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Abstract. A direct method for solving nonlinear two-dimensional Fredholm
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1. Introduction

Consider the nonlinear two-dimensional FIE of the second kind

u(x, t) = f(x, t)+

∫ d

c

∫ b

a
k(x, t, y, z)G(u(y, z))dydz, (x, t) ∈ Ω = [a, b]× [c, d], (1)

where u(x, t) is an unknown real valued function and f(x, t) and k(x, t, y, z) are
given continuous functions defined, respectively on Ω and Ω × Ω, and G(u(x, t)) is
a polynomial of u(x, t) with constant coefficients. We assume k is such that (1)
possesses a unique solution u(x, t) ∈ C(Ω). Also, for convenience, we assume that

G(u(y, z)) = [u(y, z)]p, (2)

where p is a positive integer, but the method can be easily extended and applied to
any nonlinear two-dimensional FIE of the form (1), where G(u(x, t)) is a polynomial
of u(x, t) with constant coefficients.
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Computational methods based on the application of different sets of basis func-
tions have become a very common tool for the solution of different kinds of functional
equations, including integral ones.

In recent years, many different orthogonal basis functions have been used to esti-
mate the solution of integral equations, such as block-pulse functions [1], Legendere
polynomials [2], triangular functions [3], Chebyshev polynomials [4] and wavelets
[5,6]. The main characteristic of this technique is that it reduces these problems to
those of solving a system of algebraic equations thus greatly simplifying the problem.

Wavelet theory is an emerging area in mathematical research. It has been ap-
plied in a wide range of engineering disciplines. Particularly, wavelets have been
successfully used in signal analysis for waveform representation and segmentation,
time frequency analysis and construction of fast but easily implemented algorithms
[7]. Wavelet analysis possesses several useful properties, notably orthogonality, com-
pact support, exact representation of polynomials to a certain degree, and the ability
to represent functions at different levels of resolution [8]. Moreover, fast numerical
algorithms for the wavelets are known [9].

In this paper, we are interested in the use of the so-called Haar wavelets. The
orthogonal set of Haar wavelets is a group of square waves with magnitude −2j/2,
2j/2 and 0, j = 0, 1, . . . (for a rigorous definition, see [10]. Lynch et al. [11] have
rationalized the Haar transform by deleting the irrational numbers and introducing
the integral powers of two. The modification results in what is called the ratio-
nalized Haar transform. The RH transform preserves all properties of the original
Haar transform. The corresponding functions are known as RH functions. The RH
functions are composed of only three amplitudes +1, −1 and 0.

An interesting property of the system of Haar functions is that the Fourier ex-
pansion of any continuous function f in this basis (Fourier-Haar series) converges
to this function uniformly on [0, 1] [10]. Moreover, if ω(σ, f) is the modulus of con-
tinuity of f and Sn(f) is the n-th order partial sum of the considered series, the
following inequality holds true:

sup
0≤t≤1

|f(t)− Sn(t)| ≤ 12ω(
1

n
, f), n = 1, 2, . . . .

Another interesting feature of the Haar functions, which makes them attractive
from the computational point of view, is that the computation of integrals of such
functions is very easy. Therefore, when solving numerically differential or integral
equations, the use of a basis of Haar functions is very advantageous, when compared
with other basis of orthogonal functions.

This explains why many authors have preferred wavelet methods when solving
different kinds of functional equations. For example, M. Okhita and Y. Kobayashi
have applied Haar wavelets to the solution of ordinary differential equations [12],
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[13]. In [14], the same authors have utilized rationalized Haar functions to ap-
proximate the solutions of partial differential equations and they have pointed out
the advantage of using such basis functions for the representation of two-variable
functions.

The numerical solution of nonlinear one-dimensional Fredholm equations using
a basis of Haar functions was considered by Razzaghi and Ordokhani in [15]. The
numerical results presented in that paper show the fast convergence of this method,
when applied to integral equations.

Finally, we would like to cite two works in the numerical solution of nonlinear
two-dimensional FIEs: Guogiang Han et al. have considered the numerical solu-
tion of nonlinear two-dimensional FIEs of the second kind in [16] and [17], where
these equations were solved, respectively, by the Nystrom and the iterated Galerkin
methods. In these works, the asymptotic expansion for the approximate solutions
obtained by the Nystrom and the iterated discrete Galerkin methods are developed
to analyze the extrapolation method.

The reminder of the paper is organized as follows. After an introduction to
the present work, we review RH functions in Section 2. In Section 3, we consider
two-dimensional FIE (1) with assumption (2) and reduce it to a nonlinear system
of algebraic equations using RH functions. The approach taken here is essentially a
generalization of that used for the one-dimensional problem in Babolian and Shah-
savaran [5]. In Section 4, it is shown that the vector of RH function coefficients
of [u(x, t)]p can be computed in terms of RH function coefficients of u(x, t). Some
numerical examples are presented in Section 5 to show the efficiency and accuracy
of the proposed method. At the end, we write the main conclusions of the work in
Section 6.

2. Some properties of RH functions

Haar functions are mathematically the most simple wavelets and have been
widely used for solving different problems [5-15,18,19]. In this section, we briefly
review this class of functions.

2.1. One-dimensional RH functions

Definition 2.1.1.The Haar wavelet is the function defined on the real line R as

H(x) =


1, 0 ≤ x < 1

2 ,
−1, 1

2 ≤ x < 1,
0, otherwise.

(3)

The Haar wavelet H(x) can be used to define a sequence of one-dimensional RH
functions on [0, 1) as follows:
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Definition 2.1.2.The RH functions hl(x), for l = 2i + j with i ∈ Z≥0 and
j = 0, 1, . . . , 2i − 1, are the functions defined on the interval [0, 1) as

hl(x) = H(2ix− j)|[0,1). (4)

Also, we define h0(x) = 1 for all t ∈ [0, 1).
The first RH function h0(x) is called the scaling function. It is included to make

this set complete. The second curve h1(x) is the fundamental square wave, or the
mother wavelet. All the other subsequent curves are generated from h1(x) with two
operations: translation and dilation. h2(x) is obtained from h1(x) with dilation,
i.e., h1(x) is compressed from the whole interval [0, 1) to the half interval [0, 1/2)
to generate h2(x). h3(x) is the same as h2(x) but shifted (translated) to the right
by 1/2. Similarly, h2(x) is compressed from a half interval to a quarter interval to
generate h4(x). The function h4(x) is translated to the right by 1/4, 2/4 and 3/4
to generate h5(x), h6(x) and h7(x), respectively. The first eight RH functions are
shown in Figures 1-8.

The basic multiplication properties of RH functions are as follows:

h0(x).hq(x) = hq(x), q ∈ Z≥0,

and for 0 < l < q, we have

hl(x).hq(x) =


hq(x), if hq occurs during the positive half-wave of hl,
−hq(x), if hq occurs during the negative half-wave of hl,
0, otherwise.

(5)

Also, the square of any RH function is a block-pulse with magnitude 1 during both
the positive and negative half-waves of RH function.

By simple calculations, we obtain

〈hl, hq〉 =

∫ 1

0
hl(x).hq(x)dx =


2−i, l = q = 2i + j with i ∈ Z≥0 and j ∈ Ji,
1, l = q = 0,
0, l 6= q,

(6)
where Ji = {0, 1, . . . , 2i − 1} for any i ∈ Z≥0 and 〈, 〉 denotes the scalar product.
Therefore, all the RH functions hl(x), l ∈ Z≥0, are orthogonal to each other.

A function f(x) in L2([0, 1)) can be expanded in terms of RH functions as

f(x) =
∞∑
l=0

flhl(x), (7)

where the RH function coefficients fl are given by

fl =
〈f, hl〉
〈hl, hl〉

, l ∈ Z≥0. (8)
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Figure 1: h0(x).
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Figure 2: h1(x) obtained for i=0, j=0.

1

−1
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Figure 3: h2(x) obtained for i=1, j=0.

1

−1

x

Figure 4: h3(x) obtained for i=1, j=1.

1

−1

x

Figure 5: h4(x) obtained for i=2, j=0.
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Figure 6: h5(x) obtained for i=2, j=1.
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Figure 7: h6(x) obtained for i=2, j=2.
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−1

x

Figure 8: h7(x) obtained for i=2, j=3.
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Usually, the series expansion of Eq. (7) contains infinite terms. If f(t) is piece-
wise constant by itself, or may be approximated as piecewise constant during each
subinterval, then Eq. (7) will be terminated at finite terms. Otherwise, it is trun-
cated up to its first m terms as

f(x) '
m−1∑
l=0

flhl(x) = ht(x)f, (9)

where m = 2α+1, and α is a nonnegative integer. The RH function coefficients vector
f and RH functions vector h(x) are defined as

f = [f0, f1, . . . , fm−1]
t, (10)

and
h(x) = [h0(x), h1(x), . . . , hm−1(x)]t. (11)

Babolian et al. have proved in [5] that

‖f(x)− ht(x)f‖2 = O(
1

m
). (12)

2.2. Two-dimensional RH functions

We define the sequence {hlq}∞l,q=0 of two-dimensional RH functions on [0, 1) ×
[0, 1) as

hlq(x, t) = hl(x).hq(t), (13)

where the functions hl(x), l = 0, 1, . . . , are one-dimensional RH functions defined
by (4).

Similar to one-dimensional case, any function u(x, t) of two variables in L2([0, 1)×
[0, 1)) can be approximated in terms of two-dimensional RH functions as:

u(x, t) '
m−1∑
l,q=0

ulqhlq(x, t) = ht(x, t)u, (14)

where
h(x, t) = h(x)⊗ h(t), (15)

and
u = [u00, u01, . . . , u0,m−1, . . . , um−1,0, um−1,1, . . . , um−1,m−1]

t. (16)

In (15), ⊗ denotes the Kronecker product. The RH function coefficients ulq in (14)
are given by:

ulq =
〈hl(x), 〈u(x, t), hq(t)〉〉
〈hl, hl〉.〈hq, hq〉

, (17)
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where 〈hl, hq〉, for l, q = 0, 1, . . . ,m− 1, are defined by (6).
Using a similar argument to that employed for one-dimensional functions in [5], we
can show that

‖u(x, t)− ht(x, t)u‖2 = O(
1

m
). (18)

For a positive integer p, [u(x, t)]p may be approximated by two-dimensional RH
functions as:

[u(x, t)]p ' [u(p)]th(x, t), (19)

where u(p) is a column vector whose elements are nonlinear functions of the elements
of the vector u. The form of these functions will be explained in detail in Section 5.

3. Nonlinear two-dimensional FIEs of the second kind

Consider the second kind two-dimensional nonlinear FIE (1) with assumption
(2). Without loss of generality, we set Ω = [0, 1] × [0, 1], since any finite domain
[a, b]× [c, d] can be transformed to [0, 1]× [0, 1] by linear maps [20]. So, we consider
the following integral equation

u(x, t) = f(x, t)+

∫ 1

0

∫ 1

0
k(x, t, y, z)[u(y, z)]pdydz, (x, t) ∈ Ω = [0, 1]× [0, 1]. (20)

Approximating functions u(x, t), f(x, t) and [u(x, t)]p by RH functions, as we
described in Eq. (14), we obtain

u(x, t) ' ht(x, t)u,

f(x, t) ' ht(x, t)f,

[u(x, t)]p' ht(x, t)u(p),

(21)

where u, f and u(p) are RH function coefficients vectors of functions u(x, t), f(x, t)
and [u(x, t)]p, respectively.

Also, the kernel k(x, t, y, z) may be approximated with respect to RH functions
as

k(x, t, y, z) '
m−1∑

i,l,j,q=0

hil(x, t)kiljqhjq(y, z) = ht(x, t)Kh(y, z), (22)

where K is the RH function coefficients matrix of kernel k. We can write K in a
blocked form as:

K = [k(i,j)]mi,j=1, (23)
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where
k(i,j) = [ki−1,l−1,j−1,q−1]

m
l,q=1. (24)

The RH function coefficients kiljq in (22) are given by:

kiljq =
〈hi(x), 〈hl(t), 〈hj(y), 〈k(x, t, y, z), hq(z)〉〉〉〉

〈hi, hi〉.〈hj , hj〉.〈hl, hl〉.〈hq, hq〉
, (25)

where 〈hl, hq〉, for l, q = 0, 1, . . . ,m− 1, are defined by (6).
Substituting (21) and (22) into (20) and then replacing ' with =, give

ht(x, t)u ' ht(x, t)KQu(p) + ht(x, t)f, (26)

where

Q =

∫ 1

0

∫ 1

0
h(y, z)ht(y, z)dydz. (27)

Eq. (6) yields that Q is a diagonal matrix of the form

Q = diag (x⊗ x), (28)

where x is the m-vector defined by

x =

1, 1, 2−1, 2−1, 2−2, . . . , 2−2︸ ︷︷ ︸
22

, . . . , 2−α, . . . , 2−α︸ ︷︷ ︸
2α

t . (29)

Therefore, to compute Q no integration is needed.
The inner product of both the sides of (26) by h(x, t) and then using (27) gives

u = Wu(p) + f, (30)

where
W = KQ. (31)

Note that to obtain (30) we replaced ' by = in (26).
In the next section, we will show that u(p) is a vector whose elements are nonlinear

functions of the elements of the vector u. So, Eq. (30) is a nonlinear system of m2

algebraic equations with m2 unknowns uij , where i, j = 1, 2, . . . ,m. This nonlinear
system of algebraic equations can be solved by numerical methods such as Newton’s
iterative method. If ū is the solution of this system, then ūm(x, t) = ht(x, t)ū is an
approximate solution of Eq. (20).
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4. Expressing u(p) in terms of u

For practical issues, we need to express the components of the vector u(p) as
nonlinear functions of the elements of the vector u. For this purpose, we define an
m2-set of two-dimensional block-pulse functions (BPFs) on [0, 1)× [0, 1) as:

bij(x, t) =

{
1, (x, t) ∈ [ i−1m , im)× [ j−1m , jm),
0, otherwise,

(32)

where i, j = 1, 2, . . . ,m. The functions bij(x, t) are disjoint and orthogonal. That is,

bij(x, t).blq(x, t) =

{
bij(x, t), i = l and j = q,
0, otherwise,

(33)

and

〈bij , blq〉 =

∫ 1

0

∫ 1

0
bij(x, t)blq(x, t)dxdt =

{
1
m2 , i = l and j = q,
0, otherwise.

(34)

Also, consider the Newton-Cotes nodes

(xi, tj) = (
2i− 1

2m
,
2j − 1

2m
), i, j = 1, 2, . . . ,m, (35)

and define the rationalized Haar coefficient matrix H as

H = [H(i,j)]mi,j=1, (36)

where
H(i,j) = [hi−1,l−1(xj , tq)]

m
l,q=1. (37)

The following lemma is satisfied.
Lemma 4.1.For any (x, t) ∈ [0, 1)× [0, 1),

h(x, t) = Hb(x, t), (38)

where
b(x, t) = [b11, . . . , b1m, . . . , bm1, . . . , bmm]t(x, t), (39)

and h(x, t) and H are defined by (15) and (36), respectively.

Proof. Let (x, t) ∈ [ i−1m , im)× [ j−1m , jm), where 1 ≤ i, j ≤ m. From the definition

of two-dimensional BPFs, it can be easily seen that

Hb(x, t) = [h00, h01, . . . , h0,m−1, . . . , hm−1,0, hm−1,1, . . . , hm−1,m−1]
t(xi, tj). (40)

214



S. Bazm - A direct rationalized Haar functions method to solve nonlinear...

Since (xi, tj) ∈ [ i−1m , im)× [ j−1m , jm), then

hlq(xi, tj) = hl,q(x, t), l, q = 0, 1, . . . ,m− 1. (41)

Combining (40) and (41), gives the result.
Moreover, using the orthogonal property of two-dimensional BPFs, Eq. (33), we can
show that

b(x, t).bt(x, t) = diag(b(x, t)), (x, t) ∈ [0, 1)× [0, 1). (42)

Now, let p be a positive integer and u and u(p) are RH function coefficients vectors
of functions u(x, t) and [u(x, t)]p, that are defined on ∈ [0, 1) × [0, 1), respectively.
Also, let Q be the diagonal matrix defined by (28). Using Eqs. (21) and (27), leads
to

[u(p)]tQ =
∫ 1
0

∫ 1
0 [u(p)]th(x, t)ht(x, t)dxdt

=
∫ 1
0

∫ 1
0 [uth(x, t)]p.ht(x, t)dxdt.

(43)

By using Eq. (38), we can write (43) as follows:

[u(p)]tQ =
∫ 1
0

∫ 1
0 [utHb(x, t)]p.bt(x, t)Htdxdt

=
∫ 1
0

∫ 1
0 [(Htu)b(x, t)]p−1.(Htu)[b(x, t).bt(x, t)]Htdxdt.

(44)

Defining

σij =

m−1∑
l,q=0

ulqhlq(xi, tj), i, j = 1, 2, . . . ,m, (45)

we will have Htu = [σ11, . . . , σ1m, . . . , σm1, . . . , σmm]t and Eq. (44) may be simplified
as follows:

[u(p)]tQ =
∫ 1
0

∫ 1
0

 m∑
l,q=1

σlqblq(x, t)

p−1

.[σ11b11, . . . , σmmbmm](x, t)Htdxdt

=
m∑

i,j=1

∫ j
m

j−1
m

∫ i
m

i−1
m

 m∑
l,q=1

σlqblq(x, t)

p−1

.[σ11b11, . . . , σmmbmm](x, t)Htdxdt

 .
(46)

215



S. Bazm - A direct rationalized Haar functions method to solve nonlinear...

Upon disjointness of two-dimensional BPFs, we can write Eq. (46) in the form:

[u(p)]tQ =
m∑

i,j=1

∫ j
m

j−1
m

∫ i
m

i−1
m

(σij)
p−1[σijh00(xi, tj), . . . , σijhm−1,m−1(xi, tj)]dxdt

= 1
m2

m∑
i,j=1

(σij)
p[h00(xi, tj), . . . , hm−1,m−1(xi, tj)]

= 1
m2

 m∑
i,j=1

(σij)
ph00(xi, tj), . . . ,

m∑
i,j=1

(σij)
phm−1,m−1(xi, tj)

 .
(47)

But Q is a nonsingular matrix and we can write (47) as follows:

u(p) =
1

m2
Q−1

 m∑
i,j=1

(σij)
ph00(xi, tj), . . . ,

m∑
i,j=1

(σij)
phm−1,m−1(xi, tj)

 , (48)

where σij is defined by (45). So, u(p) is a column vector whose elements are nonlinear
functions of elements of vector u.

5. Numerical examples

The method presented in this article is applied to some examples. The resulted
nonlinear systems are solved by a Newton method and the absolute values of the
error are reported at the selected points (x, t) = ( 1

2l
, 1
2l

), l = 1, 2, . . . , 6.
The L2 error and L2 rate of convergence are defined to be, respectively:

‖em‖2 :=

(∫ 1

0

∫ 1

0
|u(x, t)− ht(x, t)u|2dxdt

)1/2

, (49)

and
ρm := log2(‖em‖∞/‖e2m‖∞). (50)

ρm is an estimate of convergence order.
In tables, NI denotes the number of iterations in Newton method. The initial

guess in Newton’s method, for all of these examples, is considered to be u(0) = f,
but the number of iterations can be reduced by choosing a more closed u(0) to the
exact solutions (for example, we can use the solutions of the other methods as the
initial guess).

All the computations were carried out with MATLAB 7 on a Personal Computer
using a processor with 1.66 GHz.
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Example 5.1. [17] Consider the following nonlinear two-dimensional FIE

u(x, t) = f(x, t) +

∫ 1

0

∫ 1

0

x

1 + t
(1 + z + y)u2(y, z)dydz, 0 ≤ x, t ≤ 1,

where

f(x, t) =
1

(1 + x+ t)2
− x

6(1 + t)
.

The exact solution is u(x, t) = 1
(1+x+t)2

. Table 1 illustrates the numerical results for

this example.

Table 1: Numerical results for Example 5.1.

(x, t) = ( 1
2l
, 1
2l

) m = 2 m = 4 m = 8 m = 16 m = 32

l=1 8.7× 10−2 5.1× 10−2 2.8× 10−2 1.5× 10−2 7.6× 10−3

l=2 2.7× 10−2 1.1× 10−1 6.5× 10−2 3.4× 10−2 1.8× 10−2

l=3 1.7× 10−1 1.3× 10−2 1.1× 10−1 5.9× 10−2 3.1× 10−2

l=4 3.2× 10−1 1.4× 10−1 4.9× 10−3 8.0× 10−2 4.2× 10−2

l=5 4.1× 10−1 2.3× 10−1 9.1× 10−2 1.5× 10−3 5.0× 10−2

l=6 4.7× 10−1 2.9× 10−1 1.4× 10−1 5.3× 10−2 4.3× 10−4

NI 3 3 3 3 3

‖em‖2 7.98× 10−2 4.21× 10−2 2.14× 10−2 1.07× 10−2 5.4× 10−3

ρm - 0.92 0.98 0.99 1.00

Example 5.2. For the following nonlinear two-dimensional FIE

u(x, t) = f(x, t) +

∫ 1

0

∫ 1

0
(x. sin(t) + yez)u2(y, z)dydz, 0 ≤ x, t ≤ 1,

where

f(x, t) = xe−t +
1

6
x. sin(t)(e−2 − 6e−1 − 1)− 1

4
(2e1 − e−1)− 1

12
,

the exact solution is u(x, t) = xe−t− 1. The numerical results are shown in Table 2.

Example 5.3. Consider the linear two-dimensional FIE

u(x, t) = f(x, t) +

∫ 1

0

∫ 1

0
(x. sin(t) + yez)u(y, z)dydz, 0 ≤ x, t ≤ 1,
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Table 2: Numerical results for Example 5.2.

(x, t) = ( 1
2l
, 1
2l

) m = 2 m = 4 m = 8 m = 16 m = 32

l=1 5.4× 10−2 3.3× 10−2 1.8× 10−2 9.2× 10−3 4.6× 10−3

l=2 9.6× 10−3 6.5× 10−2 3.4× 10−2 1.8× 10−2 9.0× 10−3

l=3 9.4× 10−2 2.4× 10−3 4.6× 10−2 2.3× 10−2 1.2× 10−2

l=4 1.4× 10−1 5.4× 10−2 5.9× 10−4 2.7× 10−2 1.4× 10−2

l=5 1.7× 10−1 8.2× 10−2 2.9× 10−2 1.4× 10−5 1.4× 10−2

l=6 1.9× 10−1 9.7× 10−2 4.4× 10−2 1.5× 10−2 3.6× 10−5

NI 4 4 4 4 4

‖em‖2 1.08× 10−1 5.47× 10−2 2.74× 10−2 1.37× 10−2 6.85× 10−3

ρm - 0.99 1.00 1.00 1.00

where

f(x, t) = xe−t +
1

2
(e−1 + 1)x. sin(t) +

1

2
e1 − 11

6

The exact solution is u(x, t) = xe−t− 1. Table 3 illustrates the numerical results for
this example.

Table 3: Numerical results for Example 5.3.

(x, t) = ( 1
2l
, 1
2l

) m = 2 m = 4 m = 8 m = 16 m = 32

l=1 1.6× 10−1 5.3× 10−2 2.2× 10−2 1.0× 10−2 4.9× 10−3

l=2 7.3× 10−2 8.1× 10−2 3.8× 10−2 1.8× 10−2 9.2× 10−3

l=3 1.6× 10−1 1.5× 10−2 4.9× 10−2 2.4× 10−2 1.2× 10−2

l=4 2.1× 10−1 6.6× 10−2 3.5× 10−3 2.8× 10−2 1.4× 10−2

l=5 2.4× 10−1 9.5× 10−2 3.2× 10−2 2.2× 10−4 1.5× 10−2

l=6 2.5× 10−1 1.1× 10−1 4.7× 10−2 1.6× 10−2 2.2× 10−4

‖em‖2 1.39× 10−1 5.78× 10−2 2.78× 10−2 1.37× 10−2 6.8× 10−3

ρm - 1.26 1.06 1.01 1.00
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Table 4: Properties of matrix H and computing times (seconds).

m Number of entries of H Number of zeros Percentage of zeros Computing time

2 16 0 0 0.282000
4 256 112 44 0.000000
8 4096 3072 75 0.016000
16 65536 59136 90 0.234000
32 1048576 1011712 96 10.843000

6. Conclusion and comments

Two-dimensional rationalized Haar functions is applied to transform nonlin-
ear two-dimensional FIEs of the second kind into a nonlinear system of algebraic
equations. The method can be applied to equations of the form (1) and (2), where
G is a polynomial function of the solution.

Compared with other methods based on basis sets of different kinds, the pre-
sented method has some advantages which are: 1) the computation of integrals can
be performed in a very simple way; 2) we do not use any projection methods such
as Galerkin, collocation, etc to set up the nonlinear systems (30); 3) although the
involved matrices can have large dimensions (for example in the case m = 32, the
matrix H has dimension 210 = 1024) they contain a large percentage of zero entries,
which keeps computational effort within reasonable limits (see table 4).

The numerical results reported in the tables show that increasing m reduces
error, so for better results the larger m is recommended. Also, the L2 errors and L2

rates of convergence, which are computed respectively by (49) and (50) and inserted
in the tables, confirm (18).

Finally, it can be observed in all the examples that when we are using a basis
of m functions, the absolute error at the point ( 1

2m ,
1
2m), which is a Newton-Cotes

node, is much smaller than at other points. This suggest that for the considered
numerical method there may be superconvergence at Newton-Cotes nodes, which
will be subject of future research.
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