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1. Introduction

Let N be a Kaehler manifold with complex structure J and Riemannian metric g.
A submanifold M of N is called a CR-submanifold if there exists on M a holo-
morphic distribution D such that its complementary orthogonal distribution D⊥

is anti-invariant by J , i.e., JDx = Dx and JD⊥
x ⊆ TxM⊥, for x ∈ M (cf. [2]). It

follows that the normal bundle splits as TM⊥ = JD⊥ ⊕ ν, where ν is an invariant
subbundle of TM⊥ by J . If D = {0} (resp. D⊥ = {0}) then M is said to be an
anti-invariant (resp. invariant) submanifold.

In what follows, we denote by Γ(V) the module of all differentiable sections on
a vector bundle V over M .

For any X ∈ Γ(TM) and ξ ∈ Γ(TM⊥), we denote by PX and FX the tangential
part and the normal part of JX respectively, while tξ and fξ are the tangential
part and the normal part of Jξ respectively.

An important class of CR-submanifolds is the class of all real hypersurfaces of
a Kaehler manifold. In particular, real hypersurfaces of a complex space form
has been studied extensively (for details see [7]). In [6], Ki and Suh obtained
a characterization on real hypersurfaces M of a complex space form Mn(c) with
constant holomorphic sectional curvature 4c6=0 under the following conditions:

(∇XA)Y = cg(PX, Y )JC,
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(AP − PA)X = −τ(X)JC

for any X, Y ∈ Γ(D), where C is a unit normal vector field of M , A is the shape
operator of M and τ is a 1-form on M . The purpose of this paper is to extend Ki
and Suh’s result to the setting of CR-submanifolds of a complex projective space
CPn, i.e., we have

Theorem 1.1. Let M be an m-dimensional complete, connected CR-submanifold
of CPn with flat normal connection and parallel mean curvature vector. Suppose
that the isometric immersion of M into CPn is full and M satisfies the following
two conditions:

(1.1) (∇XA)ξY = cg(PX, Y )tξ,

(1.2) (AξP − PAξ)X = −τ(X)ξ

for any X, Y ∈ Γ(D) and ξ ∈ Γ(TM⊥), where τ is a 1-form on M . Then M is
either

(a) π(S1(r1)×S1(r2)×· · ·×S1(rm+1)) of CPm, where
m+1∑
i=1

r2
i = 1 and n = m or

(b) π(Sn1(r1)× Sn2(r2)× · · · × Snk(rk)) of CPn, where
k∑

i=1

r2
i = 1 and

k∑
i=1

ni =

m + 1. Here n1, n2, · · · , nk are odd numbers except for the case of n1 = n2 = · · · =
nk = 1, and 2n + 1 = m + k.

Remark. The submanifold (a) in Theorem 1.1 has parallel second fundamental
form h. On the other hand, the second fundamental form h of the submanifold (b)
is not parallel. However, it is cyclic parallel, namely this second fundamental form
h satisfies

g((∇Xh)Y,Z) + g((∇Y h)Z,X) + g((∇Zh)X, Y ) = 0

for all vectors X, Y and Z on the submanifold (b). It is well –known that this
equation is equivalent to the following:

g((∇Xh)X, X) = 0

for each vector X on the submanifold (b). The spaces in the above theorem are
described as follows:
Let Sn(r) be an n-dimensional sphere with radius r center at the origin and CPn

the complex projective space of complex dimension n with constant holomorphic
sectional curvature curvature 4c. Consider the following commutative diagram (cf.
[9, page 223]):

M̃
ι−→ S2n+1

π ↓ π̃ ↓
M

ι̃−→ CPn

where π̃ is the Hopf fibration from the unit sphere S2n+1 onto CPn. If M̃ is a
contact CR-submanifold in S2n+1 then the submersion π = π|fM induced a CR-
submanifold M = π(M̃) on CPn. In particular, when we put M̃ = Sn1(r1) ×
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Sn2(r2) × · · · × Snk(rm+1), where
k∑

i=1

r2
i = 1, n1, n2, · · · , nk are odd numbers,

k∑
i=1

ni = m + 1 and m + k=2n + 1. Then M = π(M̃) is a CR-submanifold of

CPn with parallel mean curvature vector and with flat normal connection.

2. Preliminaries

Let N be a Kaehler manifold with complex structure J and with Riemannian metric
g. Suppose M is an m-dimensional Riemannian manifold isometrically immersed
in N . We denote by the same g the Riemannian metric induced on M , ∇̃ and ∇
respectively the Levi-Civita connection on N and the connection induced on M .
Then the Gauss and Weingarten formulas are given respectively by

∇̃XY = ∇XY + h(X, Y )

∇̃Xξ = −AξX +∇⊥Xξ

for any X, Y ∈ Γ(TM) and ξ ∈ Γ(TM⊥), where ∇⊥ denotes the normal connection
induced in the normal bundle TM⊥ of M and h the second fundamental form of
M . The shape operator Aξ is related to h by

g(AξX, Y ) = g(h(X, Y ), ξ).

We define the covariant derivative of A by

(∇XA)ξY = ∇X(AξY )−A∇⊥XξY −Aξ∇XY.

Then we have
g((∇XA)ξY, Z) = g((∇Xh)(Y,Z), ξ)

for any X, Y, Z ∈ Γ(TM) and ξ ∈ Γ(TM⊥). Let R⊥ be the curvature tensor
associated with ∇⊥. If R⊥=0 then we say that the normal connection ∇⊥ is flat.
A normal vector field ξ is said to be parallel if we have ∇⊥ξ=0. Let M be a
CR-submanifold of a Kaehler manifold N . Then we have the following identities
[3]

(2.1) (∇XP )Y = AFY X + th(X, Y )

(2.2) (∇XF )Y = −h(X, PY ) + fh(X, Y )

(2.3) (∇Xt)ξ = AfξX − PAξX

for any X, Y ∈ Γ(TM) and ξ ∈ Γ(TM⊥).
When the ambient space N is the complex projective space CPn of constant

holomorphic sectional curvature 4c > 0, the Codazzi equation is given as follows

(2.4) (∇XA)ξY − (∇Y A)ξX = c{g(FX, ξ)PY − g(FY, ξ)PX + 2g(PX, Y )tξ}.

Finally, we state some known results for later use.
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Theorem 2.1. [8] Let M be an m-dimensional complete, connected CR-submanifold
of CPn with flat normal connection and parallel mean curvature vector. If AξP =
PAξ , for any ξ ∈ Γ(TM⊥) , then M is either

(a) π(S1(r1)× S1(r2)× · · · × S1(rm+1));
m+1∑
i=1

r2
i = 1 of some CPm in CPn ; or

(b) π(Sn1(r1) × Sn2(r2) × · · · × Snk(rk));
k∑

i=1

r2
i = 1 ;

k∑
i=1

ni = m + 1 where

n1, n2, · · · , nk are odd numbers and 2n + 1 = m + k.

Lemma 2.1. [1] Let M be an m-dimensional complete, connected, totally geodesic
submanifold of CPn . Then M is either
(a) an invariant complex projective space CPm/2 ; or;
(b) an anti-invariant real projective space RPm.

Theorem 2.2. [5] Let M be an invariant submanifold of a complex space form
Mn(c). Then the normal connection is flat if and only if c = 0 and M is totally
geodesic.

3. Certain lemmas

In order to prove our Theorem, we prepare some lemmas in this section. We first
prove the following:

Lemma 3.1. Let M be a CR-submanifold of a Kaehler manifold N. If M satisfies
the condition (1.2) then AξX = 0 , for any X ∈ Γ(D) and ξ ∈ Γ(ν).

Proof. By putting X ∈ Γ(D), ξ ∈ Γ(ν) in (1.2) and taking inner product with
Y ∈ Γ(TM), we obtain

(3.1) g((AξP − PAξ)X, Y ) = −τ(X)g(tξ, Y ) = 0

since tξ = 0. If we let Y ∈ Γ(D⊥) then we have g(AξPX, Y ) = 0, which means
that AξD ⊥ D⊥. Next, by putting X, Y ∈ Γ(D) in (2.2) and taking inner product
with ξ ∈ Γ(ν) we have

0 = g(−h(X, PY ) + fh(X, Y ), ξ) = −g(AξX, PY )− g(AfξX, Y ).

Since Afξ is symmetric with respect to X and Y, the above equation and (3.1)
imply that g(AξPX, Y ) = 0 for any X, Y ∈ Γ(D) and ξ ∈ Γ(ν). Hence AξD ⊥ D
and this completes the proof. �

Now let M be an m-dimensional CR-submanifold of CPn with flat normal con-
nection. Then there is a local field of orthonormal frames {ξa} in Γ(TM⊥) such
that each ξa, ( 1 ≤ a ≤ 2n−m ) is parallel, (cf. [4, page 99]). In the following we
put Aa = Aξa and

(∇XA)a = (∇XA)ξa

to simplify the notation.

Lemma 3.2. Let M be a CR-submanifold of CPn with flat normal connection. If
M satisfies the conditions (1.1) and (1.2) then

τ(Y )g(AaX, PZ) + τ(PY )g(AaX, Z) + τ(Z)g(AaX, PY ) + τ(PZ)g(AaX, Y ) = 0

for any X, Y, Z ∈ Γ(D).
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Proof. For any Y,Z ∈ Γ(D), (1.2) implies that g((AaP −PAa)Y, Z) = 0. Differen-
tiating this equation with respect to X ∈ Γ(D), we get

g((∇XA)aZ,PY ) + g((∇XA)aY, PZ) + g((∇XP )Z,AaY ) + g((∇XP )Y, AaZ)

(3.2) +g(∇XZ, (AaP − PAa)Y ) + g(∇XY, (AaP − PAa)Z) = 0.

On the other hand, by using (1.2), we have

g(∇XZ, (AaP − PAa)Y ) = −τ(Y )g(∇XZ, tξa) = τ(Y )g(Z, (∇Xt)ξa).

Together with (2.3) and Lemma 3.1, yields

g(∇XZ, (AaP − PAa)Y ) = τ(Y )g(Z,AfaX − PAaX) = τ(Y )g(PZ,AaX).

Similarly, we have

g(∇XY, (AaP − PAa)Z) = τ(Z)g(PY,AaX).
It follows from (1.1), (2.1) and these equations that (3.2) reduces to

g(th(X, Z), AaY ) + g(th(X, Y ), AaZ)

+ τ(Y )g(AaX, PZ) + τ(Z)g(AaX, PY ) = 0.(3.3)

Note that the condition (1.2) implies that FAaX = τ(PX)Ftξa. From which,
together with Lemma 3.1 and the fact that

ξa = −Ftξa − f2ξa

we get
g(th(X, Z), AaY ) = τ(PY )g(AaX, Z),

and
g(th(X, Y ), AaZ) = τ(PZ)g(AaX, Y ).

From these equations and (3.3), we obtain the lemma. �

4. Proof of the theorem

First of all, let us suppose that tξa = 0 for all a. Then M is an invariant submanifold
of CPn, but this contradicts Theorem 2.2. Hence we may assume that tξa 6= 0 for
some a and define a local vector field Va = − 1

‖tξa‖2
tξa. Now we decompose AaVa

into

(4.1) AaVa = βaUa + µaWa

where Ua and Wa are two unit vector fields in Γ(D) and Γ(D⊥) respectively.
Next we shall show that βa = 0. For this purpose, we suppose that there exists

a non empty open set G in M on which βa is nowhere zero. Then taking inner
product with tξa in (1.2) and using the above equation, we obtain

(4.2) τ(X) = −βag(X, PUa)

for any X ∈ Γ(D). From which we can see that τ(PUa) = −βa 6= 0 and τ(Ua) = 0.
By putting Z = Ua in Lemma 3.2, we obtain

τ(Y )g(AaX, PUa) + τ(PY )g(AaX, Ua) + τ(PUa)g(AaX, Y ) = 0.
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By putting Y = Ua and then Y = PUa in this equation we obtain

g(AaPUa, X) = g(AaUa, X) = 0

for any X ∈ Γ(D), or equivalently, PAaPUa = PAaUa = 0. Together with (1.2)
and (4.2) yields

AaPUa = 0

and

AaUa = −βatξa.(4.3)

Now by using the Codazzi equation, we get

g((∇VaA)aUa, PUa)− g((∇UaA)aVa, PUa) = cg(FVa, ξa) = c.

On the other hand, (4.3) implies that

g((∇VaA)aUa, PUa)=g(∇VaAaUa, PUa)− g(Aa∇VaUa, PUa)

=− βag((∇Vat)ξa, PUa).(4.4)

By using (2.3), (4.1) and Lemma 3.1, this equation gives

g((∇VaA)aUa, PUa) = β2
a.

Moreover, it follows from (1.1) that we can see

g((∇UaA)aVa, PUa) = g((∇UaA)aPUa, Va) = cg(tξa, Va) = −c.

From these equations, we obtain β2
a = 0, which is a contradiction. Consequently,

we conclude that βa = 0 and so (4.2) implies that τ(X) = 0 for X ∈ Γ(D). Since
(AaP − PAa)D⊥ = 0, we have AaP − PAa = 0. Thus our Theorem follows from
Theorem 2.1.

Acknowledgement. The authors are very grateful to the referee for valuable
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