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Abstract. In this paper, we show that a hyperquadric M in R4 is a Lie group
by using bicomplex number product. By means of the tensor product surfaces

of Euclidean planar curves, we determine some special subgroup of this Lie

group M . Thus, we obtain Lie group structure of tensor product surfaces of
Euclidean planar curves. Moreover, we obtain left invariant vector fields of

these Lie groups. We identify R4 with C2 and consider the left invariant vector

fields on these group which constitute complex structure. By means of these,
we characterize these Lie groups as totally real, complex or slant in R4.
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1. Introduction

It is often quite difficult to decide if a manifold is paralelizable. Sn is paralelizable
if and only if n = 1, 3, 7. Is it possible to make paralelization of any surface? The
answer is yes. If M is a Lie group then M is paralelizable.

In [6], Mihai et al. deal with the tensor product surfaces of two Euclidean planar
curves. These surfaces are classified by means of complex structure in C2 ' R4.

In this paper, we obtain Lie group structure of some special hypersurface in R4.
We define C∞-action which is transitive and effective from the Lie group onto R4.
We show that some transformations which are obtained by applying this action
are isometries or conforms. Furthermore we give some theorems for tensor product
surfaces to be Lie groups and one parameter Lie subgroups. Finally, we give the
necessary conditions for Lie group structures of tensor product surfaces to be totally
real, complex or slant in R4, respectively.

At the beginning, we recall notions of bicomplex numbers and tensor product
surfaces of two Euclidean planar curves.
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2. Preliminary

A bicomplex number is defined by the basis {1, i, j, ij} where i, j, ij satisfy i2 = −1,
j2 = −1, ij = ji. Thus any bicomplex number x can be expressed as x = x11+x2i+
x3j + x4ij, ∀x1, x2, x3, x4 ∈ R. We denote the set of bicomplex numbers by C2. For
any x = x11 + x2i+ x3j + x4ij and y = y11 + y2i+ y3j + y4ij in C2, the bicomplex
number addition is defined as

x+ y = (x1 + y1) 1 + (x2 + y2) i+ (x3 + y3) j + (x4 + y4) ij.

The multiplication of a bicomplex number x = x11 + x2i + x3j + x4ij by a real
scalar λ is defined as

λx = λx11 + λx2i+ λx3j + λx4ij.

With this addition and scalar multiplication operations, C2 is a real vector space.
Bicomplex number product, denoted by ×, over the set of bicomplex numbers C2

is given by the following table:

× 1 i j ij
1 1 i j ij
i i −1 ij −j
j j ij −1 −i
ij ij −j −i 1

The vector space C2 together with the bicomplex product × is an real algebra
[8].

Since bicomplex number algebra is associative it can be considered in terms of
matrices. Consider the set of matrices

Q =



x1 −x2 −x3 x4
x2 x1 −x4 −x3
x3 −x4 x1 −x2
x4 x3 x2 x1

 : xi ∈ R, 1 ≤ i ≤ 4

 .

The set Q together with matrix addition and scalar matrix multiplication is a
real vector space. Furthermore, the vector space together with matrix product is an
algebra.

The transformation
h : C2 → Q

given by

h (x = x11 + x2i+ x3j + x4ij) =


x1 −x2 −x3 x4
x2 x1 −x4 −x3
x3 −x4 x1 −x2
x4 x3 x2 x1


is one-to-one and onto. Moreover, ∀x, y ∈ C2 and ∀λ ∈ R, we have

h (x+ y) = h (x)⊕ h (y)

h (λx) = λh (x)

h (x× y) = h (x)h (y) .
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Thus the algebras C2 and Q are isomorphic. For further bicomplex number
concepts see [8].

Now, we recall some basic notions of the tensor product surface of Euclidean
planar curves. Let α : R → E2 and β : R → E2 be two Euclidean planar curves.
Put α(t) = (α1(t), α2(t)) and β(s) = (β1(s), β2(s)). Then their tensor product is
given by

f = α⊗ β : R2 → R4

(2.1) f (t, s) = (α1(t)β1(s), α1(t)β2(s), α2(t)β1(s), α2(t)β2(s)) .

By using equation (2.1), the canonical tangent vectors of f (t, s) can be easily
computed as

∂f

∂t
= (α′

1(t)β1(s), α′
1(t)β2(s), α′

2(t)β1(s), α′
2(t)β2(s)) ,

(2.2)
∂f

∂s
= (α1(t)β′

1(s), α1(t)β′
2(s), α2(t)β′

1(s), α2(t)β′
2(s)) ,

where α′ means the derivative of α.
In order for f (t, s) to be a surface in R4, we certainly assume in the following that

neither α nor β is a curve passing through the origin of E2.Hence g11 6= 0 6= g22.
We will also assume that the tensor product surface f (t, s) is a regular surface, i.e.
g11g22 − g212 6= 0.

Hence relations (2.1) and (2.2) imply that the coefficients of the Riemannian
metric, induced on f (t, s) by the Euclidian metric g of R4, are

g11 = g

(
∂f

∂t
,
∂f

∂t

)
= ‖α′‖2 ‖β‖2 ,

g12 = g

(
∂f

∂t
,
∂f

∂s

)
= < α,α′ > < β, β′ >,

g22 = g

(
∂f

∂s
,
∂f

∂s

)
= ‖α‖2 ‖β′‖2 .

Consequently, an orthonormal basis for the tangent space of f (t, s) is given by [6]

e1 =
1
√
g11

∂f

∂t
,

e2 =
1√

g11 |(g11g22 − g212)|

(
g11

∂f

∂s
− g12

∂f

∂t

)
.

3. Lie groups and some special subgroup

In this section, we deal with the hyperquadric

M = {X = (x1, x2, x3, x4) 6= 0 : x1x4 = x2x3} .
We consider M as the set of bicomplex numbers,

M = {x = x11 + x2i+ x3j + x4ijεC2 : x1x4 = x2x3, x 6= 0} .
The components of M are easily obtained by representing bicomplex number

multiplication in matrix form :
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M̃ =

x =


x1 −x2 −x3 x4
x2 x1 −x4 −x3
x3 −x4 x1 −x2
x4 x3 x2 x1

 : x1x4 = x2x3, x 6= 0

 .

Theorem 3.1. The set of M together with the bicomplex number product is a Lie
group.

Proof. M̃ is a differentiable manifold and at the same time a group with group
operation given by matrix multiplication. The group function

. : M̃ × M̃ → M̃

defined by (x, y)→ x.y is differentiable. So, (M,×) can be made a Lie group so that
h is a isomorphism.

Consider the group M1 of all unit bicomplex numbers x = x11 + x2i+ x3j + x4ij
on M with the group operation of bicomplex multiplication. That is

M1 = {x ∈M : ‖x‖ = 1} .

Conclusion 3.1. The group M1 of all unit bicomplex numbers on M, is intersection
of S3 and M.

Lemma 3.1. M1 is 2-dimensional Lie subgroup of M.

4. Lie algebra of Lie group M

M is a Lie group of dimension three. Let us find its Lie algebra. Thus, let

α(t) = α1 (t) 1 + α2 (t) i+ α3 (t) j + α4 (t) ij

be a curve on M such that α (0) = 1, i.e. α1 (0) = 1, αm (0) = 0 for m =
2, 3, 4. Differentiation of the equation α1 (t)α4 (t) = α2 (t)α3 (t) yields the equa-
tion α′

1 (t)α4 (t) + α1 (t)α′
4 (t) − α′

2 (t)α3 (t) − α2 (t)α′
3 (t) = 0. Substituting t = 0,

we obtain α′
4 (0) = 0. The Lie algebra is thus constituted by vectors of the form

ζ = ζm (∂/∂αm) |α=1 where m = 1, 2, 3. The vector ζ is formally written in the
form ζ = ζ1 + ζ2i + ζ3j. Let us find the left invariant vector field X on M for
which X |α=1= ζ. Let β (t) be a curve on M such that β (0) = 1, β′ (0) = ζ. Then
Lx (β (t)) = xβ (t) is the left translation of the curve β (t) by the bicomplex number
x, its tangent vector is xβ′ (0) = xζ. In particular, denote by Xm those left invariant
vector fields on M for which,

Xm|α=1 =
∂

∂αm

∣∣∣∣
α=1

where m = 1, 2, 3. These three vector fields are represented at the point α = 1,
in bicomplex notation, by the bicomplex units 1, i, j. For the components of these
vector fields at the point x = x11+x2i+x3j+x4ij we have (X1)x = x1, (X2)x = xi,
(X3)x = xj:

X1 = (x1, x2, x3, x4)

X2 = (−x2, x1,−x4, x3)

X3 = (−x3,−x4, x1, x2)
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where all the partial derivaties are at the point x.

Theorem 4.1. M is paralelizable.

Proof. There exist three vector fields, X1, X2, X3 such that
{

(X1)p , (X2)p , (X3)p

}
is a basis for TpM for each p ∈M. So, M is paralelizable.

Lemma 4.1. X2 and X3 are left invariant vector fields on Lie group M1.

Proof. By Conclusion 3.1, we have M1 = M ∩S3. Since X2 and X3 are left invariant
vector fields on Lie groups M and S3, it follows that X2 and X3 are left invariant
vector fields on Lie group M1.

5. C∞ action of the group M̃ on the manifold R4

Let us consider the mapping

θ : M̃ × R4 → R4

for any A ∈ M̃ and X ∈ R4 given by

(A,X)→ θ(A,X) = AX.

Theorem 5.1. The mapping θ, defined above, is a C∞-action of the Lie group M
onto the manifold R4. This action is transitive and effective.

Proof. For A,B ∈ M̃ and X ∈ R4, the equality

θ (A, θ (B,X)) = θ (AB,X)

holds. For I4 ∈ M̃ and each X ∈ R4, θ(I4, X) = X. There exists a unique A ∈ M̃
such that θ(A,X) = Y for all X,Y ∈ R4. Thus θ is effective and transitive.

Corollary 5.1. (M,×) is a Lie group. Then ∀g ∈M, the mapping defined by

fg : R4 → R4

x→ g × x
is a conform mapping.

Proof.

‖g × x‖ = ‖g‖ ‖x‖
= c ‖x‖ , c > 0.

Thus fg is a conform mapping.

Corollary 5.2. (M1,×) is a Lie group. Then ∀g ∈M1, the mapping defined by

fg : R4 → R4

x→ g × x
is an isometry.

Proof.

‖g × x‖ = ‖g‖ ‖x‖
= ‖x‖

Thus fg is an isometry.
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6. Tensor product surfaces and Lie groups

In this section, by using the tensor product surfaces of Euclidean planar curves, we
determine some special subgroup of this Lie group M . Thus, we obtain Lie group
structure of tensor product surfaces of Euclidean planar curves. Also, we obtain left
invariant vector fields of these Lie groups.

Theorem 6.1. Let α : R → E2 and β : R → E2 be two spirals with the same
parameter, i.e. α(t) = eat(cos t, sin t) and β(t) = ebt(cos t, sin t) (a, b ∈ R) . Then
their tensor product is a one-parameter subgroup in a Lie group M.

Proof.

γ (t) = α (t)⊗ β (t) = e(a+b)t
(
cos2 t, cos t sin t, sin t cos t, sin2 t

)
.

It can be easily seen that

γ (t1)× γ (t2) = γ (t1 + t2)

for all t1, t2. Hence, (γ (t) ,×) is a one-parameter Lie subgroup of (M,×) .

Corollary 6.1. Let α : R→ E2 be a spiral and β : R→ E2 be a circle centered at O
with the same parameter, i.e. α(t) = eat(cos t, sin t),(a ∈ R) , and β(t) = (cos t, sin t).
Then their tensor product is a one- parameter subgroup in a Lie group M.

Proof. In Theorem 6.1 taking b = 0, we find that β is a circle centered at O. Then
their tensor product is a one-parameter subgroup in a Lie group M.

Corollary 6.2. Let α : R → E2 and β : R → E2 be two circles centered at O
with the same parameter, i.e. α(t) = (cos t, sin t) and β(t) = (cos t, sin t). Then their
tensor product is a one-parameter subgroup in a Lie group M1.

Proof. Since ‖α (t)⊗ β (t)‖ = 1, it follows that α (t) ⊗ β (t) ⊂ M1. By taking a =
b = 0, in Theorem 6.1, we find that α and β are a circles centered at O. Then their
tensor product is a one-parameter subgroup in a Lie group M1.

Theorem 6.2. Let α : R → E2 and β : R → E2 be two circles centered at O with
the same parameter, i.e. α(t) = (cos t, sin t) and β(t) = (cos t, sin t) and γ (t) =
α(t) ⊗ β(t) be their tensor product. Then, the left invariant vector field on γ (t) is
X = X2 +X3, where X2 and X3 are left invariant vector fields on M1.

Proof. Let us find the left invariant vector field on γ (t) to the vector,

u =
d

dt

∣∣∣∣
e=0

η (t) = (1, t, t, 0) is a curve with tangent vector u. Its image under Lg is the curve,

Lg(η(t)) = gη(t)

= (x11 + x2i+ x3j + x4ij)× (1 + ti+ tj)

= (x1 − x2t− x3t) + i (x1t+ x2 − x4t) + j (x1t+ x3 − x4t)
+ ij (x2t+ x3t+ x4) .

Its tangent vector is,

Lg(η(t))′(t) = (−x2 − x3) + i (x1 − x4) + j (x1 − x4) + ij (x2 + x3) .
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For the left invariant vector X we have,

X = (−x2 − x3)
∂

∂x1
+ (x1 − x4)

∂

∂x2
+ (x1 − x4)

∂

∂x3
+ (x2 + x3)

∂

∂x4
.

This completes the proof.

Conclusion 6.1. Let α : R → E2 and β : R → E2 be two circles centered at O
with the same parameter, i.e. α(t) = β(t) = (cos t, sin t). Their tensor product is
the maximal integral curve.

Theorem 6.3. Let α : R → E2, α(t) = eat(cos t, sin t) and β : R → E2, β(s) =
ebs(cos s, sin s) (a, b ∈ R) be two spirals. Then their tensor product is 2-dimensional
Lie subgroup of M.

Proof.

f(t, s) = α (t)⊗ β (s) = eat+bs(cos t cos s, cos t sin s, sin t cos s, sin t sin s).

Every point of f (t, s) is on the M. f (t, s) is both a subgroup and submanifold of a
Lie group M . Hence, f (t, s) is 2-dimensional Lie subgroup of M.

Corollary 6.3. Let α : R → E2, α(t) = (cos t, sin t) and β : R → E2, β(s) =
(cos s, sin s) be two circles centered at O. Then their tensor product is 2-dimensional
Lie subgroup of M1.

Proof. In Theorem 6.3 taking a = b = 0, we find that α and β are a circle centered
at O. Then their tensor product is 2-dimensional Lie subgroup of M1.

Corollary 6.4. (f(t, s),×) is a Lie group. If α (t) or β (s) is a spiral, then ∀g ∈
f (t, s)

fg : R4 → R4

x→ g × x

is a conform map.

Corollary 6.5. (f(t, s),×) is a Lie group. If α (t) and β (s) is a circle centered at
O, then ∀g ∈ f(s, t)

fg : R4 → R4

x→ g × x

is an isometry.

Theorem 6.4. Let α : R → E2, α(t) = (cos t, sin t) and β : R → E2, β(s) =
(cos s, sin s) be two circles centered at O and f (t, s) = α(t) ⊗ β(t) be their tensor
product. Then, the left invariant vector fields on f(t, s) are X2 and X3 which are
the left invariant vector fields on M1.

Proof. The unit element of the 2-dimensional Lie subgroup is the point e = (0, 0).
Let us find the left invariant vector fields on f (t, s) to the vectors,

u1 =
∂

∂t

∣∣∣∣
e

, u2 =
∂

∂s

∣∣∣∣
e

.
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For u1 we obtain:
µ1 (t) = (1, 0, t, 0) is a curve with tangent vector u1. Its image under Lg is the curve,

Lg (µ1 (t)) = (x1, x2, x3, x4)× (1, 0, t, 1)

= (x11 + x2i+ x3j + x4ij)× (1 + tj)

= (x1 − x3t) + i (x2 − x4t) + j (x3 + x1t) + ij (x4 + x2t) .

Its tangent vector is,

Lg (µ1 (t))
′
(t) = −x3 − x4i+ x1j + x2ij

= (−x3,−x4, x1, x2)

For the left invariant vector field X3 we have,

X3 = (−x3,−x4, x1, x2) .

Analogously, for the left invariant vector field X2 we have,

X2 = (−x2, x1,−x4, x3) .

Furhermore, from Lemma 4.1, X2 and X3 are left invariant vector fields on M1.

Now, we want to classify these Lie groups totally real, complex or slant in R4. In
order to do so, we identify R4 with C2 and consider the left invariant vector fields
on these groups which constitute complex structure. Hence the complex structures
are given by

J = X2

J̃ = X3.

Theorem 6.5. Let α : R → E2 (resp. β) be a circle centered at O, β : R → E2

(resp. α) be either a spiral or a circle centered at O, and f = α⊗ β be their tensor

product. Then the Lie group f (t, s) is totally real surface of
(
C2, J

)
(resp. (C2, J̃)).

Proof. Mihai et al. improved this theorem by showing that, the tensor product

f = α⊗ β of two Euclidean planar curves is totally real in
(
C2, J

)
(resp. (C2, J̃)) if

and only if α (resp. β) is a circle centered at 0.

Definition 6.1. Let M be a surface in
(
C2, J

)
. For a given orthonormal basis

{e1, e2} of TpM (p ∈M) , we put

θ (TpM) = arccos < Je1, e2 >,

which is independent of the choice of {e1, e2} . M is said to be slant if θ (TpM) is
constant along M.

Totally real and complex surfaces are improper slant surfaces, with slant angles
θ = π/2 and θ = 0, respectively [3].

Corollary 6.6. Let α : R → E2 be a circle centered at O, β : R → E2 be either a
spiral or a circle centered at O and f = α ⊗ β be their tensor product. Then the
Lie group f (t, s) is an improper slant surface of (C2, J).

Proof. From Theorem 6.5 we know that, if α : R → E2 is a circle centered at O,
β : R→ E2 is either a spiral or a circle centered at O then f = α ⊗ β is total real
surface of (C2, J). So, f(t, s) is an improper slant surface.
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Theorem 6.6. Let α : R → E2 (resp. β) be a spiral and β : R → E2 (resp. α) be
either a circle centered at O or a spiral and f = α ⊗ β be their tensor product in

(C2, J) (resp. (C2, J̃)). Then the Lie group f (t, s) is a proper slant surface.

Proof. Mihai et al. improved this theorem by showing that, the tensor product

f = α⊗β of two Euclidean planar curves in (C2, J) (resp. (C2, J̃)), is a proper slant
surface if and only if α (resp. β) is a spiral curve and α (resp. β) is either a circle
centered at O or a spiral curve too.
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