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Abstract. For normed isotropic convex bodies in R* we investigate the behaviour
of the (n — 1)-dimensional volume of intersections with hyperplanes orthogonal to
a fixed direction, considered as a function of the distance of the hyperplane to the
origin. It is a conjecture that for arbitrary normed isotropic convex bodies and
random directions this function — with high probability — is close to a Gaussian
density, for large dimension n. This would be a kind of central limit theorem. We
determine this function explicitly for several families of convex bodies and several
directions and obtain results concerning the asymptotic behaviour supporting the
conjecture.
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Introduction

The main topic of the present paper is a version of the central limit theorem in the geometric
context of convex bodies.

A normed conver body K C R" is a convex compact set of volume 1 whose centre of
inertia is at 0. A normed convex body is isotropic if its ellipsoid of inertia is a Euclidean ball.

tThis is an extended electronic version of the authors’ paper published in Beitriige Alg. Geom. 41 (2).
*partly supported by the DFG



2 U. Brehm, J. Voigt: Asymptotics ... for Convex Bodies

The radius of this ball will be denoted by Lk (following the notation of [10]); thus

L% = /(a: -u)*dx,

K

independently of u in the unit sphere S ! of R®. Note that for each convex body K with
nonempty interior there exists an affine transformation f: R* — R" such that f(K) is normed
and isotropic. For a direction u € S we define

Vru(t) = oi{z e K5z-u=t}) (teR),

where A, 1 denotes the (n — 1)-dimensional volume.

For a number of situations we show that ¢k, tends to a Gaussian density, for n — oo.
It appears to be a known conjecture among specialists that this is a general phenomenon:
For large dimensions the function ¢k, should be close to a Gaussian density for all isotropic
normed convex bodies K and for ‘most’ directions u € S™ !. More precisely, the density
corresponding to K should be the Gaussian with variance L%.

In Section 1, we define several versions of the central limit property for subsets of the set
of isotropic normed convex bodies. The only result of a general nature we have so far is an
estimate asserting that the mean value of ¢g,(0) over S" ! is bounded from below by the

value \/%Lk of the corresponding Gaussian density 912, at zero, asymptotically for n — oo

(see Proposition 1.3).

In Sections 2 and 3 we prove versions of the central limit property for cubes and for balls
in R™, respectively.

In Section 4 we show that for the |- [;-ball in R", i.e., the cross polytope X, normed
to volume 1, and w := ﬁ(l, ..., 1), the functions ¢y, , tend to the appropriate Gaussian
density.

In Section 5 we derive results for the regular simplex A,,. In this case we show that ¢a, 4
converges to the appropriate Gaussian density on a certain discrete set of directions u € S™ 1.
We show that the set of exceptional u’s is small in an appropriate sense. This example may
be of particular interest since it shows that our considerations are not restricted to centrally

symmetric sets.

The computational results described above should be considered as evidence supporting
the conjecture that the central limit property holds generally. Moreover, we feel that the
explicit expressions as well as the methods presented in this paper are of independent interest
and importance.

The starting point of this paper was a question, addressed to the second-named author
by Peter Stollmann, concerning the (n — 1)-dimensional volume of cross sections of the cube
[0, 1]™ orthogonal to the direction w given above. Motivated by the stochastic interpretation of
the resulting explicit expressions and by the explicit computations for the ball the first-named
author formulated conjectures which served as a guide line for our further investigations.

The contents of the present paper are related to results and ideas which developed starting
from Milman’s proof [9] of Dvoretzky’s theorem. We refer to [11], [15] for references and
further developments.
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After finishing the first version of the present paper the authors became aware of the
preprint [1] where a central limit property is proved for a certain subclass of isotropic con-
vex bodies. Likewise, the second-named author [16] obtained a version of the central limit
property for a subclass containing the Euclidean balls, cubes, cross polytopes and regular
simplices. In these papers, the closeness of the marginal distributions to the corresponding
Gaussian distribution is described by uniform convergence of the distribution functions and
by convergence in law, respectively. In contrast, in the results of the present paper we obtain
closeness of the densities in the Li- and L.-norms.

1. The central limit property

In this section we define the ‘central limit property’. This definition is motivated by the
results which are sketched in the introduction and proved in the subsequent sections. In
order to formulate these properties we first introduce some notation.

The set of all isotropic normed convex bodies in R" will be denoted by K.

Let K € Kj. Geometrically, ¢k ,(t) as defined in the introduction is the (n — 1)-dimen-
sional volume of the intersection of K with the hyperplane {x € R"; z - u = t}. Note that

1

the Brunn-Minkowski theorem (cf. [12; p. 3], [14; p. 309]) states that the function ¢g ,(-) "1
is concave on its support. It is one of the principle objectives of this paper to investigate the
behaviour of ¢k, (t) as a function of ¢ for large n and ‘typical’ u.

We investigate whether for large dimension n the function ¢k, is close to the Gaussian
density function for all directions v with the exception of a small set of vectors (in the sense
of measure). A convenient formulation for this is to use the expected value of the norm
(Loo-norm or L;-norm) of the difference, for random unit vectors u.

We denote the Gaussian density by g,2,

1 2 1 [t
9o2(t) = e 2 =—gi|—|,

2mo o

where t € R, o0 > 0. We recall that the volume of the unit ball in R" is

Opn—1 = NWp =

L)
By 1,1 we denote the surface measure on S®~!, normed to a probability measure.

Definition 1.1. Let T C |,y K§. We say that T satisfies a central limit property if one
of the following properties holds:

(a) sup E (sup ‘(pK,u(t) — gr2 (t)D — 0 forn — oo,
KETNKy teR K
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(b) sup E < il ‘(pK,u(t) — g2 (t)‘ dt) — 0 forn — cc.
KeTnKy o0 K

Here, E denotes the expectation with respect to the probability measure pi,_;.

Note that Proposition 2.5 proved below shows that (a) implies (b) provided that
supye7 Lx < oc.

We conjecture that 7 = (J, .y Kf satifies the central limit property in both forms given
above. If this conjecture could be shown to be true, e.g., in the form given in Definition 1.1
(a) then it would follow that

sup sup / Oru(t)dpn—1(u) — grz (1) — 0 for n — oc.
Keky ek | J

The only result we can show in the general context is a one-sided bound at ¢ = 0 for
this convergence. In order to show this we need an expression for the mean of ¢ ,(t) over
u € 8™ ! which will be derived next.

Lemma 1.2. Letn > 2, K € Kjj. Then

r(

eK(t) == / Pru(t)dpn—1(u) = \7 e )) / (1— (é>2>7éd$

gn-t {zeK; |z|2[t}

NS

w‘\

forallt e R

Proof. We define the distribution function
Bicalt) == Mlfa € Kiz-u<t}),

for u € S"~1, ¢ € R. Fubini’s theorem implies

[ rcalt)diini(a) = [ s

Sn—1 {(u,z)€S*~1x K; z-ut}
= /,un_l({u € S" 1 x-u < t})dr.
K
Now
n—1 n—1 X t
po1({u € S" s xu<t)) = pp1({ue s QH'U\ m})
0 for t < —|z|,
arcsinﬁ
= Zz_f [ cos" Zepdy  for [t| < |z,
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In order to get the average density function we differentiate the average distribution function
with respect to the variable ¢t and thus get

/ Qs () dpin_1(u) = Z:j / (1 - (éf) - ﬁdm. O

gn=t {zeK; [z]2[t]}

Proposition 1.3. For alln > 2, K € K, one has
¢ (0) = Yngr2 (0),
with

r(3)

()

Tn =

SIS

Moreover, v, — 1 (n — 00).

Proof. We recall that

L% = /(x cu)ide = %/|x|2dx (ue s™1)
K

and
2 = 1 = \/’ﬁ T-
9.2.(0) V2rLx - ( | |x‘2dx) 1

Holder’s inequality, for p = 3, ¢ = 2, implies
1 2
1
1= / m /|x| dx —dz |
|z|
K

1 = 9L (0)

|
|

S
o
8
g
=
—~
M‘|
N—
= |
&
S
ul
et
<l
N—
N

The convergence 7y, — 1 (n — 00) is a consequence of Stirling’s formula which we will state
subsequently. U

The version of Stirling’s formula used in the present article is the inequality
T T\7T (z)
(E) V2rx <T(x+1) < (—) \/vae%’
e e

valid for all z > 0, where 0 < ¥(z) < 1. The left hand side inequality is a consequence of an
equality of Binet (see [7; sec. 1.5, (63)]), whereas the right hand side inequality follows from
Stirling’s series (see [7; sec. 1.5, (66)]).
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Remarks 1.4. (a) In [16], a subclass of
¢k (0)
QL%((O)

nen Kg 18 introduced for which the asymptotic

=1 is shown.

formula limgim x— 00

(b) In [6], [4], a two-sided estimate for ¢k ,(0) in terms of Lk is given, namely
1
ClE 025,
which holds independently of n € N, K € K2, v € S"'. Besides boundedness, no asymptotic
properties, for n — 0o, can be derived from these bounds.

2. Results for the cube

We consider the cube C" := [—%, %]n in R". The main result of this section is the fact that

the set of cubes satisfies the central limit property either sense as stated in Definition 1.1.

Theorem 2.1. There ezists a function a: (0,1] — (0, 00),
a(a) = O(a?), (2.1)

such that, for alln € N, u € S* 1,

lecna =93] < alulo). (22)
o

As a consequence, one obtains

1+1Inn
/ ngcn,u_gﬁ (1) :o( - ) (2.3)
Snfl
Theorem 2.2. There ezists a function (3: (0,1] — (0,2],
B(a) = O(a*(1 — Ina)?), (2.4)
such that, for allm e Nu e S* 1,
pona =g, < Bllulo): (25)

As a consequence, one obtains

[ e

Sn—1

s (u) = O (m> . (2.6)

n

The proof of these theorems will require some preparations.

Let X4,...,X, be independent random variables which are uniformly distributed on
[—%, %] Let u € S* . Then @cn,, is the density of the distribution of u1 X7 + ... + up X,
PCry = Puy * Puy * - - ¥ Py, Where @, = |u171[ [ and the Fourier transform @gn ,,(£) =

. T2 2
Jg 0cnu(t)e " dt satisfies

Perau = PuyPus *** Pug»

with ¢, (£) = é sin %
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Proposition 2.3. There ezists a function ay: (0, 3] — (0,00),
ai(a) = O(a?), (2.7)

such that

—_— —_~
Yenau — g%

. < a1 (Juoo) (2.8)

for alln € N, u € 5" with |u|lo < 3. (Recall that goL(t) = \/ge_“z); thus g+ (&) =
3O
Proof. First we note the inequalities
1 1 1,2
1-58 < gSin < e st
for £ € R, |€] < 7, and

for all £ € R. Choose 0 < a < %, and let v € S™ ! |ulo < a. In order to estimate
/ |Pena(E) — g1 (€)|d€ we use the inequality
le|< 28 12

a

ﬁ 1— 1 (@)2 < ﬁ lsin% < ﬁeé!(g)%ﬂz = 675(5)2
31\ 2 ALy, 2 7 ’

Jj=1

valid for |£] < % Looking for u € S™ ! satisfying |u|s < a for which the left hand side of
the last inequality becomes smallest one shows that this is the case for u; = ... = uy = a,
where k = [-;]. Therefore the left hand side is estimated below by

(-5 (-5 0-R1)
(-0)" (- (- 1)

(&)
24 ’
This finally implies

/ |m(€)_g/g(§)|d§< / (e_gﬁ—<1—§—4a2) )df.

I le|< 28

V
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o
In order to estimate / . |Pcmw(€)]dE we use
2v6

a

_ - 1
Pera©)P <] el
j=1 1 + (€UJ>

A similar argument as above shows that the right hand side is estimated by
1 1 1

ENER £ 91 oy S > N\
(1+%a2) ) (1+E“ (@ - [a—z])) (1+§—2a2)“

Summarizing we obtain inequality (2.8) with the function

2v6 1
[ e £ )\ i U

ai(a) =2 / (e 5 — (1 —51¢ ) ) dé+ / (T%cﬁ) +91(8) | d¢
0

2v6
a

Finally we estimate the function o;. We split the first term on the right hand side as
216

/ <e§§_ (1—%1)_2) de

zﬁ/‘l<e‘%§—(1—n)12>dn+M (e a2—(1—772)“12)d77

It is elementary (but somewhat tedious) to show that the integrand in the first of these
integrals takes its maximal value for n = a, and therefore this integral is bounded by

?a (e’l -(1- aQ)a%) = 0(a?).

We estimate the second integral by

2*f/ <ea (1-n )12>d77_—\/6<e‘f§—1+1 (1_772)52“)

a?

1

a

<V (et - (- @)F) + Ve (1- 55 ) (1- @) F — o)

The second term in the expression of «; given above can be estimated by
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whereas the third term is estimated by
a _& _1
— e 3dE = V6ae 2 = O(d?). (I
o [ et (@)
26

Lemma 2.4. If 0 < a <1 then
1 ({u € 5" Julso > a}) < n(1 —a?)'T.
Proof. Note that
tn 1({u € S™7 |ule = a}) < 2npn 1 ({u € S™71 ug > a}),

pina({u € 5" uy > a}) =

arcjc‘os a ) lfa2 P v lea2 )
sin " pdp —dt " dt n1
__0 __0 =t 0 . (1— az) 2
jus 1 AN 1 -
2 n—2
2 [ sin"? pdyp 20f ,t/—l_tz dt 20ft”*2dt
0

(In order to prove the inequality note that "2 > 0 and that \/1%? is monotone increasing

on (0,1); invert the fraction and subdivide the integral fol.) O
Proof of Theorem 2.1. First we note that Ball [2] has shown the remarkable equality

sup Yo u(t) = V2.
teR,ueS?—1 neN

Defining o := ;- on (0,3) and a := V2 + \/g on (3,1] we obtain (2.1) and (2.2) from
Proposition 2.3.
In order to show (2.3) we use Lemma 2.4 and obtain
—1

M1 ({u e st N > oz(a)})

< tn-1 ({u € 5" Juloo > a}) <n(1—a’) 7

/ H@O(Jn,u — 9L ood,u'nfl(u) < afa) + (\/§+ \/§> (1 _ a?)"T‘l ,

Snfl
for 0 < a < 1. Fora= ‘;1%{’ we obtain

— Qg1
‘@C",u gﬁ

This implies

n—1 4Ilnn

n—1 41 dlon 2 nn 1
n(l—aQ) 3 =n<1— nn) <ne—%:ﬁ, (2.9)

n—1
6
41nn \/§+ T 1+1Inn
/Hﬁocn,u—gl dunl(U)<a< )4—7:0( ) ]
12 |l o n—1 n n

Sn—l
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Next we show that smallness of H(pcn,u — g1 implies smallness of H(pcn,u -9

o

Proposition 2.5. There ezists a function (;: (0,00) — (0, 2],

Bi(6) = O(3(~n8)3),  (0<d< %2_73 (2.10)
such that
I = 9o2ll; < Br (o [lp = go2l) (2.11)
for all p € Li(R) N Ly(R), ¢ >0, [@(t)dt=1, 0 > 0.

Proof. 1t is sufficient to treat the case o = 1; we let g := ¢;. Let ¢ be as just described,
0<6:=|¢—gl, < \/%7 Then

T

le — gl < /\go \dt+/6dt<2r6+/g(t)dt+1—/go(t)dt

t>r -r tzr [tl<r

/ o(B)dt — 206

|t\<1" [t|<r

< A4ré —|— t)ydt +1— / g(t)dt

[t|>r [t|<r

:47"5+2/g(t)dt:4 7“5+—/

t|zr

The last expression attains its minimum for r = (—In(6227))2, which shows that (2.11) is
satisfied with

297 ))F 4 o i
B1(d) :=4 (5(—111((5 27?)) +\/2_7r / dt

(—In(d227))

D=

The first term in the function (; is bounded by
§(=21Ind — In(27))2 = O(5(—1n4)?).

The second term is bounded by

oo

1 1 / y _ﬁdt 1 1 _ (= In(s22n))
1 e 2 = 1 é 2
V27 (—1n (§227))?2 . V2T (—1n (§227))?
(—1n(é227))2
= =Y 0(5(- 1)),
2m (—In (6%227))>2
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for0<é <

2\/5 O

Proof of Theorem 2.2. By Theorem 2.1 and Proposition 2.5 there exist constants ag > 0,
¢ > 0 such that

N

a(a)) € ca®*(1 —Ina) for 0<a < ag,

N

2 < ca’(1 —Ina): for ap<a<l

Choosing 3 := o ( =) on (0,a] and B as 2 on (ag, 1] one obtains (2.4) and (2.5).
As in the proof of Theorem 2.2 we now use Lemma 2.4,

Un—1 ({u e st H<pcn,u — 9L . > 5((1)})

< Pn1 ({u € S™ L ulo > a}) <n (1 — az)nT )

/ HQDC’",u_g%

This implies

n—1

X dptn_1(u) < B(a) + 2n (1 — G,Q)T ,

Sn—l
for 0 < a < 1. For a = /4% we now find, observing (2.9),
41nn 2 1+Inn 3
[ [eera=s9], dinstw) < 5 ( ) 220 (g) 4
12 1 n — 1 n n

Sn—l
3. Lower dimensional volumes for Euclidean balls

In this section we show results which are similar to those of Section 2 but stronger.
Let B, C R" be the Euclidean ball of volume 1, i.e., of radius

1
n

T(2+1)
\/7?

Recall that w, — 0 for n — oo and, more strongly, that

L+ ) T

NG o s

(from Stirling’s formula) for n — oo.
For 0 < m < n we denote by G(n,m) the set of all m-dimensional subspaces on R". For
U e G(n,m), x € U we define

w|>-‘
3=

Tn =

B, () = Ao (2 +UT) N B,).
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Moreover, we shall use the notation

1 |2
952 (T) = ———=

e 207
(2mo?)=2 ’
forreR*, meN, o> 0.

Before stating the main result we note that

1 1
Ly —/\x\de: —On_l/Tn+1d7‘=
n n
Bn 0
2 n 2 n n2
_ ot TGy () Vg 1
"n+2 (n+2)m

for n — oo.

We define s, := L, .

Theorem 3.1. There exists ¢ > 0 such that for all1 < m <n—4 and allU € G(n,m) one
has

m
/ |08,,0(2) = goz m(z)| dz < ¢ it

zelU

T —
Proof. The Lebesgue measure on B,, can be decomposed as % Jo" b1, dr, Where fi,_1,

denotes the normed surface measure on 7S™ !, Let 1 < m < n—4, U € G(n,m); without
restriction U = R™ (= R™ x {0}). Then [3; Theorem (2)] implies

n [™ m+3
HSDBn,U - —n/ 9:2 mrnfldT L2——. (3.1)
™ Jo o L(v) n—m-—3
The next step is obtaining an estimate for
n " n—1 n " n—1
E/o 9s2 1T dr—g%’m 1 < a/o g%m—g%,m 17“ dr. (3.2)
In order to achieve this we note
m
92 =9 N S > / 9:2(25) = 9.3 (25) | da;
! j:1wj€R
:m‘g,z —9:2 ZWHQ(TL)2 — 0
n n |1 n

.
From the fact that (¢, z) — g;(x) solves the heat equation one obtains that there is a constant
¢’ such that

l9: = ol < €t =1

(3.3)
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for all 0 < ¢ < 1. Therefore we can continue inequality (3.2) by

Tn
mn
< —- HQ(L)2 — 0
" ™
0
1

mn _
=" [ g = gl s
/rTL
0

1

2m
< 1—s%)s" tds=¢ :
\cmn/( s)s s cn+2

r"dr
1

0

It remains to obtain an estimate for

i

Obviously s2 < %, and Stirling’s formula implies

9.2 m 9s2,m

n
n ?

<m‘

9,2 — gs2
n

1 1

n(mn)w r2
_Pr 2 in o
2e(n + 2)w S SN

Therefore, by the argument leading to (3.3) we obtain ¢”,¢” > 0 such that

T2

n|'n 2

9:2 — 92|l SC |0 S
n 1 n

1
mm)w [ 1 n 1
< CI/ (7 6% o < c/l/ _.
=7 27e n+2) > n

Putting the inequalities (3.1), (3.2), (3.4), (3.5), (3.6) together one obtains

m+ 3 m m
HQDBn,U - gsg,mﬂl <2 <n_ — +C’n+2 _*_C///g)

which amounts to an estimate as asserted.

13

(3.6)

[l

We note that Theorem 3.1 implies that smallness of 7 implies closeness of the marginal
densities ¢p, v to the corresponding Gaussian density with respect to the L;-norm. For the
L. ,-norm the statement turns out to be weaker, as stated in the following theorem. In this

case, we aim for closeness of g,y to g1 ..
2me’?

Theorem 3.2. For each € > 0 there exists 6 > 0 such that

_m _ 2
sup g, v(r)e 2 —e ™| <e.

zeU

for all n > m > 1 satisfying %2 <0 and allU € G(n,m).
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Proof. (i) First we calculate ¢p, (). Since (z + U*) N B, is an (n — m)-dimensional ball

1
of radius (r2 — |z|*)2 we obtain

n—m I ((z 1 n
080 () = wWnm (12— [2[?) =% 1—|oP—
( ) I'(2+1)

S

for |z| < ry,, and zero otherwise.

m

(ii) Next we show that ¢p, (0)e” 2 is close to 1 if mT? is close to zero.
We have, by Stirling’s formula,

m Fr2+1) » _u n)"5" for m
(PBn,U(O)C_? — (an_m e 2 (2) ) e %
r ( 5 -+ 1) (n%m) 3 271‘”5”1
n—m L
- () e () (B
n—m n—m 2
Now, (nfm)% e = (14~ m)n;”m'% e~ % is close to 1 if %2 is close to zero (take the

logarithm and develop), and it is easy to see that the other terms are close to 1. (Also,
the inequality in Stirling’s formula can be used to derive suitable estimates instead of the
‘a’-sign.)

(iii) In order to treat the factor (1 — |z|? in ¢p, v(z) we first calculate

and also

This implies

- b erEE)
1 — ‘£E|2 e . < 1 — |$| e < efwe|cc|2d
eD(2+1) eD(Z+1)

for |z| < 7y, where

G = inf{n_m(wn)_}zesb; n>2 m< E} >0
n 2
This shows that there is a constant ¢, such that ¢p, 7(z) is bounded by ce=0melel” for m < 5
Again by Stirling s formula, for any R > 0, ¢p, y(z)e” % is close to e~™*” uniformly for
lz] < Rif 2 ™2 is close to zero. Therefore we obtain the statement of the theorem. O
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Corollary 3.3. For all m € N one has, for n — oo,

Sup_sup| 0,0 (@) = 9,1 ()| — 0.
UeG(n,m) z€U e

sup /
UeG(n,m)
U

Remark 3.4. A corresponding statement, for m = n—1, for the sequence of spheres \/n.S"!
is well-established; in [8] this observation is attributed to Poincaré [13]. (It was pointed out to
the authors that this was noticed earlier by Maxwell; see also the discussion in [3] concerning
the history of this property.) In this case the limiting Gaussian density has variance one.
The occurence of the different variance in our case is explained by the fact that the mass of
the ball B, is ‘concentrated’ in a suitable spherical shell around the sphere (y/nLg,)S" .
This latter phenomenon is discussed in [16] for more general sets in Kj.

©B,u(T) — g;,m(x)‘ dr — 0.

2me

4. (n — 1)-dimensional volumes for the cross polytope

Our next example is the normed isotropic cross polytope X, i.e., a | - |;-ball. The volume
of the |- |;-unit ball in R is 2”L. Thus, in order to normalize to volume 1 we consider the
| . |1-ball

- nln
X, = R"; < — 3.
frem: Smi< sy |

=1

It is obvious that, for normed isotropic sets, there may be exceptional directions where
closeness to a Gaussian distribution fails. For example, taking the cube C™ and the direction

u = ey, one simply obtains 1[71 1 for all n. Similarly, for v = e; and X,,, an application of
272

Stirling’s formula yields the convergence of ¢x, , to ee~2¢* uniformly and in L (R).

The main purpose of this section is to derive explicit formulas and estimates for ¢x, .,
where the direction is given by w = —=(1,...,1).
2v/n
—T

n!n

Theorem 4.1. Let d, := —. For |t| < é we have

nd, = (n—1\2
(‘DXnaw(t) = 22nﬁl < k > (1 + dnt)nilik (1 - dnt)k )
k=0

and ¢x, ,(t) =0 otherwise.

Proof. Instead of treating X,, directly we first treat the |- |;-unit ball and renormalize later.
For this purpose we denote by ¢,(r) the (n — 1)-dimensional volume of the intersection of the
| - |1-unit ball with the hyperplane {z € R*; z - w = ﬁ} For —1 < r < 1, this hyperplane
intersects 2™ — 2 faces of the surface of the |- |;-unit ball. These faces are (n — 1)-dimensional
simplices in a 2"-tant having k negative and n— k positive coordinates, for 1 < k£ < n—1, the



16 U. Brehm, J. Voigt: Asymptotics ... for Convex Bodies

vertices of the simplex being & negative and (n— k) positive unit vectors. Without restriction
we assume the vertices to be ei,...,e,_k, —€n—p+1,. .., —€n; €; denoting the unit vectors.
The (n — 2)-dimensional intersection of this face with the hyperplane {z € R*; z-w = ﬁ} is
the orthogonal product of an (n—k—1)-dimensional simplex in R"~* and a (k—1)-dimensional
simplex in R¥. The volumes of these simplices are

1 vn— 1
(Lt T)nfkflnik and ——(1—-r)"" vk :
gnk-1 (n—k—1)! 2k-1 (k —1)!
Thus the (n — 2)-dimensional volume is
(n—k)k

1
1 n—k—1 1— k-1 .
gz L) =) = 1)
The height of the corresponding pyramid is obtained as the convex combination of the re-
spective heights for r = 41, which are the distances

1 1 k 2
13 ’]-aa ) __]-a 51‘ = )
‘n—k(H,—/O 0) n( ) ((n—k)n)
n—k

1 1 n—k\?

— . —1,...,—-1)— —(—1 —1 =

N T T NI B (=

k

o) 1o ()

Therefore the (n — 1)-dimensional volume of the corresponding pyramid is

n—k— _ (n—k)k
amrzaz (L) (1 = )" e

3 R
(000 () + -0 5D}
— 1 .
- 27 Y/n(n-1)(n—k—1)Y(k—1)!

(kA4 EL =) (n— k)L )V R = r)k).

Using the fact that there are (”) of these 2"-tants and summing everything up one obtains

1 — (n 1
enlr) = ST e =) ;;1 (k) n—k—1)(k—1)!

. (k‘(l Ly n—k(l _ T‘)k_l + (TL _ k‘)(l + T‘)n_k_l(l _ ’f‘)k)

n i —1\2
= — < i ) (147" F11 = r)*,
" k=0
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where the last equality involves an elementary computation.
Using the relation

oxlt) = (”') en (dt) = =DV

2 2n
we finally obtain the indicated formula. [l

In order to discuss the behaviour of ¢x, ,(t) for n — oo we need an expression of ¢x, (%)
in terms of powers of .

Lemma 4.2. Forn € N, z € R one has

[5]

(. () () e

w3

2 (k>2<1 +a)" (1 —a)f =

For the proof of Lemma 4.2 we need the following preparation.
Lemma 4.3. Foralln € N, z,y € C one has
nonoge n . . n 2(n—j) n 2(n B ]) )
S5 (1) (§) eyt ey ()" 7) oy
=0 k=0 i=0 k=0 M

Proof. The two expressions are obtained by applying the binomial formula to

n

(L+2) +9)"(1 - 2) + )" = (1 +)* - %) O
Lemma 4.4. Foralln e N, m € Z with —n < m < n, x € C one has
e n ke n—k L& 2(n—J)\ (n 2\J
2 () n)osarme = (T () e
Proof. Compare the coefficients of y™*™ in Lemma, 4.3. O
Proof of Lemma 4.2. Set m = 0 in Lemma 4.4. O

As a consequence of Theorem 4.1 and Lemma 4.2 we get the representation

ox,ll) = [ni;] CUE( ) @y

Theorem 4.5. We have
Pxuw(t) — —=e™ " =g ()

for n = oo, uniformly for t € R. Also, ox, . — g1 in Li(R), for n — oo.
2e
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Proof. (i) Denote by a, x the coefficient of (—t*)F in px, .,

pier () () for k<[5,

n—1

Qp,k =
0 otherwise.

In order to determine lim,,_,, @, We note

lim \/nd,, = 2e,

n—o0

where the last two limits are obtained using Stirling’s formula. Therefore

o 2=k =1\ 1 [(n—1\ [Vnd, "
k=2 k-0\  p—-1 Jok\ &k 2
1
— WGWC_H (TL — OO)

(ii) Now we show that, for £ € Ny, the sequence (a, x)n is increasing. In order to do this we
show

M>1forn>2k+1.

Qn,k

Using the estimates in Stirling’s formula we obtain

2k+1
Unik (n—i—l)“gn—k—% nlw
g\ N n=2k \ (n+ 1);#1
2k+1
> <n+1)k+gn—k—%< n ) (2mn)=
- n n — 2k n+1 (27 (n+1)) IoEEy) 6—1‘2(nl+_1)2

n k=3 n—k—1 nan 1 2t
> 2 —e 12(n+1)2 .
n+1 n — 2k (n +1)7@+D

For k > 1, x > 2k + 1, we define

(ke
J(@):= (:1:—1—1) r—2k

Then f(z) - 1 (x — o0), and

, 1 zh=3 ) 1
fl(x) = (k—§> G o2k (—(3k+1)x+2k +k—§> <0
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for x > 2k + 1; thus

O\ ook
2
= ]_.
(n—i—l) n — 2k J(n) >

In order to show that the last factor in the previous lower estimate for
equal 1 we have to show

nan -——Ll
0 < In —e€ 12(n+1)
(n + 1)7D

1 1 1

=—Inn-——In(n+1)— ——.
20 B 2y R gy

An41,k

is greater or
Qp &

Multiplying the last expression by 2n(n + 1) and estimating,

n 1 n
Dinn—nln(n+1) — ——— =Inn—nln(l 4 ~) — ———
(n+1)Inn —nln(n + 1) 6+ 1) nn — nln( +n) 1)
>1nn—1—L>lnn—z,
6(n+ 1) 6

we see that the desired inequality holds for n > 4.

This implies the inequality a,41 % = @, for all £ > 1, n > 4. Direct computation shows
this inequality also for £k =1, n = 3.

In order to treat the case K = 0 we compute and estimate

(—“n+1,o.>2n(n+1) = (n 5 1>3n(n“) (n—3)""" !

U0 n p2n(ntl)  (p 4+ 1)

(n + 1) "D (1) (n— )7

n nin(n+1) (n+1)"

(222

Then b; = 2, and the sequence (b,) is increasing because of
by (n+1 ol (n— 1\ (- 1)t
b1 n n" n (n—1)!
7L2
(+ 1) -1\ (n=1\"_ (1-5)
= = T \m > ]_.
n? n (1-12)

\/— k, £ for allk > 0,n > 1. This implies that the coefﬁments

of the polynomial ¢x, , are bounded by the coefficients of the power series of ﬁe . Since

(iii) From (i), (ii) we obtain a,, <

. . . . 5242
the radius of convergence of this power series is oo we can conclude ¢x,, ,(t) — ﬁe et
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uniformly on compact subsets of R. In order to conclude uniform convergence on R it is
now sufficient to observe that g1 (f) — 0 ({ — oo) and that ¢x, ., is even and monotone

2e
decreasing on [0,00). For the latter note that, by the Brunn-Minkowski inequality (cf. [12;

p.3], [14; p.309]), (¢x, )7 is concave on =i )
(iv) The convergence ¢x, . — g1 in L;(R) follows from Proposition 2.5. O
2e

5. Results for the regular simplex

In this section we prove a discrete version of the central limit property for the regular sim-
plices: We will not take the mean over all directions in S™"~! but only over those belonging to
partitions of the vertices of the given simplex. As an appropriate weight of these directions
we will use the (n — 1)-dimensional volume of the Dirichlet-Voronoi cells on the unit sphere
Sn-t,

In order to fix the notation let A, be the standard n-dimensional regular simplex in R*t1
ie.,

A, =conv{ey,... e 1}

We first compute the desired function for A, and obtain the final formula by suitable scaling.
Let 1< k< n,m:=n+1-—k. We calculate

Pu(t) = A 1({z € Ayiz-u= t})

for u pointing from the centre of an (m — 1)-dimensional face to the centre of a (k — 1)-
dimensional face of A,; without restriction

km /1 1
U= —LHWMLMO——QWQAHWQ
U= Unk n-{—l(k(w_/ ) m( H/—)
k m
1
- (..., m—k,...,—k).

(n+ 1)km = ">

~~
m

Noting that {x € Apiz-u= t} is the orthogonal cartesian product of suitably scaled copies
of these faces one obtains the formula

- _ \/ﬁ \/E m km " k km k
@“ﬂ_(m—1ﬂw—1ﬁ(n+1+vczjo (n+1_VZ::Q

Here we have used the expression % for the (k — 1)-dimensional volume of the standard

embedded simplex. In order to obtain the regular simplex A, of volume 1 one has to blow
1

up A, by a factor of (%) - cn- Hence, letting

-1

Ou(t) == a,u(t) = A1 {z € Ay - u=1})



U. Brehm, J. Voigt: Asymptotics ... for Convex Bodies 21

we find

put) = ' Pu (—)

Cn

n! i m J m—1 k k—1
T (m=1)!(k—1)! ””“(n+1+ ””“t> (n—i—l_d"’kt) ’

with d, ; = i\/% We want to show that, for large n, the function ¢, is close to the
appropriate Gaussian density for ‘most’ of the directions u considered above. These direc-
tions, however, are not evenly distributed on the unit sphere S™ !. After the proof of the
following theorem we will present considerations showing that this result can be interpreted

as a discrete version of the central limit property.

Theorem 5.1. For k — oo one has

2k} — 0,
2k} — 0.

SUP{||Pan i (B) = 93, [loc; n €N, 1

P>
sup{l|anu, i (H) =gl n €N, n >

Remark 5.2. The radius of inertia for A, is

In — (n!)%
Vi + ) +2)(n+1)=

n bl

and Stirling’s formula implies Ly, — % (n = 00), showing that one may substitute g for
9r2_ in Theorem 5.1. )

Proof of Theorem 5.1. In the following, we consider only the cases where 1 < k < 7. As
before, we define m :=n+1— k.

(i) Stirling’s formula yields

(pun,k (t) =
_ n(n—1)""td,x

o m— _ k—1)(m—1
(m — 1)m=L(k — 1)k=1, /o E=Um=1)
m—1 k—1
m k 1
. (H1 n dn,kt) (n+ - dn,kt) (1 e (E))

= nykwun,k (t),

1
Crop = " A (1 +0 (—)) ,
o (k= D)(m=1) k

n—1

with
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Vu, (1) =
[ m(n-1) n=1 \"7(_k(n=1) n-1)
- ((n+ 1)(m—1) +d"’kmt> (Wﬂwkjt)
1= 28 dy(n— D)\ (1= 2 —dn— D)
:(1+ e ) (H - )

N N
=(1 1—
( +m—1) ( k—l) ’

where, for abbreviation,

k—m
= d —1)¢t.
n %_ 1 4_ nwk(7l )
(ii) Note first
1 " 1
hm—zlim—ﬁ< 27 i ) = —.
n—o00 N n—oo N e n+1 e

For the first factor C,, , we therefore have

km
n n+1

e
o =Dm=1) /27

n—1

lim Cpx= lim
k,m—00 k,m—oc Cp,

(iii) Next we choose to > 0 and show

e2t?

Vu,, ,,(t) —> e 2

for k, m — oo, uniformly for —tq <t < t5. We have

k—m n-—1 km km
T = + t=0 —
n+1 Cn, n+1 n

uniformly for —tg <t < ty. So

Iny, , (t) =
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Now,
. 2 (n—1) N
e L ey
. n—1
= lim .

k,m—yo0 (m — 1)(/€ — 1)

(k —m)? (k—m)(n—1) | km km(n —1)% ,
'((n+1)2+2 m+e Vnitl ' (n—i—l)c%t)
2,2

=€

uniformly for |¢| < ¢y, and

therefore

uniformly for |¢| < ?,.

(iv) We now show that, for ¢, large enough, the functions ¢, ,, outside [~ty, o], are domi-
nated by max(gy, , (—to), Pu, . (to))-

Differentiation shows that the function x — (1 + = l)m_1 (1 — ﬁ)k_l is increasing on
the interval [—m + 1,0] and decreasing on [0, £ — 1]. The maximum at zero of this function

is moved to —’:;Tm for ¢y, ,, and this quantity tends to zero for k,m — oo.

(v) Steps (ii), (iii), (iv) show

lim P,k (t) = ge% (t)

k,ym—00

uniformly for ¢ € R. Because of |l¢y, [l = |lg1 ||1 =1 this also implies

lim g, — gl =0.

k,m—00

These statements can be rephrased as in the assertions of the theorem. O

The next part of this section is devoted to determining smallest spherical caps containing
the Dirichlet-Voronoi cells belonging to the vectors u, (kK = 1,...,n) defined above. We
define D,, as the set of unit vectors in S™ which are, up to a permutation of the components,
the vectors un,x (k = 1,...,n); the set D,, consists of 2" — 2 vectors. We now introduce
the (n — 1)-dimensional sphere

Sti={re Sz w=0},

where, as before, w = —=(1,...,1) € R**".
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With any u € D,, we associate the Dirichlet-Voronoi cell (DV-cell for brevity)
Co={z eS|z —u|<inf{lzr—4a|;a € D,}}.

We want to associate with v € D,, the (n—1)-dimensional volume p,,_1(C,,) as the appropriate
weight.

For fixed k € {1,...,n} there are (":1) vectors arising from u, by a permutation of
the coordinates; these vectors and the corresponding DV-cells will be called of type £.

For 1 < k < % let ay,x be the largest number such that the set

Wlang) = {u € SI7"5 uloo = any}

covers all DV-cells of types k£ and n + 1 — k. (Here, | - | denotes the maximum norm on
]Rn+1.)

Proposition 5.3. The numbers a,j defined above satisfy

D=

[25]

e = | 2k + +1_k2(\/zn+1—z \/(z’—l)(n+2—i))2 ,

i=k+1

and Wy, (an i) covers all DV-cells of types 1,... ,k,n+1—k, ..., n.

Proof. Let 1 < k < §. We want to determine the minimum of |z, for z in a DV-cell of

type k or n+1— k. Since || is invariant under permutations of the coordinates and under
reflection in 0 it is sufficient to consider the DV-cell C,,, ,. A point = € S™=1 belongs to Cu,
if and only if

T-Upg = -u forallue D,. (5.1)
Exploiting this inequality for the permutations of the coordinates of u, , we obtain
min{z;; 1 <i <k} > max{z; k+1<i<n}

Since wuy, is invariant under the permutations of the first & and the last m (=n +1 — k)
coordinates we may finally assume without loss of generality

I 2 T9 2 e 2 Tp+1- (52)

Exploiting (5.1) for u = u,,, where s € {1,...,n},t := n+ 1 — s, we obtain (using also
z-w=0)

n+1

n+1
- - k —
mz ﬁ(mz’“ Zk;l'”) o
n+1 n+1 s
ot \/W(Zx’ 529”’) STk

t=s+1
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thus in particular

vazfors—k—l-l ,n+1—k. (5.3)

WZW

Let x € S™ ! be such that z satisfies (5.2) and (5.3), and x minimizes |z|,, among the
elements of S"~! satisfying (5.2) and (5.3). Then clearly |2|s < apk. Define a := |7|w.

First we show z; = ... =z = a: (5.3) for s =n+1—Fk implies ) . +k1+1k 2, <0. Ifz, < a
it is possible to replace z1, ... ,xx by @ and .41 &, . - . , Tpt1 by smaller numbers > —a, such

that the resulting vector Z still satisfies Z - w = 0 and (5.2). Then (5.3) is also satisfied. The

1

renormed vector ﬁi‘ still satisfies (5.2) and (5.3) but also |=Z| < |z|w contradicting the
o

||
choice of z.
Let y be the unique vector with y; = ... = y; = a satisfying (5.3) with equalities, i.e.,

yi:a\/ﬁ (\/i(n—i-l—i)—\/(z'—l)(n+2—i))

for k+1<i<n+1-k, and also satisfying |y|.oc = @ and y - w = 0, thus y, g2 = ... =
Yn+1 = —a. This y also satifies (5.2). We are going to show z = y.
Define

S
=in for s=kk+1,... ,n+1.

Then h, and h, are concave because of (5.2), hy(s) < hy(s) foralls=k+1,...,n, hy(k) =
hy(k) = ka, hy(n + 1) = hy(n + 1) = 0. Assume that there exists s € {k +1,...,n} with
hy(s) < hy(s), and let ki, ko be such that z,_p, > Ts p11 =... =23 2 Tsp1 = ... = Typp, >
Tsik,+1- Replacing z; by xz’-i-,f—l fors—ki+1<i<sandbyz; — k% for s+1 <1 < s+ ko,
with small ¢ > 0, and retaining the other coordinates, we obtain an element # such that
h;z is still concave (i.e., T satifies (5.2)), hzy < h, (i.e. Z satifies the inequalities (5.3)), and
Z-w =0. A short computation shows |Z| > |z| = 1, and therefore we obtain a contradiction
as above.

This shows h, = hy, © = y. It is easy to see that for this = the inequalities in (5.3) are
also satisfied for s =1,... ,k,n — k+2,... ,n+ 1. This means that (5.1) is satisfied for all
U = Uk (k=1,...,n) and a fortiori for all w € D,. This means that x belongs in fact to
Cu, ., and therefore a, x = |2[o = a. From

(2]
1—\$|2—a(2k+% Z \/zn—i-l—z) \/(i—l)(n+2—i))2)

we obtain the expression for a, j as asserted.
In order to show the second statement we have to show that (anx) is decreasing in k.
Since ( k ) is increasing in k it is sufficient to show

ﬁ (VEFDm—R - VEn+1-H) <1
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Now, setting u = k(n +1 — k), v = n — 2k in the inequality

Wm-mzu(m-l)lu(%):g (5.4)

valid for v > 0, v > 0, we obtain

k (n — 2k)? 1

n—i-];—k (‘/(k+1)(”_k)_‘/k("+1_k)>2< n+1—kdk(n+1—k) sp U

Proposition 5.4. Let (k,) be a sequence in N satisfying k, = O(n'~¢) for somee > 0. Then
pn—1(Wh(an,)) = o(n™®) for all a« > 0.

Proof. Let 0 < a < 1. Note that W,(a) is the union of 2(n + 1) congruent spherical caps.
The centre of the (n — 2)-sphere {z € R"!; |z| =1,z -w =0, 21 =a} is (a,—2,...,—2).

n
Its norm is ay/ "T“ Using the inequality in the proof of Lemma 2.4 we get

pin 1 (Wa(a)) < 2(n+ D pn -y ({u € S5 uy > a})

n—1
1 2
<(n+1)<1—a2n+ )
n

_g2 (D) (n=1)
2n .

<(n+1)e

We now derive an upper bound for the sum occuring in the expression for a,  in Proposition
5.3. Let

f(z) = (\/x(n—l-l —z) —/(z — 1)(n+2—m))2.

Note that f is decreasing and convex for 1 < z < "T” (For the convexity note that the

second derivative ¢"(z) = —(2$1)2g(x) " of the function g(z) := y/z(n + 1 — z) is monotone
increasing on (0,2f!) and satisfies ¢"(%* + z) = ¢"(% — z); therefore z — flz)2 =
g(z) — g(x — 1) is convex for 1 < 2 < 2#2.) Due to inequality (5.4) we obtain

(n+ 2 —2x)? n? (n+ 2)?

IS e Dnr2-0 - T DE-D Tdnr Dnrz-2)

This implies the estimate

(23] 2
Z (\/i(”+1—i)—\/(i—l)(n+2—z')) -

i=k+1

[=£] [5)+s

=Y i) < / f(2)da

i=k+1
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giz<_L+Mn+g;—lf+%n+%a?z_$ﬁdx

1 n+2 n? 21 (n+2)?
- + In T
2 2 An+1) k-3
n+1 (n+2)21 n+3—k
— n
2 4(n+1) k-3
n+1 (n+2)21 n+3—k
— n
2 4(n+1) k—3

n+2—k—1
In 2

A(n + 1) ni2

1
k—§ 77,2 n

1 1
TREE T ima ) The

Thus

1
2 S _ L 2
an,k>(2k+ T k(k_nH*(nH) 2 >>

2 4(n+1) k— =

2
2 3 _ -
2k n+1+(n+2) 1nn+21k

D=

where the last (rough) estimate is valid with some ¢; > 0. Therefore, with suitable ¢y, c3 > 0,
one has

21

pn—1 Wy (ang)) < (n+ 1)e—c?m"7 < o~ C2 i Hn(nt1)
<

n o —"
6*C2m+03 Inn =n C2 k(Inn)2 -|—C3'

From this estimate the statement is easily obtained. O

Remarks 5.5. (a) Combining the results of Theorem 5.1 and Proposition 5.4 one finds state-
ments analogous to the central limit property in Definition 1.1 (a), (b): For large dimensions,
the measure of points u € D,, (weighted by the volumes of the corresponding DV-cells) for
which ¢a, , is not close to the appropriate Gaussian density is small.

(b) A more careful inspection of the proofs would probably yield a quantitative statement in
the spirit of Theorems 2.1 and 2.2.
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