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Abstract.   A problem of the first exceedance of a given level by the family of independent 
branching processes with and without immigration is considered.  Using limit theorems for large 
deviations for processes with and without immigration limit theorems for the index of the first 
process exceeding some fixed or increasing levels in critical, subcritical and supercritical cases are 
proved.  Asymptotic formulas for the expectation of the index are also obtained. 

1. Introduction 

We consider an ordinary Bienaymé-Galton-Watson (BGW) process that can be defined 
as follows.  Let },2,1{},,2,1,0{, 0 NiNkX ki  be independent and 
identically distributed random variables taking values in the set .0N   We define the 
process ,)(tX ,Nt  by the following relation 

.)(,1)0(
)1(

1

tX

i
tiXtXX

The stochastic process X t( )  describes the evolution of a population of individuals who 
produce offspring independently. 
 Now we consider the sequence of BGW branching processes X t i Ni ( ),   and 
define the “index” process 

,)()(:)( ttXkmintv k

for a given “level” function .)(t

 Let f t s P t sk
k

i( , ) ( )0  be the generating function of the number of individuals   
(or particles) at time t. We consider the sequence of BGW branching processes 

X t i Ni ( ),   under the following assumptions: 

(a) X ti ( ) are independent for any fixed t N 0  and ,1)0(iX
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(b) P X k X P k Ni i k( ) ( ) , ,1 0 1 0 Pkk 10 .

 We denote 
f s f s ES X( ) ( , ) ( )    1 1 ,

A f Q t P X t( ), ( ) { ( ) }1 0     .

 Processes X t ii ( ), , ,    1 2  can be considered as sizes of different populations 
existing in different regions of an area.  Then the process )(tv  is the number of the first 
process in the family which exceeds level .)(t
 Properties of exceedances of given levels by sequences of independent and 
identically distributed random variables have been studied widely in the literature       
(see, for example, Leadbetter et al. (1983), Watts et al. (1982) and references there). 
 The process )(t  was considered in [8], where some limit theorems were obtained.  
The proofs of these limit theorems are based on applying the so called classical limit 
theorems for the number of individuals, and therefore include more restricted conditions 
on the behaviour of the function .)(t   In the present paper, applying limit theorems for 
large deviations, we study the process )(t  for a wide class of the “level” functions ).(t

2. Processes Without Immigration 

It is known that (see [5] ) if A 1 and ,)1(0 2 f  the following limit theorem 
holds for fixed y 0 :

.10)()()( tXytQtXPelim y
t

           (1)  

It has been proved (see [5]) that under  

Condition (I): the generating function f s( )  be analytic on the disk 1|| s  for 

some ,0 A 1 and )1(0 2 f and if for some integer ,2N

0 y o t
t tNlog log( )

 as t   where log log ,( )1 t t log log , , , ,( )i it t i1 1 2 log     ( )

then (1) also holds when y is not fixed. 
 It is also known (see [1] ) that if ,1A  then as t ,

t
tQ 2

2~)( , where 

).1(2 XVar   In this section, we prove the following assertion. 
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Theorem 1. Suppose condition (I) is satisfied. If the function )(t is such that

)( loglog )(
)( tt

t
N

ot as t  and ,)( )(
)(

tQ
tt then

,0
01

)(
)(

otherwise
xifex

tE
tPiml

x

t

where 2
)(2~)( ttet as t .

Proof.  It is not difficult to obtain the following relation for the probability generating 
function H t s( , )  of )(t :

))(,(1
))(,(1),(

ttsF
ttFsstH     (2) 

where F t x P X t x s( , ) ( ( ) ),   0 1.  Putting s e a t( ) , we find from (2) the Laplace 

transform of  )(
)(

ta
t :

.
))(,(11

))(,(1,
)()(

)(
)()( )()(

ttFee

ttFeetHe
tata

ta
tata t

 Since 0)()()()()(
)(

))(,(1)( tXttQtXPee t
tQ

ttFt , using the limit theorem 

for large deviations for critical processes we obtain that for ,)( )(
)(

tQ
tt

.1
)(

))(,(1)(
tQ

ttF elim t
t

    (3) 

 On the other hand it follows from the simple formula ,0),(1 oe
that

.)1(1
)(

1)( o
ta

e ta     (4) 

Thus,

1
)(

)(
)(

tae
tQ

elim
t

t
       (5) 

for .)( 2
2)( te tta  From relations (2), (3), (4) and (5), 

.0,
1

1)()( t

t
taEelim     (6) 
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 Let us now consider the asymptotic behaviour of the expectation of the process )(t .
Using (2), we find the expectation of the process, 

))(,(1
1)1,()(

ttF
tHt .    (7) 

From (3) and (7), we find that if f s( )  be analytic on the disk 1|| s , A 1, for 

some integer ,2N )( loglog )(
)( tt

t
N

ot   and ,)( )(
)(

tQ
tt  then

)(
~)(

)(

tQ
et

t
.

The last expression in (6) is the Laplace transform of the exponential distribution with 
parameter 1.  Hence the assertion of the theorem follows from (6) and the continuity 
theorem for the Laplace transform (see [2], p. 431). 

 In order to demonstrate the possibilities of Theorem 1 we consider some examples of 
the function )(t  satisfying conditions of Theorem 1.  Let .log)( tt   As it was noted 
before

t
tQ 2

2~)(   as  t .  Thus, in this case from Theorem 1 we obtain the 

following result. 

Example 1. Let f s( )  be analytic on the disk 1|| s  for some .0   If A 1,
)1(0 2 f and ,log)( tt then 

0,1)(2
22

xex
t
tPlim x

t

and 2
22~)( ttE as t .

 One can see from Example 1 that the process )(t  may have different asymptotic 
behaviour depending on the level functions .)(t   We now let .log)( tct

Example 2. Let f s( )  be analytic on the disk 1|| s  for some .0   If 

,1A )1(0 2 f and tct log)(  where c is a positive constant, then

0,1)(2
12

xex
t

tPlim x
ct

and 2
12~)( cttE  as t .
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3. Processes With Immigration 

Now we consider processes with stationary immigration.  Assume that at the time of   
birth of tth generation, that is, at time t, there is an immigration of Yt  individuals            
(or particles) into the population. Then the BGW process with immigration (BGWI) is 
defined by a sequence of random variables Z t( )  which are determined by the relation 

1)0(,)(
)1(

1
ZYXtZ t

tZ

i
ti

where the Y Y1 2, ,  are independent and identically distributed and are independent of 
variables .tiX

 Now, we consider the sequence of BGWI branching processes Z t i Ni ( ),   and 
define the “index” process  )(t t N  by the relation 

,)()(:)( ttZkmintv k

for a given “level” function .)(t

 We assume that processes Z t i Ni ( ),   are independent and identically 
distributed.  This means that the corresponding processes without immigration have the 
same offspring distribution 0kPk  and the distributions of the number of 
immigrants are also the same for all processes.  We denote 

Z t Z t ii( ) ( ),      1

.)(,
0

1 k

k
kYki sDESshDkYP

 First, we consider the subcritical case.  It is known that (see [1], p. 263)  if 

,)1(0and1 hA        (8) 

then  Z t( )   have a proper limit distribution, that is 

k
t

ktZPlim })({

exist, where 0, kk  is a probability distribution and the generating function of this 
stationary distribution is 

b s h s h f t s
t

( ) ( ) { ( , ) }    
1

.

d



 I. Rahimov and H. Hasan  42

Theorem 2. If (8) is satisfied and },,2,1{)( Nt  then for any fixed ,Nk

.1})({
0

1

0 i
i

k

i
i

t
ktPlim

Proof.  We consider again the relation (2) for the probability generating function  
H t s( , ) of  ( )t  but here .})({),( ztZPztF   Using the above limit theorem for the 
subcritical processes with immigration, we obtain that for any fixed , H t s( , ) tends to 

0

0

1

1

i i

i i

s

s

as t   and for any ,10 s  which is the generating function of 

p pk

k x

1 1( )

with  

.
0i

ip

Example 3. Let the limiting distribution be the geometric distribution that is 
.)1( ii pp    Then 

.})1({})1()1({})({ 111 ppppktPlim k
t

 Now, we consider the critical case.  It is known (see [1], p. 265) and proved          
(see [9]) that if ,1A

)1(0,)1( 2 hf             (9)

then 
t
tZ

2
)(2  converges in distribution to a random variable with gamma density function 

.),0(,1)( 1
)1(2

2
)1(2

2 )( xexxw x
h

h

Notice that when ,)1( 2
2h  then .)( xexw
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Theorem 3. If ,1A (9) is satisfied and ,),0(,)( 2
2 cct t  then 

,})(1{})({})({ 1 cWcWktPlim k
t

where W c( ) is the distribution function of ).(cw

Proof.   The proof of this theorem is similar to theorem 2 except that p W c( )  in this 
case.

 In the supercritical case, it is known (see [1], p. 264) that if ,1A  then there exists 

a sequence of constants Ct  such that Z t
Ct

( )  converges with probability one to a random 

variable V.  If ,log 1YE  then P V{ } 1 and V has an absolutely continuous 
distribution on .),0   If ,log 1YE  then .0}{VP

Theorem 4. If A 1 and ,),0(,)( vvCt t   then 

,})(1{})({})({ 1 vRvRktPlim k
t

where .)()( vVPvR

Proof.   The proof of this theorem is also similar to theorems 2 and 3 except that 
.)(vRp

 Let us now consider the asymptotic behaviour of the expectation of the process 
.)(t  In the subcritical case, again using the limit theorem for the BGWI process Z t( ) ,

we find that if A 1 and for ,)(t

1

0
1~)(

i
itE .

If the process is critical for which (9) holds and for ,)( 2
2 ct t then  

.))(1(~)( 1cWtE

At last in the supercritical case if A 1 and for vCt t)(  one can find that  

.))(1(~)( 1vRtE
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 It has been proved in [7] that if ,1A ,)1(0 2f h h( )1 0 and 
,2

2h then for fixed ,0x

dyeyx
t
tZP y

x)(
1)(2 1

2

as t  where )(  is the gamma function. Moreover, by [6], the asymptotic 

behaviour of the probability xP tZ
2

)(2  has been studied when t  and .x

More exactly it is shown that under  

Condition (II):   the generating function f s( )  and h s( ) are analytic in the disk 
1|| s  for some ,0  the maximal step of the lattice of the distribution of 

f s( )  is equal to 1 and ,1)1(f ,0)1( 2f 0 1h h( )  for the case 

where )( log0 t
tox  as ,t

it has been proved that 

   .
)(

1)(2 1
2

dyeyx
t
tZPlim y

xt
              (10) 

This result allows us to consider the case when )(t  tends to infinity quicker than a 
linear function.  Namely we shall prove one general limit theorem for )(t .

Theorem 5. Suppose condition (II) is satisfied. If the function )(t is such that  

)( log)(0 t
tot  as t and )()( 2

2 tt t then

0,1))(()( xextUtPlim x
t

as t   where .(t))( )(
1

)(
1 dyeyU y

t

Proof. The proof is similar to what have been done in the previous theorems.  Putting 
))(( tUes  in the probability generating function H t s( , ) of ,)(t  we obtain the 

Laplace transform of )())(( ttU :

, ))(()())(( tUttU etHEe
}))(,(1{1

}))(,(1{
))(())((

))((

ttFee
ttFe

tUtU

tU
.
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Since ,)()()()(,(1 2
2 )(2

2 tPttZPttF t
tZt  using relation (10), we 

obtain that 

.))(())1(1())(,(1 tUottFlim
t

On the other hand, again it follows from the simple formula ,0),(1 oe
that

,))(())((1))(( tUotUe tU     (12) 
.))1(1( o    (13) 

Thus we have from relations (11), (12) and  (13), 

.0,
1

1)())(( ttU
t

Eelim

The last expression is the Laplace transform of the exponential distribution. 

 Theorem 5 is a source of different limit theorems for .)(t  For example, if the 

quantity 2
)1(2h  is an integer, we can use the following asymptotic formula for the tail of 

the gamma distribution: 

k
m

k

x x
k

exU
!

1)(
0

              ~
!

e
x
m

x
m

  as x .

Thus, we have the following result. 

Example 4. Suppose condition (II) is satisfied.  If t
tt log)(   and ,)()( 2

2 tt t

then as t

0,1
!

))(()(
)(

xex
m

tetPlim x
mt

t

for 2
)1(2hm   integer. 
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