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Abstract. In this paper, we introduce and study a new system of nonlinear
variational inclusions with (A, η)-accretive operators in Banach spaces. Using

the resolvent operator technique associated with (A, η)-accretive operator, we

prove the existence and uniqueness of solutions for the system of nonlinear vari-
ational inclusions, construct a Mann iterative algorithm with errors for solving

the system of nonlinear variational inclusions and discuss the convergence of
the iterative sequence generated by the algorithm.
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1. Introduction

It is well known that variational inequalities and variational inclusions have wide ap-
plications in mechanics, physics, optimization and control, nonlinear programming,
economics and engineering sciences and that various variational inclusions have been
intensively studied in recent years. For more details, we refer the reader to [1–12,
14–22, 24] and the references therein.

In 2006, Verma [21, 22] introduced the notions of A-maximal monotonicity and
(A, η)-maximal monotonicity for solving nonlinear variational inclusion problems.
These notions generalize the general class of maximal monotone set-valued mappings,
including the notion of H-maximal monotonicity introduced by Fang and Huang [2]
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in a Hilbert space setting. Very recently, Lan et al. [12] have introduced a new
concept of (A, η)-accretive operators, which is a generalization of the monotone or
accretive operators. They also studied a class of variational inclusions using the
resolvent operator associated with (A, η)-accretive operators in Banach spaces.

Inspired and motivated by recent research works in this field, in this paper, we
introduce and study a new system of nonlinear variational inclusions with (A, η)-
accretive operators in Banach spaces. By using the resolvent operator associated
with (A, η)-accretive operator, we construct a Mann iterative algorithm with errors
for finding the approximate solutions of the system of nonlinear variational inclusions
in Banach spaces. Under certain conditions, we obtain the existence and uniqueness
of solution for the system of nonlinear variational inclusions. Furthermore, the con-
vergence result of the iterative sequence generated by the Mann iterative algorithm
with errors is presented in this paper. Our result improves, extends and unifies the
corresponding results in [1, 3, 7, 11, 17–20].

2. Preliminaries

In what follows, let X be a real Banach space with the dual space X∗, 〈·, ·〉 be the
dual pair between X and X∗, and 2X denote the families of all nonempty subsets of
X. The generalized duality mapping Jq : X → 2X

∗
is defined by

Jq(x) = {f∗ ∈ X∗ : 〈x, f∗〉 = ‖x‖q and ‖f∗‖ = ‖x‖q−1}, ∀x ∈ X,
where q > 1 is a constant. In particular, J2 is the usual normalized duality mapping.
It is known that, in general, Jq(x) = ‖x‖q−2J2(x) for all x 6= 0, and Jq is single-
valued if X∗ is strictly convex. In the sequel, unless otherwise specified, we assume
that X is a real Banach space such that Jq is single-valued and H is a Hilbert space.
If X = H, then J2 becomes the identity mapping of H.

We recollect and introduce the following concepts and lemmas, which will be used
in the next section.

Definition 2.1. Let N, η : X ×X → X and g : X → X be mappings.
(1) g is said to be r-strongly accretive if there exists a constant r > 0 such that

〈g(u)− g(v), Jq(u− v)〉 ≥ r ‖ u− v ‖q, ∀u, v ∈ X;

(2) g is said to be s-Lipschitz continuous if there exists a constant s > 0 such
that

‖g(u)− g(v)‖ ≤ s ‖ u− v ‖, ∀u, v ∈ X;
(3) g is said to be r-strongly accretive with respect to the first argument of N if

there exists a constant r > 0 such that

〈N(g(u), x)−N(g(v), x), Jq(u− v)〉 ≥ r‖u− v‖q, ∀u, v, x ∈ X;

(4) g is said to be (r, η)-strongly accretive if there exists a constant r > 0 such
that

〈g(u)− g(v), Jq(η(u, v))〉 ≥ r‖u− v‖q, ∀u, v ∈ X;

(5) N is said to be s-Lipschitz continuous in the first argument if there exists a
constant s > 0 such that

‖N(u, x)−N(v, x)‖ ≤ s ‖ u− v ‖, ∀u, v, x ∈ X.
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Similarly, we can define the Lipschitz continuity of N in the second argument and
the strong accretivity of g with respect to the second argument of N .

Definition 2.2. A single-valued mapping η : X ×X → X is said to be τ -Lipschitz
continuous if there exists a constant τ > 0 such that

‖η(u, v)‖ ≤ τ‖u− v‖, ∀u, v ∈ X.
Definition 2.3. Let η : X × X → X and A,H : X → X and M : X → 2X

mappings. Then the multi-valued mapping M : X → 2X is said to be
(1) accretive if

〈x− y, Jq(u− v)〉 ≥ 0, ∀u, v ∈ X, x ∈Mu, y ∈Mv;

(2) η-accretive if

〈x− y, Jq(η(u, v))〉 ≥ 0, ∀u, v ∈ X, x ∈Mu, y ∈Mv;

(3) strictly η-accretive if M is η-accretive and equality holds if and only if x = y;
(4) (α, η)-strongly accretive if there exists a constant α > 0 satisfying

〈x− y, Jq(η(u, v))〉 ≥ α‖u− v‖q, ∀u, v ∈ X, x ∈Mu, y ∈Mv;

(5) (m, η)-relaxed accretive if if there exists a constant m > 0 satisfying

〈x− y, Jq(η(u, v))〉 ≥ −m‖u− v‖q, ∀u, v ∈ X, x ∈Mu, y ∈Mv.

(6) (A, η)-accretive if M is (m, η)-relaxed accretive and (A + ρM)(X) = X for
every ρ > 0.

Remark 2.1. For appropriate and suitable choices of m,A, η and X, it is easy to see
that Definition 2.3 (6) includes the definitions of monotone and accretive operators
(see [12]) as special cases.

It is easy to see that (A + ρM)−1 is a single-valued operator if M : X → 2X is
(A, η)-accretive operator and A : X → X is (r, η)-strongly accretive. Based on this
fact, we can define the resolvent operator RA,ηM,ρ associated with an (A, η)-accretive
operator M as follows:

Definition 2.4. Let X be a Banach space, A : X → X be (r, η)-strongly accretive
and M : X → 2X be (A, η)-accretive. For any fixed ρ > 0, the mapping RA,ηM,ρ : X →
X defined by

RA,ηM,ρ(x) = (A+ ρM)−1(x), ∀x ∈ X,
is said to be resolvent operator of M .

Remark 2.2. The resolvent operators associated with (A, η)-accretive operators in-
clude as special cases the corresponding resolvent operators associated with (H, η)-
monotone operators [5], H-monotone operators [3], generalized m-accretive opera-
tors [9], maximal η-monotone operators [1], A-monotone operators [20], the classical
m-accretive and maximal monotone operators.

Lemma 2.1. [13] Let {αn}n≥0, {βn}n≥0 and {γn}n≥0 be nonnegative sequences
satisfying

αn+1 ≤ (1− δn)αn + δnβn + γn, ∀n ≥ 0,
where {δn}n≥0 ⊂ [0, 1],

∑∞
n=0 δn = +∞, limn→∞ βn = 0 and

∑∞
n=0 γn < +∞. Then

limn→∞ αn = 0.
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Lemma 2.2. [12] Let η : X × X → X be τ -Lipschitz continuous, A : X → X be
(r, η)-strongly accretive and M : X → 2X be (A, η)-accretive. Then the resolvent
operator RA,ηM,ρ : X → X is τq−1

r−ρm -Lipschitz continuous, that is,

‖RA,ηM,ρ(x)−RA,ηM,ρ(y)‖ ≤ τ q−1

r − ρm
‖x− y‖, ∀x, y ∈ X,

where ρ ∈ (0, rm ).

Lemma 2.3. [23] Let X be a real uniformly smooth Banach space. Then X is
q-uniformly smooth if and only if there exists a constant cq > 0 such that

‖x+ y‖q ≤ ‖x‖q + q〈y, Jq(x)〉+ cq‖y‖q, ∀x, y ∈ X.

3. A system of nonlinear variational inclusions and a Mann iterative al-
gorithm

In this section, we introduce a new system of nonlinear variational inclusions with
(Ai, ηi)-accretive operators and construct a new iterative algorithm for solving the
system of nonlinear variational inclusions in Banach spaces.

In what follows unless other specified, we assume that X1 and X2 are two real
Banach spaces, N1 : X1 ×X2 → X1, N2 : X1 ×X2 → X2, Ai, gi, ai, bi : Xi → Xi,
ηi : Xi×Xi → Xi are mappings, Mi : Xi → 2Xi is an (Ai, ηi)-accretive operator and
Ii : Xi → Xi is the identity mapping for i ∈ {1, 2}. Given fi ∈ Xi for i ∈ {1, 2}, we
consider the following problem: Find (u, v) ∈ X1 ×X2 such that

f1 ∈ N1(a1u, a2v) +M1(g1u),

f2 ∈ N2(b1u, b2v) +M2(g2v),
(3.1)

which is called a system of nonlinear variational inclusions with (Ai, ηi)-accretive
operators .

Special cases of the problem (3.1) are as follows:
(A) If f1 = f2 = 0, g1 = a1 = b1 = I1, g2 = a2 = b2 = I2, X1 and X2 are

real Hilbert spaces, then the problem (3.1) is equivalent to finding (u, v) ∈
X1 ×X2 such that

0 ∈ N1(u, v) +M1(u),

0 ∈ N2(u, v) +M2(v),
(3.2)

which was introduced and studied by Fang-Huang-Thompson [6].
(B) If X1 = X2, f1 = f2 = 0, g1 = g2 = g, N1(a1u, a2v) = A1(gu) − A1(gv) +

ρ1T (v), M1(g1u) = ρ1W2(gu), N2(b1u, b2v) = A2(gv) − A2(gu) + ρ2T (u),
M2(g2u) = ρ2W2(gv), then the problem (3.1) is equivalent to the following
problem studied in [12]:

Find u, v ∈ X such that
0 ∈ A1(gu)−A1(gv) + ρ1(T (v) +W2(gu)),

0 ∈ A2(gv)−A2(gu) + ρ2(T (v) +W2(gv)),
(3.3)

where ρi > 0 is a constant for i ∈ {1, 2}. Some special cases of the problem
(3.3) were studied by Verma [17–19].
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Lemma 3.1. Let Ai : Xi → Xi be (ri, ηi)-strongly accretive and Mi : Xi → 2Xi be
(Ai, ηi)-accretive for i ∈ {1, 2}. Then (u, v) ∈ X1 ×X2 is a solution of the problem
(3.1) if and only if

g1u = RA1,η1
M1,ρ1

[A1(g1u)− ρ1N1(a1u, a2v) + ρ1f1],

g2v = RA2,η2
M2,ρ2

[A2(g2v)− ρ2N2(b1u, b2v) + ρ2f2],

where RA1,η1
M1,ρ1

and RA2,η2
M2,ρ2

are the resolvent operators of M1 and M2, respectively,
and ri > mi for i ∈ {1, 2}.
Proof. The fact directly follows from Definition 2.4.

Based on Lemma 3.1, we suggest the following Mann iterative algorithm with
errors for solving the problem (3.1).

Algorithm 3.1. For any given (u0, v0) ∈ X1×X2, compute the sequences {un}n≥0

and {vn}n≥0 by

un+1 = (1− cn − dn)un + cn{un − g1un +RA1,η1
M1,ρ1

[A1(g1un)

− ρ1N1(a1un, a2vn) + ρ1f1]}+ dnen,

vn+1 = (1− cn − dn)vn + cn{vn − g2vn +RA2,η2
M2,ρ2

[A2(g2vn)

− ρ2N2(a1un, a2vn) + ρ2f2]}+ dnhn,

(3.4)

for all n ≥ 0, where {en}n≥0 and {hn}n≥0 are bounded sequences in X1 and X2,
respectively, introduced to take into account possible in inexact computations and
the sequences {cn}n≥0, and {dn}n≥0 are in [0, 1] satisfying

(3.5) cn + dn ≤ 1, ∀ n ≥ 0,
∞∑
n=0

cn = +∞ and
∞∑
n=0

dn < +∞.

4. Existence of solutions and convergence of a Mann iterative algorithm
with errors

In this section, we prove the existence of solutions for the problem (3.1) and the
convergence of iterative sequences generated by Algorithm 3.1. For each i ∈ {1, 2},
let Xi be an q-uniformly smooth Banach space and ciq be the constant in Lemma
2.3 with respect to Xi.

Theorem 4.1. For i ∈ {1, 2}, let Xi be an q-uniformly smooth Banach space,
ηi : Xi×Xi → Xi be τi-Lipschitz continuous, ai, bi and gi : Xi → Xi be λi-Lipschitz
continuous, pi-Lipschitz continuous and si-Lipschitz continuous, respectively, gi be
ξi-strongly accretive, Ni : X1 × X2 → Xi be σi-Lipschitz continuous in the first
argument, νi-Lipschitz continuous in the second argument, a1 be α-strongly accretive
with respect to the first argument of N1, b2 be δ-strongly accretive with respect to
the second argument of N2, Ai : Xi → Xi be (ri, ηi)-strongly accretive and βi-
Lipschitz continuous, respectively, Aigi be ti-strongly accretive, Mi : Xi → 2Xi be
(Ai, ηi)-accretive and (mi, ηi)-relaxed accretive with ri > mi. If there exist constants
ρi ∈ (0, ri

mi
), i ∈ {1, 2}, such that

0 < θ = max{θ1 + L1(θ2 + θ3) + L2ρ2δ2p1, θ4 + L2(θ5 + θ6) + L1ρ1ν1λ2}
< 1,

(4.1)
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where

θ1 = (1− qξ1 + c1qs
q
1)

1
q ,

θ3 = (1− qρ1α+ c1qρ1σ
q
1λ

q
1)

1
q ,

θ5 = (1− qt2 + c2qβ
q
2s
q
2)

1
q ,

L1 =
τ q−1
1

r1 − ρ1m1
,

θ2 = (1− qt1 + c1qβ
q
1s
q
1)

1
q ,

θ4 = (1− qξ2 + c2qs
q
2)

1
q ,

θ6 = (1− qρ2δ + c2qρ2ν
q
2p
q
2)

1
q ,

L2 =
τ q−1
2

r2 − ρ2m2
,

then the problem (3.1) admits a unique solution (u, v) ∈ X1 ×X2 and the sequences
{un}n≥0 and {vn}n≥0 defined by Algorithm 3.1 converge strongly to u and v, respec-
tively.

Proof. First, we prove that the problem (3.1) has a unique solution (u, v) ∈ X1×X2.
For i ∈ {1, 2}, define Tρi

: X1 ×X2 → Xi by

Tρ1(x, y) = x− g1x+RA1,η1
M1,ρ1

[A1(g1x)− ρ1N1(a1x, a2y) + ρ1f1],

Tρ2(x, y) = y − g2y +RA2,η2
M2,ρ2

[A2(g2y)− ρ2N2(b1x, b2y) + ρ2f2]
(4.2)

for all (x, y) ∈ X1 ×X2.
Put (x1, y1), (x2, y2) ∈ X1 ×X2. It follows from Lemma 2.2 that

‖Tρ1(x1, y1)− Tρ1(x2, y2)‖
≤ ‖x1 − x2 − (g1x1 − g1x2)‖

+ ‖RA1,η1
M1,ρ1

[A1(g1x1)− ρ1N1(a1x1, a2y1) + ρ1f1]

−RA1,η1
M1,ρ1

[A1(g1x2)− ρ1N1(a1x2, a2y2) + ρ1f1]‖
≤ ‖x1 − x2 − (g1x1 − g1x2)‖+ L1‖A1(g1x1)−A1(g1x2)

− ρ1[N1(a1x1, a2y1)−N1(a1x2, a2y2)]‖
≤ ‖x1 − x2 − (g1x1 − g1x2)‖+ L1[‖x1 − x2 − (A1(g1x1)−A1(g1x2))‖

+ ‖x1 − x2 − ρ1[N1(a1x1, a2y1)−N1(a1x2, a2y2)]‖].

(4.3)

Using Lemma 2.3 and the assumptions, we infer that

‖x1 − x2 − (g1x1 − g1x2)‖q

≤ ‖x1 − x2‖q − q〈g1x1 − g1x2, Jq(x1 − x2)〉+ c1q‖g1x1 − g1x2‖q

≤ θq1‖x1 − x2‖q,
(4.4)

‖x1 − x2 − (A1(g1x1)−A1(g1x2)‖q

≤ ‖x1 − x2‖q − q〈A1(g1x1)−A1(g1x2), Jq(x1 − x2)〉
+ c1q‖A1(g1x1)−A1(g1x2)‖q

≤ θq2‖x1 − x2‖q,

(4.5)
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‖x1 − x2 − ρ1[N1(a1x1, a2y1)−N1(a1x2, a2y2)]‖
≤ ‖x1 − x2 − ρ1[N1(a1x1, a2y1)−N1(a1x2, a2y1)]‖

+ ρ1‖N1(a1x2, a2y1)−N1(a1x2, a2y2)‖,
(4.6)

‖x1 − x2 − ρ1[N1(a1x1, a2y1)−N1(a1x2, a2y1)]‖q

≤ ‖x1 − x2‖q − qρ1〈N1(a1x1, a2y1)−N1(a1x2, a2y1), Jq(x1 − x2)〉
+ c1qρ1‖N1(a1x1, a2y1)−N1(a1x2, a2y1)‖q

≤ θq3‖x1 − x2‖q,

(4.7)

‖N1(a1x2, a2y1)−N1(a1x2, a2y2)‖ ≤ ν1λ2‖y1 − y2‖.(4.8)

Combining (4.3)–(4.8), we have

(4.9) ‖Tρ1(x1, y1)−Tρ1(x2, y2)‖ ≤ [θ1 +L1(θ2 +θ3)]‖x1−x2‖+L1ρ1ν1λ2‖y1−y2‖.

Similarly, we can prove that

(4.10) ‖Tρ2(x1, y1)−Tρ2(x2, y2)‖ ≤ [θ4 +L2(θ5 +θ6)]‖y1−y2‖+L2ρ2δ2p1‖x1−x2‖.

Define a norm‖·‖∗ on X1×X2 by ‖(x, y)‖∗ = ‖x‖+‖y‖ for all (x, y) ∈ X1×X2. It is
easy to see that (X1×X2, ‖ · ‖∗) is a Banach space. Define Q : X1×X2 → X1×X2

by

‖Q(x, y)‖∗ = (Tρ1(x, y), Tρ2(x, y)), ∀(x, y) ∈ X1 ×X2.

By (4.9) and (4.10), we have

‖Q(x1, y1)−Q(x2, y2)‖∗
= ‖Tρ1(x1, y1)− Tρ1(x2, y2)‖+ ‖Tρ2(x1, y1)− Tρ2(x2, y2)‖
≤ θ(‖x1 − x2‖+ ‖y1 − y2‖)
= θ‖(x1, y1)− (x2, y2)‖∗.

(4.11)

In light of (4.1) and (4.11), we know that Q : X1 ×X2 → X1 ×X2 is a contraction
mapping. Hence Q possesses a unique fixed point (u, v) ∈ X1 ×X2. Consequently,
Lemma 3.1 ensures that (u, v) is the unique solution of the problem (3.1).

Now we show that lim
n→∞

un = u and lim
n→∞

vn = v. Notice that

u = (1− cn − dn)u+ cn{u− g1u+RA1,η1
M1,ρ1

[A1(g1u)

− ρ1N1(a1u, a2v) + ρ1f1]}+ dnu,

v = (1− cn − dn)v + cn{v − g2v +RA2,η2
M2,ρ2

[A2(g2v)

− ρ2N2(a1u, a2v) + ρ2f2]}+ dnv.

(4.12)
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Put E1 = sup{‖en − u‖ : n ≥ 0} and E2 = sup{‖hn − v‖ : n ≥ 0}. Using (3.4) and
(4.12), we know that

‖un+1 − u‖
≤ (1− cn − dn)‖un − u‖+ cn‖un − u− (g1(un)− g1(u))‖

+ cn‖RA1,η1
M1,ρ1

[A1(g1un)− ρ1N1(a1un, a2vn) + ρ1f1]

−RA1,η1
M1,ρ1

[A1(g1u)− ρ1N1(a1u, a2v) + ρ1f1) + ρ1f1]‖+ dn‖en − u‖
≤ (1− cn − dn)‖un − u‖+ cn[θ1 + L1(θ2 + θ3)]‖un − u‖

+ cnL1ρ1ν1λ2‖vn − v‖+ dnE1

(4.13)

and

‖un+1 − u‖+ ‖vn+1 − v‖
≤ (1− cn − dn)(‖un − u‖+ ‖vn − v‖)

+ cnθ(‖un − u‖+ ‖vn − v‖) + dn(E1 + E2)

≤ (1− (1− θ)cn)(‖un − u‖+ ‖vn − v‖) + dn(E1 + E2)

(4.14)

for all n ≥ 0. It follows from Lemma 2.1, (3.5), (4.11) and (4.14) that lim
n→∞

un = u

and lim
n→∞

vn = v. This completes the proof.

Remark 4.1. Theorem 4.1 improves, extends and unifies the corresponding results
in [1, 3, 7, 11, 17–20].
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