Tw — Ty —1
=D Y (1) (et (H( Ho ))

td,...,t2,t1 w=1

(2.12)
d Ny
S (ta—ra)! > 11> n.! (H Fo (xw)> Jow(Tw),
ns=n—+rq—tdq My Mag s Ny W=1Ng, =1
where 6, = {sk, 62, ...} and ¢' = {0}
Proof. Omitted. ]
Theorem 2.6.

fT1,7‘2,...,7’dZ7’L(x17 L2y eney xd)

n,...,r3—1,ro—1

d
=33 ap Y (R et TT < VR 1 )

td,.sta,t1 w=1
(2.13)
B g )T b e ).

Proof. (2.9) can be expressed as
ZZP{m < erlzn <z 401,20 < Xﬁg:n <x9+dxs,...,14
(214) < de:n <zg+ 5(Ed}

Dividing (2.14) by Hi:l 0x,, and then letting dxq, dxo, ..., x4 tend to zero, (2.13)
is obtained. 1

3. Results for distribution and probability density function

In this section, the results related to df and pdf of X, .n, Xroin, oo, Xryin are given.
The results connect the df and pdf of order statistics of innid random variables to
that of order statistics of #id random variables.

Result 3.1.

Fon) = 3 g o O (200 ) S e mtverl B i)

= Z m (1)t ( TZ:ZZ ) Z (t—m)! (n—t+m)!
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n—t+m
I Fe@
=1
(3.1)

=ZZ§( . )Zm (”m) Fo @)t

Proof. If d =1 in (2.1), (2.5) and (2.6), (3.1) is obtained. i

Result 3.2.

F1:n<x>—1fd§< (1) T palrls)

ns=n—t ”t

:1_7]21-'2(_1)n—t<7z) Z t! (n—t)'HFsl(fﬂ)
: =1

t=0 ns=n—t

(32) “EY e () er

Proof. If r =1 in (3.1), (3.2) is obtained. 1

Result 3.3.

(33) Frn(a) = - perlF(@)] = [] Fitw) = 30 37 ()"
" =1

Proof. In (3.1), if r = n, (3.3) is obtained. 1

Result 3.4.

frin()

H(n —
1 i n—r
WZ (e

1 ¢f n—r
~r s (1
Yo =nt > per (o) ]ls/) perlf(z)] [<'/.)

ns=n+r—t ne=n+r—1—t ntr—1—t

(=Y n—r'tzn; t(?_:> Y. (=)

ns=n+r—t

o (ntr—-1-1) <n+H tFl ) (z)

ne=n+r—1—t

- > (t=n)tpal F@) )/

> ne=n-4r—t n+r—1—t
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(3.4)

:ZZT( )Z ( "Z:: > [F‘s(.r)]n+r_1_tfs(aj).
Proof. If d =1 in (2.8), (2.12) and (2.13), (3.4) is obtained.

Result 3.5.
fl:n(x)

x)]

o perlie) 1

1 - i
S

1 " n—1
S Y ( )
Y palF(@)] [s/) perlt@) |

ne=n—t n—t 1

= — n(—l)"-f(’}:f) 2, (-

- —_ 1\
(n 1)' t=1 ne=n—t+1

-3 (- (ﬁfp@:)) fola)
=1

ne=n-—t

35 =X XY o (1) P,

Proof. If r =1 in (3.4), (3.5) is obtained.

11 Z (t— 1)!per[]§r‘l(x) f(f)][s/)

>oo-1

Ns
ns=n+1—t
!

Result 3.6.
1
f‘n:’rb(x) = m per[i(]"l) f(lx)]

=1 > pelF P(@)] [¢/.) perff(@)] ['/.)

ne=n—1

.S (H&m) fole)

ne=n—1 \Il=1

(3.6) =YD n[F (@) o ().

Proof. If r =n in (3.4), (3.6) is obtained.

Result 3.7.
fl,n:n(xla .132)

__ ! perlf(an) F(za) —F(an) fo)

B ('fl - 2) n—2
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_ (n,lg)l z_:(_l)n—l—f ( 7;:12 ) Z per[ngfﬁ f(x1)] [s1/.)
per[Ft(ff) f(ﬂfz)] [s2/.)
1 — n—2 2
— 1 n—1—t
a0 () 210

- ver| F(zw) ] [sw/) per[f(fflw)]k'w/)

Tw4+1—Tw—1—1—tw+tw—1

1 n—1

n—2 2
=y U ( t—1 ) 2 2
: (H Fggu<xw>> fors ()

n—1

S MICED B (V) B L O

(3.7) () [ (2), 21 < o

Proof. In (2.8), (2.12) and (2.13), if d = 2 and r; = 1, r2 = n, (3.7) is obtained.

Result 3.8.

i) = o pei(@n) o) o f(w) 1)
_ (n_lk)' é( -t ( ?:,’f >n > (t—k)!
perlF(a) (o) f(za) . fan)]ls/)
G é(‘”w( i) X e >
.Eper[fuw)][sw/.) per(F(or) 1z su/)
“wmencr () Z e 2

k
[T perl F(z.) | [sw/-) perff(zuw)]lss/.)
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Mgy

k
Z (t —k)! Z Hzn<w! lljlchfu(xw) forw(zw)

ns=n—t+k Mgy Msg sy Msy g W=1 Mgy,

n! i et [ M—k N - k .
ZZWE:;(—D (t_k)[Fm)] Elf@cw).

t

Proof. If d =k and 11 =1, 73 =2, ..., rp; = k in (2.8), (2.12) and (2.13), (3.8) is
obtained. I
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