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Abstract.   In this paper we introduce the idea of a Vitali set with the help of a  specified system of 
covers of a set and obtain some of its basic properties.  

 
 

1. Introduction 
 
The idea of cover of a set has a profound influence on the basic developments in many 
areas.  Heine-Borel theorem in Real analysis is the first fundamental result to focus 
prominently on the importance of the open covers.  The concept of compactness is an 
abstraction arising out of the Heine-Borel theorem.  In measure theory, there is another 
kind of cover of a set, known as a Vitali cover {[9], p.81} and Vitali theorem is the 
fundamental one to investigate properties of density of sets, approximate continuity, 
approximate differentiability, absolute continuity of functions etc.  However , it appears 
that this idea of Vitali cover has not been so far fully explored to investigate various set 
theoretic properties. 
      In this paper we define a Vitali set with the help of Vitali covers suitably adapted for 
our purpose in a metric outer measure space and study some of its basic properties.             
In particular we show that a Vitali set has many interesting analytical and topological 
properties.  The results of the present paper have no connection with those of [4]. 
 
 
2. Definitions and examples 
 
Let X be a metric space and ψ be an outer measure defined on )(XP , the power set of X 
with ∞<< )(0 Xψ .  Let  T  denote the class of all closed spheres in X (closed intervals, 
closed rectangles etc.  in the case of Euclidean spaces).  If XA ⊂  then clearly there 
exists a sequence }{ nE of sets from T  such that .1U∞

=⊂ n nEA    
 Let XA ⊂  be an arbitrary non-void set.  Let ν be a family of non-void sets from T  
each of positive outer measure.  Then ν  is said to be a Vitali cover of  A if for each 

Ax∈  and ,0>ε  there exist an ν∈I  such that  )int(Ix∈  and .)( εψ <I  
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Definition 1.  A set XA ⊂  is said to be a Vitali set if every Vitali cover ν  of A contains 
a countable pairwise disjoint subcollection }{ kI  such that  .0][ =− kk IUAψ  
 
 In an n-dimensional Euclidean space {[10], p.109} or in a pseudo metric space [11] 
or even in a topological group [5], under certain regularity condition on the class of Vitali 
covers, it can be shown that any subset of these spaces is a Vitali set (with appropriate 
changes in the context).  However, in this paper, we do not assume any such regularity 
condition on the Vitali covers. 
 The space X is said to be smooth with respect to ψ if the collection of closed spheres 
of positive outer measure is a Vitali cover of X. 
 We can easily see that the idea of smoothness is not purely hypothetical.                     
For example, in the Method I of construction of outer measure ψ{[8], p.90} if the set 
function T is taken to be the diameter of the respective spheres, then for any closed 
sphere ,XS ⊂ )(diam)( SSΨ ≤  and so the smoothness condition is satisfied.  
Moreover, in the study of density of sets in a measure space, similar assumptions            
exist [7]. 
 If  ,RX =  the real line with the usual metric and ψ is the Lebesgue outer measure 
then X is smooth with respect to ψ.  There are spaces which are not smooth.                        
For example, let X∈ξ  be a fixed element and define ),0[)(: ∞→XΨ P by 1)( =Aψ  if 

A∈ξ  and 0)( =Aψ  if  .A∉ξ   Then ψ is an outer measure and X is not smooth with 
respect to ψ.   We assume throughout that X is a smooth space with respect to ψ.  Clearly 
in such a space any subset of X has a Vitali cover.  Also if X is smooth then each 
singleton and so any countable set has outer measure zero.  Sets A, B etc. are always 
assumed to be subsets of X and unless otherwise stated, sets are always non-void. 
 
Example 1.   If 0)( =Aψ  then A is a Vitali set.   In particular any countable set is a 
Vitali set. 
 
Example 2.   If  }{ iA  is a sequence of Vitali sets then ii AU   is a Vitali set. 
 
Example 3.   Let ,],[ RbaX ⊂=  the real number space with the usual metric and ψ  
be the Lebesgue outer measure in .],[ ba   By Vitali theorem {[9],p.81} one can show that 
every subset of ],[ ba  is a Vitali set. 
 
Example 4.  Following the method of construction as given {[3],p.689; see also 
[6],p.112} one can exhibit the existence of bounded set in the 2-dimensional Euclidean 
space which is not a Vitali set. 
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3.   ψ-derived set  and Vitali set 
 
In  this section we define ψ-open and ψ-closed sets with the help of ψ-derived set and 
generate a topology.  We prove several connections of Vitali sets with these ideas. 
 
Definition 2.  Let .XA ⊂  A point X∈ξ  is called a ψ -accumulation point of A if for 
every sequence }{ nF  from T with ,),2,1(0)( L=> nFnψ 0)( →nFψ  as ∞→n  
and ,),2,1()int( L=∈ nFnξ there exists a subsequence }{

knF such that 

0)( >∩
knFAψ   for L,2,1=k . 

 
     The collection of all ψ-accumulation points of A is called the ψ-derived set of A and is 
denoted by .)(ADψ  
 
Theorem 1.   )(ADA ψ−  is a Vitali set if and only if .0)]([ =− ADA ψψ  
 
Proof.  Let )(ADA ψ−  be a Vitali set and  ).(ADA ψξ −∈   There exists a                

sequence )}({ ξiF  from T such that 0))((,0))(( →> ξψξψ ii FF  as  
),2,1(,))((int, L=∈∞→ iFi i ξξ  and 0)]([ =∩ ξψ iFA  for  L,2,1=i .  The 

collection 
 

( ))(:,2,1,)}({ ADAiFi ψξξ −∈== LV  
 
is a Vitali cover of )(ADA ψ−  and so there exists a pairwise disjoint sequence 

}{ nF from V  such that 
 
                                              [ ] 0))(( =−− nn FADA Uψψ . 

Now 

[ ] ])([))(()( AFFADAADA nnnn ∩∪−−⊂− UUψψ  
 
and so .0)]([ =− ADA ψψ   The converse part follows from Example 1.  This proves 
the theorem. 
 
Corollary 1.   If 0)( >Aψ  and  )(ADA ψ−  is a Vitali set, then almost all points of A are 

ψ-accumulation points of A.  Also, a set of zero outer measure is a Vitali set. 
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Lemma 1.   Let }:{ Λ∈ααA  be a collection of subset of X, where Λ is an index set. 
Then 
 
(i) II α αψα αψ ,)()( ADAD ⊂  

(ii) UU N
n n

N
n n ADAD 11 ,)()( == = ψψ  

 
where  ),,2,1( NnAn L=  belong to the collection. 
 
The proof is omitted. 
 
Definition 3.    A subset A is called ψ-closed if and only if  .)( AAD ⊂ψ  
 
Definition 4.   A subset A is called ψ-open if and only if  AX −  is ψ-closed. 
 
Clearly X and the empty set ϕ are ψ-closed and ψ-open. 
 
Theorem 2.   The collection of all ψ-open sets forms a topology. 
 
The proof follows from Lemma 1. 

 We now characterize ψ-open sets in the following proposition. 
 
Proposition 1.  If ψ is finitely additive then a subset A is ψ-open if and only if for every 

A∈ξ  there exists a sequence }{ kF  from T with 0)(,0)( →> kk FF ψψ  as ,∞→k  
),2,1()int( L=∈ kFkξ  such that )()( kk FFA ψψ =∩  for L,2,1=k . 

 
Proof.   Suppose that A is ψ-open and .A∈ξ   Then ξ is not a ψ-accumulation point of 

.AX −   So there exists a sequence }{ kF from T with 0)(,0)( →> kk FF ψψ  as 
,∞→k  ),2,1()int( L=∈ kFkξ  such that 0)]([ =−∩ AXFkψ  for  L,2,1=k . 

       Now for L,2,1=k  we obtain 
 

    }])({[)( AAXFF kk ∪−∩= ψψ  
                                                       )()]([ AFAXF kk ∩+−∩≤ ψψ  
                                                       )( AFk ∩= ψ  
 
and so )()( kk FFA ψψ =∩  for  L,3,2,1=k . 
       Conversely if ,A∈η  there exists a sequence }{ kF  from T such that 

0)(,0)( →> kk FF ψψ  as ),2,1()int(, L=∈∞→ kFk kη and )()( kk FFA ψψ =∩  
for L,2,1=k .  Since ψ is finitely additive, we see that 
 

0)()(][])[( =∩−=∩−=∩− kkkkk FAFFAFFAX ψψψψ  
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for L,2,1=k .  Therefore η is not a ψ-accumulation point of .AX −   Since A∈η   is 
arbitrary, AXAXD −⊂− )(ψ  and so A is ψ-open.  This proves the proposition. 
 
Corollary  2.   If  A is a non-empty ψ-open set then .0)( >Aψ  
 
        We need also the following proposition. 
 
Proposition 2.   Let ψ be finitely additive, XA ⊂  and  .X∈ξ   If there exists a ψ-open 
set U containing ξ such that  0)( =∩ AUψ  then ξ is not a ψ-accumulation point of A.  
 
Proof.  By Proposition 1 we can find a sequence }{ nF of sets from T                            
such that 0)(,0)( →> nn FF ψψ  as ,∞→n  ),2,1()(int L=∈ nFnξ  and 

.),2,1()()( L=∩= nFUF nn ψψ   Since 0][)(][ =∩−=∩− nnnn FUFFUF ψψψ  
and ,)(}){( UAAFUFAF nnn ∩∪∩∩−⊂∩  
we obtain 

                                        0][][)( =∩+∩−≤∩ UAFUFAF nnn ψψψ  
 
for L,2,1=n .  So ξ  is not a ψ-accumulation point of A. 
 
Theorem 3.   Let ψ be finitely additive. If  )(ADA ψ−  is a Vitali set,  

ABADA ⊂⊂∩ )(ψ  and  ϕψ =−∩ )( AXDB  then B is ψ-open.  Conversely if 

AB ⊂  and B is ψ-open then  .)( ϕψ =−∩ AXDB  
 
Proof.  The converse part follows from Proposition 2.  Let .B∈ξ   Then there exists a 
sequence }{ kF  in T such that 0)(,0)(,)int( →>∈ kkk FFF ψψξ  as ∞→k  and  

0)]([ =−∩ AXFkψ  for L,2,1=k .   Since  
 

  ))(()( AXFAFF kkk −∩∪∩=  
  ))(())(()( AXFBAFBF kkk −∩∪−∩∪∩=  
 ,))(())((()( AXFADAFBF kkk −∩∪−∩∪∩⊂ ψ  

 
we obtain by Theorem 1 

 

)()]([))(()()( BFAXFADABFF kkkk ∩=−∩+−+∩≤ ψψψψψ ψ  
 
and so by Proposition 1, B is ψ-open. 
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Corollary 3.  If  )(ADA ψ−  is a Vitali set and ϕψψ =−∩∩ )()( AXDADA  then A 

can be expressed as a disjoint union of a ψ-closed and a ψ-open set , provided ψ is 
finitely additive. 
 
Corollary 3 follows from Theorems 1and 3. 
 
Theorem 4.  Let A be a Vitali set. If for some B, ,)( ϕψ =∩ BDA  then .0)( =∩ BAψ   

In particular, if no point of A is a ψ-accumulation point of A, then .0)( =Aψ  
 
Proof.  For each A∈ξ  there exists a sequence )}({ ξkF  from T such that 

0))((,0))(( →> ξψξψ kk FF  as  ∞→k , ))(int( ξξ kF∈  and 0))(( =∩ BFk ξψ  
for L,2,1=k .  
 
     Since ]:,2,1,)}([{ AkFk ∈= ξξ L  is a Vitali cover of A, there exists a countable 

pairwise disjoint subcollection }{ nF such that  .0][ 1 =− ∞
=Un nFAψ    Since  

 

( ){ } ( ){ }BFBFBABA n nn n ∩∪∩−∩⊂∩ ∞
=

∞
= UU 11)(  

( ){ } ( ){ }BFBn nFA n n ∩∪∩∞
=−= ∞

=UU 11  

   ( ) ( ){ },11 UU ∞
=

∞
= ∩∪−⊂ n nn n BFFA  

 
it follows that .0)( =∩ BAψ  
 
Theorem 5.  Let ψ be finitely additive and A and B be ψ-open sets. If  ϕ=∩ BA  then 

.)( ϕψ =∩ BDA   Conversely if A is a Vitali set and ϕψ =∩ )(BDA  then 
.ϕ=∩ BA  

 
Proof.   If ,ϕ=∩ BA  by Proposition 2, .)( ϕψ =∩ BDA   Conversely if A is a Vitali 

set and ,)( ϕψ =∩ BDA  by Theorem 4, .0)( =∩ BAψ   Since BA ∩  is ψ-open, 
by Corollary 2, .ϕ=∩ BA  
 
Corollary 4.   If  BAX ∪=  where A and B are ψ-open, A is a Vitali set and 

ϕψ =∩ )(BDA  then X is not connected, provided ψ is finitely additive. 
 
Proof.   By Theorem 5, ϕ=∩ BA  and so X is not connected. 
 
Corollary 5.   If  ϕψ ≠∩ )( BAD  and A is a Vitali set then .)( ϕψ ≠∩ BDA   
 

Proof.   If ϕψ =∩ )(BDA  then by Theorem 4, 0)( =∩ BAψ  and so ,)( ϕψ =∩ BAD  
a contradiction. 
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4.    A criterion for a Vitali set 
 
In this section we obtain a criterion for a Vitali set in terms of countable intersection 
property in outer measure.  For this, we first introduce the following definition. 
 
Definition 5.   Let U be a nonvoid collection of subsets of X, each being the complement 
of some closed sphere, having the following property:  If U∈U  then for every 

UXx −∈  there exists a sequence }{ nU  from U such that 
),2,1(,)int( L=−∈ nUXx n  and  0][ →− nUXψ  as .∞→n   We call such a 

collection U a complementary Vitali class in X. 
 
Definition 6.   Let U be any complementary Vitali class in X and ( ) 01 >∞

=In nUψ  for 
every sequence .,)()(;,2,1,,}{ jiUXUXnUU jinn ≠=−∩−=∈ φLU  Then X is  

said to possess the countable intersection property in outer measure if  .0)( >∈I UU Uψ  
 
Theorem 6.  X has the countable intersection property in outer measure if and only if 

AX −  is a Vitali set for every A with .0)( =Aψ  
 
Proof.  Suppose that AX −  is a Vitali set whenever .0)( =Aψ  Let U be a 
complementary Vitali class such that the intersection of each countable subfamily 

}{ nU of U has positive outer measure where .,)()( jiUXUX ji ≠=−∩− ϕ   If 

possible, let  .0)( =∈I UU Uψ  
       Let UXV −=  where .U∈U   Then ,0)]([ =−∩ VXψ  i.e.  .0][ =− VX Uψ  
 
Let .0 VXV U−=   Then .0)( 0 =Vψ   We consider the collection 
 

{ }U∈−= VXV :ν . 
 
This collection covers .0VX −    If  Vx ∈  for some V  then UXx −∈  for                   
some .U∈U   Thus for each )0(>ε  there exists U∈εU  such that 

,)(int)(int εε VUXx =−∈  say and .)()( εψψ εε <−= UXV   Therefore ν is a 
Vitali cover of .0VX −   By hypothesis, 0VX −  is a Vitali set.  So there exists a 
pairwise disjoint sequence }{ nV from ν such that  
 

[ ] 010 =−− ∞
=Un nVVXψ  

and so 
[ ] [ ] .0)( 0101 =+−−≤− ∞

=
∞
= VVVXVX n nn n ψψψ UU  

 
This implies that [ ] ,0)(1 =−∞

=In nVXψ  i.e. [ ] 0}{ 1 =∞
=In nUψ  where 

.U∈−= nn VXU   This contradiction shows that .0)( >∈I UU Uψ  
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       Conversely suppose that X has the countable intersection property in outer measure. 
Let ν  be a Vitali cover of AX −  where 0)( =Aψ  and let .}:{ ν∈−= UXUU  
Then clearly U  is a complementary Vitali class in X. 
        Since U ν∈⊂− V VAX ,  we have U ν∈ ⊂− V AVX  i.e. ,I U∈ ⊂U AU  i.e 

.0)( =∈I UU Uψ  This implies by hypothesis that there exists a countable                     

subfamily }{ nU from U, jiUXUX ji ≠=−∩− ,)()( φ  such that  [ ] .01 =∞
=In nUψ             

If nn UXV −=   then jiVVV jin ≠=∩∈ ,, φν  and   
 

   [ ] ( )[ ]AVXVAX n nn n −−=−− ∞
=

∞
= UU 11 ψψ  

   [ ]I∞
= −= 1n n AUψ  

   [ ]I∞
=≤ 1n nUψ  

   0=  
 
and so AX −  is a Vitali set.  This proves the theorem.           
 
 
5. Vitali type set in product spaces 
 
Throughout the section we assume that T is a class of closed spheres which are                  
ψ-measurable.  If A and B are Vitali sets, we consider the product set BA ×  in the 
product space .XX ×   Let M be the class of all ψ-measurable sets in X.  By Theorem 
2{[2], p.17}, M is a σ-ring and the restriction of ψ to M is  a measure and so ),,( ψMX  
is a measure space.  It is known {[1];[2], p.129} that if ),,( μSX ) and ),,( νTY are 
arbitrary measure spaces, there exists a unique measure Π on TS ×  such that 

 
                    )()()( QPQP νμ=×Π                                                 (1) 

 
for every finite rectangle .TSQP ×∈×   In this section we consider the unique 
measure Π on MM ×  (where MTSYX === ,  and  ψνμ == ). 
 
Definition 7.   If the requirement ‘pairwise disjoint’ in Definition 1 is withdrawn, then A 
is said to be a Vitali type set. 
 
Theorem 7.   Suppose that A, .MB ∈   If BA ×   is a Vitali type set in XX ×  with 
respect to the measure Π then at least one of A and B is a Vitali type set.  
 
Proof.  Let 1ν  and 2ν  be Vitali covers of A and B respectively.  If 21 , νν ∈∈ VU  and if 

)0()(,)( ><< εεψεψ VU  then by (1) .)( 2ε<×Π VU  
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 Clearly 21 νν ×  is a Vitali cover of .BA ×   So there exists a countable family 

2111 ,,}{ νν ∈∈× JIJI kk  such that 
 
                                                 [ ] .0)(, 1 =×−×Π U lk k JIBA  
 
Now }{)()( 11,11 JIBAJBIA kkkk ×−×⊂−×− UUU  and so 
 

( )[ ] .0)( 1 1 =−×−Π U Uk k JBIA  
 
Since by (1) 
 

[ ] ,)()()()( 1111 JBIAJBIA kkkk UUUU −−=−×−Π ψψ  
 
at least one of the factors in the right hand side is zero and this proves the theorem. 
 
Acknowledgement.  The authors are thankful to the referee for certain suggestions 
towards improvement in the presentation of the paper. 
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