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Abstract. As a generalization of a fuzzy finite state machine, the notion of a
bipolar fuzzy finite state machine is introduced. Also, the concepts of a bipolar
(immediate) successor, a bipolar exchange property and a bipolar subsystem are
introduced. Some related properties are discussed. A condition for a bipolar
fuzzy finite state machine to satisfy the bipolar exchange property is established.
A characterization of a bipolar subsystem is initiated.
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1. Introduction

Fuzzy sets are a kind of useful mathematical structure to represent a collection of
objects whose boundary is vague. There are several kinds of fuzzy set extensions
in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval-valued fuzzy
sets, vague sets etc. Bipolar-valued fuzzy sets, which are introduced by Lee [5, 6],
are an extension of fuzzy sets whose membership degree range is enlarged from the
interval [0, 1] to [−1, 1]. Using the notion of bipolar-valued fuzzy sets, Jun et al. [2]
dealt with subalgebras and closed ideals of BCH-algebras based on bipolar-valued
fuzzy sets. Lee [4] discussed bipolar fuzzy subalgebras and bipolar fuzzy ideals in
BCK/BCI-algebras. Malik et al. [7] introduced the notions of submachine of a fuzzy
finite state machine, retrievable, separated and connected fuzzy finite state machines
and discussed their basic properties. They also initiated a decomposition theorem
for fuzzy finite state machines in terms of primary submachines. Kumbhojkar and
Chaudhari [3] provided several ways of constructing products of fuzzy finite state
machines and their mutual relationship, through isomorphism and coverings. In this
paper, using the notion of bipolar-valued fuzzy sets, we introduce the concepts of
bipolar fuzzy finite state machines (bffsm) as a generalization of fuzzy finite state
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machines, bipolar (immediate) successors, bipolar subsystems, and study related
properties. We establish a condition for a bffsm to satisfy the bipolar exchange
property. We initiate a characterization of a bipolar subsystem.

2. Preliminaries

In the traditional fuzzy sets, the membership degrees of elements range over the
interval [0, 1]. The membership degree expresses the degree of belongingness of ele-
ments to a fuzzy set. The membership degree 1 indicates that an element completely
belongs to its corresponding fuzzy set, and the membership degree 0 indicates that
an element does not belong to the fuzzy set. The membership degrees on the interval
(0, 1) indicate the partial membership to the fuzzy set. Sometimes, the membership
degree means the satisfaction degree of elements to some property or constraint cor-
responding to a fuzzy set (see [1, 8]) In the viewpoint of satisfaction degree, the
membership degree 0 is assigned to elements which do not satisfy some property.
The elements with membership degree 0 are usually regarded as having the same
characteristics in the fuzzy set representation. By the way, among such elements,
some have irrelevant characteristics to the property corresponding to a fuzzy set and
the others have contrary characteristics to the property. The traditional fuzzy set
representation cannot tell apart contrary elements from irrelevant elements. Con-
sider a fuzzy set “young” defined on the age domain [0, 100] (see Figure 1). Now
consider two ages 50 and 95 with membership degree 0. Although both of them do
not satisfy the property “young”, we may say that age 95 is more apart from the
property rather than age 50 (see [5]).

Only with the membership degrees ranged on the interval [0, 1], it is difficult
to express the difference of the irrelevant elements from the contrary elements in
fuzzy sets. If a set representation could express this kind of difference, it would
be more informative than the traditional fuzzy set representation. Based on these
observations, Lee [5] introduced an extension of fuzzy sets named bipolar-valued
fuzzy sets.

0 50 100

1

age

Figure 1. A fuzzy set “young”.

Bipolar-valued fuzzy sets have membership degrees that represent the degree of
satisfaction to the property corresponding to a fuzzy set and its counter-property.
In a bipolar-valued fuzzy set, the membership degree 0 means that elements are
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irrelevant to the corresponding property, the membership degrees on (0, 1] indicate
that elements somewhat satisfy the property, and the membership degrees on [−1, 0)
indicate that elements somewhat satisfy the implicit counter-property (see [5]). Fig-
ure 2 shows a bipolar-valued fuzzy set redefined for the fuzzy set “young” of Figure
1. The negative membership degrees indicate the satisfaction extent of elements to
an implicit counter-property (e.g., old against the property young). This kind of
bipolar-valued fuzzy set representation enables the elements with membership de-
gree 0 in traditional fuzzy sets, to be expressed into the elements with membership
degree 0 (irrelevant elements) and the elements with negative membership degrees
(contrary elements). The age elements 50 and 95, with membership degree 0 in the
fuzzy sets of Figure 1, have 0 and a negative membership degree in the bipolar-valued
fuzzy set of Figure 2, respectively. Now it is manifested that 50 is an irrelevant age
to the property young and 95 is more apart from the property young than 50, i.e., 95
is a contrary age to the property young (see [5]). Let X be the universe of discourse.

0 50 100

1

−1

age

Figure 2. A bipolar fuzzy set “young”.

A bipolar-valued fuzzy set ϕ in X is an object having the form

ϕ = {(x, ϕ−(x), ϕ+(x)) | x ∈ X}
where ϕ− : X → [−1, 0] and ϕ+ : X → [0, 1] are mappings. The positive member-
ship degree ϕ+(x) denotes the satisfaction degree of an element x to the property
corresponding to a bipolar-valued fuzzy set ϕ = {(x, ϕ−(x), ϕ+(x)) | x ∈ X}, and
the negative membership degree ϕ−(x) denotes the satisfaction degree of x to some
implicit counter-property of ϕ = {(x, ϕ−(x), ϕ+(x)) | x ∈ X}. If ϕ+(x) �= 0 and
ϕ−(x) = 0, it is the situation that x is regarded as having only positive satisfaction
for ϕ = {(x, ϕ−(x), ϕ+(x)) | x ∈ X}. If ϕ+(x) = 0 and ϕ−(x) �= 0, it is the situation
that x does not satisfy the property of ϕ = {(x, ϕ−(x), ϕ+(x)) | x ∈ X} but some-
what satisfies the counter-property of ϕ = {(x, ϕ−(x), ϕ+(x)) | x ∈ X}. It is possible
for an element x to be ϕ+(x) �= 0 and ϕ−(x) �= 0 when the membership function of
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the property overlaps that of its counter-property over some portion of the domain
(see [6]). For the sake of simplicity, we shall use the symbol ϕ = 〈ϕ−, ϕ+〉 for the
bipolar-valued fuzzy set ϕ = {(x, ϕ−(x), ϕ+(x)) | x ∈ X}, and use the notion of
bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.

3. Bipolar fuzzy finite state machines

Definition 3.1. A bipolar fuzzy finite state machine (bffsm, for short) is a triple
M = (Q, X, ϕ), where Q and X are finite nonempty sets, called the set of states
and the set of input symbols, respectively, and ϕ = 〈ϕ−, ϕ+〉 is a bipolar fuzzy set in
Q × X × Q.

Let X∗ denote the set of all words of elements of X of finite length. Let λ denote
the empty word in X∗ and |x| denote the length of x for every x ∈ X∗.

Definition 3.2. Let M = (Q, X, ϕ) be a bffsm. Define a bipolar fuzzy set ϕ∗ =
〈ϕ−

∗ , ϕ+
∗ 〉 in Q × X∗ × Q by

ϕ−
∗ (q, λ, p) :=

{ −1 if q = p,
0 if q �= p,

ϕ+
∗ (q, λ, p) :=

{
1 if q = p,
0 if q �= p,

ϕ−
∗ (q, xa, p) = inf

r∈Q
[ϕ−

∗ (q, x, r) ∨ ϕ−(r, a, p)]

ϕ+
∗ (q, xa, p) = sup

r∈Q
[ϕ+

∗ (q, x, r) ∧ ϕ+(r, a, p)]

for all p, q ∈ Q, x ∈ X∗ and a ∈ X.

Lemma 3.1. Let M = (Q, X, ϕ) be a bffsm. Then

ϕ−
∗ (q, xy, p) = inf

r∈Q
[ϕ−

∗ (q, x, r) ∨ ϕ−
∗ (r, y, p)]

and
ϕ+
∗ (q, xy, p) = sup

r∈Q
[ϕ+

∗ (q, x, r) ∧ ϕ+
∗ (r, y, p)]

for all p, q ∈ Q and x, y ∈ X∗.

Proof. Let p, q ∈ Q and x, y ∈ X∗. We prove the result by induction on |y| = n. If
n = 0, then y = λ and so xy = xλ = x. Hence

inf
r∈Q

[ϕ−
∗ (q, x, r) ∨ ϕ−

∗ (r, y, p)] = inf
r∈Q

[ϕ−
∗ (q, x, r) ∨ ϕ−

∗ (r, λ, p)]

= ϕ−
∗ (q, x, p) = ϕ−

∗ (q, xy, p)

and

sup
r∈Q

[ϕ+
∗ (q, x, r) ∧ ϕ+

∗ (r, y, p)] = sup
r∈Q

[ϕ+
∗ (q, x, r) ∧ ϕ+

∗ (r, λ, p)]

= ϕ+
∗ (q, x, p) = ϕ+

∗ (q, xy, p),

and thus the result holds for n = 0. Suppose that the result is true for all u ∈ X∗

such that |u| = n− 1, n > 0. Let y = ua where u ∈ X∗ and a ∈ X, and |u| = n − 1.
Then

ϕ−
∗ (q, xy, p) = ϕ−

∗ (q, xua, p) = inf
r∈Q

[ϕ−
∗ (q, xu, r) ∨ ϕ−(r, a, p)]
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= inf
r∈Q

[ inf
s∈Q

[ϕ−
∗ (q, x, s) ∨ ϕ−

∗ (s, u, r)] ∨ ϕ−(r, a, p)]

= inf
r,s∈Q

[ϕ−
∗ (q, x, s) ∨ ϕ−

∗ (s, u, r) ∨ ϕ−(r, a, p)]

= inf
s∈Q

[ϕ−
∗ (q, x, s) ∨ (

inf
r∈Q

[ϕ−
∗ (s, u, r) ∨ ϕ−(r, a, p)]

)
]

= inf
s∈Q

[ϕ−
∗ (q, x, s) ∨ ϕ−

∗ (s, ua, p)]

= inf
s∈Q

[ϕ−
∗ (q, x, s) ∨ ϕ−

∗ (s, y, p)]

and

ϕ+
∗ (q, xy, p) = ϕ+

∗ (q, xua, p) = sup
r∈Q

[ϕ+
∗ (q, xu, r) ∧ ϕ+(r, a, p)]

= sup
r∈Q

[sup
s∈Q

[ϕ+
∗ (q, x, s) ∧ ϕ+

∗ (s, u, r)] ∧ ϕ+(r, a, p)]

= sup
r,s∈Q

[ϕ+
∗ (q, x, s) ∧ ϕ+

∗ (s, u, r) ∧ ϕ+(r, a, p)]

= sup
s∈Q

[ϕ+
∗ (q, x, s) ∧ (

sup
r∈Q

[ϕ+
∗ (s, u, r) ∧ ϕ+(r, a, p)]

)
]

= sup
s∈Q

[ϕ+
∗ (q, x, s) ∧ ϕ+

∗ (s, ua, p)]

= sup
s∈Q

[ϕ+
∗ (q, x, s) ∧ ϕ+

∗ (s, y, p)].

Hence the result is valid for |y| = n. This completes the proof.

Definition 3.3. Let M = (Q, X, ϕ) be a bffsm and let p, q ∈ Q. Then p is called a
bipolar immediate successor of q if the following condition holds:

(∃a ∈ X) (ϕ−(q, a, p) < 0, ϕ+(q, a, p) > 0).

We say that p is a bipolar successor of q if the following condition holds:

(∃x ∈ X∗) (ϕ−
∗ (q, x, p) < 0, ϕ+

∗ (q, x, p) > 0).

We denote by S(q) the set of all bipolar successors of q. For any subset T of Q, the
set of all bipolar successors of T, denoted by S(T ), is defined to be the set

S(T ) := ∪{S(q) | q ∈ T }.
Proposition 3.1. For any bffsm M = (Q, X, ϕ), we have the following properties:

(1) (∀q ∈ Q) (q ∈ S(q)).
(2) (∀p, q, r ∈ Q) (p ∈ S(q), r ∈ S(p) ⇒ r ∈ S(q)).

Proof. (1) Since ϕ−
∗ (q, λ, q) = −1 < 0 and ϕ+

∗ (q, λ, q) = 1 > 0, we have q ∈ S(q).
(2) Let p ∈ S(q) and r ∈ S(p). Then there exist x, y ∈ X∗ such that ϕ−

∗ (q, x, p) < 0,
ϕ+∗ (q, x, p) > 0, ϕ−∗ (p, y, r) < 0 and ϕ+∗ (p, y, r) > 0. Using Lemma 3.1, we have

ϕ−
∗ (q, xy, r) = inf

s∈Q
[ϕ−

∗ (q, x, s) ∨ ϕ−
∗ (s, y, r)]

≤ ϕ−
∗ (q, x, p) ∨ ϕ−

∗ (p, y, r) < 0

and

ϕ+
∗ (q, xy, r) = sup

s∈Q
[ϕ+

∗ (q, x, s) ∧ ϕ+
∗ (s, y, r)]
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≥ ϕ+
∗ (q, x, p) ∧ ϕ+

∗ (p, y, r) > 0.

Hence r ∈ S(q).

Proposition 3.2. Let M = (Q, X, ϕ) be a bffsm. For any subsets A and B of Q,
the following assertions hold.

(1) A ⊆ B ⇒ S(A) ⊆ S(B).
(2) A ⊆ S(A).
(3) S(S(A)) = S(A).
(4) S(A ∪ B) = S(A) ∪ S(B).
(5) S(A ∩ B) ⊆ S(A) ∩ S(B).

Proof. The proofs of (1), (2), (4) and (5) are straightforward.
For (3), obviously S(A) ⊆ S(S(A)). If q ∈ S(S(A)), then q ∈ S(p) for some

p ∈ S(A). From p ∈ S(A), there exists r ∈ A such that p ∈ S(r). It follows from
Proposition 3.1 (2) that q ∈ S(r) ⊆ S(A) so that S(S(A)) ⊆ S(A). Thus (3) is
valid.

Definition 3.4. Let M = (Q, X, ϕ) be a bffsm. We say that M satisfies the bipolar
exchange property if the following condition holds:

(∀p, q ∈ Q) (∀T ⊆ Q) (p ∈ S(T ∪ {q}) \ S(T ) ⇒ q ∈ S(T ∪ {p})).
Theorem 3.1. Let M = (Q, X, ϕ) be a bffsm. Then the following assertions are
equivalent.

(1) M satisfies the bipolar exchange property.
(2) (∀p, q ∈ Q) (p ∈ S(q) ⇐⇒ q ∈ S(p)).

Proof. Assume that M satisfies the bipolar exchange property. Let p, q ∈ Q be such
that p ∈ S(q) = S(∅ ∪ {q}). Note that p /∈ S(∅) and so q ∈ S(∅ ∪ {p}) = S(p).
Similarly if q ∈ S(p) then p ∈ S(q). Conversely suppose that (2) is valid. Let
p, q ∈ Q and T ⊆ Q. If p ∈ S(T ∪{q})\S(T ), then p ∈ S(q). It follows from (2) that
q ∈ S(p) ⊆ S(T ∪ {p}). Hence M satisfies the bipolar exchange property.

Definition 3.5. Let M = (Q, X, ϕ) be a bffsm. Let ϕQ = (ϕ−
Q, ϕ+

Q) be a bipolar
fuzzy set in Q. Then (Q, ϕQ, X, ϕ) is called a bipolar subsystem of M if for all
p, q ∈ Q and a ∈ X,

ϕ−
Q(q) ≤ ϕ−

Q(p) ∨ ϕ−(p, a, q),

ϕ+
Q(q) ≥ ϕ+

Q(p) ∧ ϕ+(p, a, q).

Example 3.1. Let Q = {p, q}, X = {a}, ϕ−(r, a, t) = − 1
2 and ϕ+(r, a, t) = 1

2 for
all r, t ∈ Q. Let ϕQ = (ϕ−

Q, ϕ+
Q) be given by ϕ−

Q(q) = − 7
8 , ϕ+

Q(q) = 3
4 , ϕ−

Q(p) = − 2
3 .

and ϕ+
Q(p) = 1

2 . Then

ϕ−
Q(q) ∨ ϕ−(q, a, p) = (− 7

8 ) ∨ (− 1
2 ) = − 1

2 > − 2
3 = ϕ−

Q(p),

ϕ+
Q(q) ∧ ϕ+(q, a, p) = 3

4 ∧ 1
2 = 1

2 = ϕ+
Q(p).

Hence (Q, ϕQ, X, ϕ) is a bipolar subsystem.
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Theorem 3.2. Let M = (Q, X, ϕ) be a bffsm and let ϕQ = (ϕ−
Q, ϕ+

Q) be a bipolar
fuzzy set in Q. Then (Q, ϕQ, X, ϕ) is a bipolar subsystem of M if and only if

ϕ−
Q(q) ≤ ϕ−

Q(p) ∨ ϕ−
∗ (p, x, q)

ϕ+
Q(q) ≥ ϕ+

Q(p) ∧ ϕ+
∗ (p, x, q)

for all p, q ∈ Q and x ∈ X∗.

Proof. Suppose that (Q, ϕQ, X, ϕ) is a bipolar subsystem of M. Let p, q ∈ Q and
x ∈ X∗. The proof is by induction on |x| = n. If n = 0, then x = λ. Now if p = q,
then

ϕ−
Q(q) ∨ ϕ−

∗ (q, λ, q) = ϕ−
Q(q)

and
ϕ+

Q(q) ∧ ϕ+
∗ (q, λ, q) = ϕ+

Q(q).
If q �= p, then

ϕ−
Q(p) ∨ ϕ−

∗ (p, λ, q) = 0 ≥ ϕ−
Q(q)

and
ϕ+

Q(p) ∧ ϕ+
∗ (p, λ, q) = 0 ≤ ϕ+

Q(q).
Thus the result is true for n = 0. Suppose the result is valid for all y ∈ X∗ with
|y| = n − 1, n > 0. For the y above, let x = ya where a ∈ X. Then

ϕ−
Q(p) ∨ ϕ−

∗ (p, x, q) = ϕ−
Q(p) ∨ ϕ−

∗ (p, ya, q)

= ϕ−
Q(p) ∨ (

inf
r∈Q

[ϕ−
∗ (p, y, r) ∨ ϕ−(r, a, q)]

)
= inf

r∈Q
[ϕ−

Q(p) ∨ ϕ−
∗ (p, y, r) ∨ ϕ−(r, a, q)]

≥ inf
r∈Q

[ϕ−
Q(r) ∨ ϕ−(r, a, q)] ≥ ϕ−

Q(q)

and

ϕ+
Q(p) ∧ ϕ+

∗ (p, x, q) = ϕ+
Q(p) ∧ ϕ+

∗ (p, ya, q)

= ϕ+
Q(p) ∧ (

sup
r∈Q

[ϕ+
∗ (p, y, r) ∧ ϕ+(r, a, q)]

)

= sup
r∈Q

[ϕ+
Q(p) ∧ ϕ+

∗ (p, y, r) ∧ ϕ+(r, a, q)]

≤ sup
r∈Q

[ϕ+
Q(r) ∧ ϕ+(r, a, q)] ≤ ϕ+

Q(q).

The converse is trivial, completing the proof.

4. Conclusion

In this paper we have considered a new generalization of a fuzzy finite state machine.
We have introduced the concept of a bffsm, a bipolar (immediate) successor, a bipo-
lar exchange property and a bipolar subsystem. We have investigated several related
properties, and established a condition for a bffsm to satisfy the bipolar exchange
property. We have also initiated a characterization of a bipolar subsystem. Based
on these results, we will study retrievable (resp. separated and connected) bffsms,
bipolar fuzzy transformation semigroups and bipolar fuzzy topology associated with
a bffsm. We also would like to try to find an example of real life problem in respect
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to philosophical study.
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