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ERR OR ESTIMA TES FOR FINITE VOLUME SCHEME FOR
PER ONA-MALIK EQUA TION

A. HANDLO VICOVA and Z. KRIV A

Abstra ct. We present Perona-Malik nonlinear image selective smoothing equation
(modied in the senseof Catt e, Lions, Morel and Coll) which is investigated esspe-
cially from numerical point of wiev. Error estimates in L, norms for fully discrete
numerical nite volume scheme are derived and proved. Some numerical examples
are presented.

1. Intr oduction

1.1. Mathematical model of the problem

We are dealing with Perona-Malik type problem discussedin [4] in the following
form

Q) @u r:(g(r G upru) = 0 INnQt | ;
(2) @u = 0 onl @;
®3) u@©;) = uo in ;
where IRY is a rectangular domain, | = [0; T] is a scaling interval, and
(4) g(s) is a Lipschitz corntin uous decreasingfunction;
with Lipschitz constart L
(5) g(0)=1;0<g(s)! Ofors! 1;
(6) G 2 gl (IRd) is a smoothing kernel with compact support K
with G (X)dx=1
R
andG (x)! xfor ! 0O; 4 { Dirac function at point x;
(7 initial condition ug is such that regularity below is ful led :
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We can rewrite the partial di erential equation (1) in the form

(8) @u 1 :(giI(u)(x)Pru)=0 InQr I

whereJ(u) :Lo() ! (CY () 9 In our caseweused(u)(t; )=r G u(t; ) for
t xed, but we can chooseany smoothing operator with these properties.

Let usde ne aweaksolution to the problem (8),(2),(3). Equation (8) is multiplied
by atest function ' 2 , where is the spaceof smooth test functions

=f 2CY([0;T] )ir:m=00n(0;T) @ ;' (T;:) = Og:
After integrating over [0;T] and and after applying integration by parts and
properties of a test function, we cometo a de nition of the weak solution.

Denition 1.1. The weak solution of the regularized Perona-Malik problem
(L{(3) is afunction u2 Lo(l;WL2()) satisfying the identity

Iz Z

u%(t; x) dxdt+  ug(x)" (O;x) dx

(9) 77

g(I (u(t; xNr ut; x)r ' (t;x) dx dt=0

forall ' 2 .

It is well known from the regularity theory of such a solution [10] that, because
of the properties of the operator J(u), the weak solution of our problem is a
function u 2 L,(1;W22()) for initial condition up 2 Ly (). Moreover from the
embedding theory for dimensiond = 2; or d = 3 follows that u 2 C(Qr7).

For our error estimateswe need futher regularity of the solution, more precise
u2Lo(;W22()) \ Ly (1;WE2()) and ug 2 La(l;L1()).

1.2. Formulation of the nite volume scheme

Let n beauniform meshof with cellsp of measurem(p) (we assumerectangular
cells here). For every cell p we considera set of neighbours N (p) consisting of all
cellsq2 y for which the commoninterface of p and g, denoted by eyq, is of non-
zero measurem(gy). We denote the set of all these edgesfor all volumesp 2
by E and by e,ql we denotethe edgewhich connectsthe volumesp and g. (Clearly
€q = €gp = €pgl). It is assumedthat for every p, there exists a represerativ e
point xp 2 p, sud that for every pair p;g;q 2 N(p), the vector Jiz iz] is equal
to a unit vector nyq which is normal to e,y and oriented from p to q. We denote

dog = jXp Xgj: In a simple caseof a uniform grid x, is just the certer of the
pixel. Then, let xpq be the point of e,q intersecting the segmen X,Xq. We de ne
m(€pq)
(10) Toq = —5
Pa

Discrete approximation of a solution of partial di erential equationis considered
to be piecewiseconstart on cortrol volumes|[5].
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Let up be the value of the numerical solution in the n-th scalestep on a volume
p. The nite volume semi-implicit scheme on a uniform grid is then written as
follows:

LetO=1to t1 i@ th::! tNns Nmax kK= T denotethe scalediscretization
stepswith t; = t; 1 + k, wherek is the discrete scalestep, | = 1;2;:::; Nmax -
For n= 0;:::; Nmax we look for ug” , P2 n, satisfying the identities
P
(11) up™t g m(p) =k O Tpg Ug™ up™ ;
g2 N (p)
4
1
0 —
Ug= ——  Up(x)dx;
Pom(p) ,
(12) Oog' = 9313 (& (tn; Xpq)) i) 5

where & is a periodic extension of the discrete image computed in the n-th scale
step. Its L, norm can be estimated with constart B by L, norm of function u.

up is a value of the numerical solution on the volume p in the n-th scalestep.

2. Stability and conver gence resul ts

Webrie y mertion results of Mikula and Ramarosy, see[12], obtained for the semi-
implicit nite volume schemeconcerningthe stability and convergenceproperties.
Explicit time discretization are discussedalso in [7] and [8]. Stability estimates
are of the following type [12]:

Lemma 2.1 (A priori estimatesin L,(Q7)). It holds, that there exist positive
constants Cq; CZX such that

. 2
()  max up, “m(p) G,
max th
DX
@ K ——m(gq) C
1=0  (pia)2E Pa

and the constants C;; C, do not depend on the h; k.

Let us denote by Un the nite volume numerical solution for some xed space
and scalemeshh and k: This solution is piecewiseconstart on ead nite volume
and in ead scale step as it is usual for nite volume numerical schemesof a
parabolic type. By u' we denote the function piecewiseconstart on ea nite
volume in the I-th scalestep. Then we have:

Lemma 2.2 (Convergenceof Uny ). There existsu 2 L2 (Q1) whichis the weak
solution of (9) suchthat
Unk ! Uin L2(Qr)

ash;k! 0. Furthermore, the convergene is pointwise.
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3. Err or estimates

3.1. L, stabilit y for a discrete solution

We rewrite the original discrete equation (11) in the following way:

X
n n+1 n+l _ .
Ooq Tpa Up Ug = Up:

a2 N (p)

n+ k
(13) up™ + o

Now let ug*l be the maximal value for the xed scalestepn+ l1andp2 . Then
the secondterm on the left hand side of (13) is nonnegative and:

n+1
p

n.

u Up.

Recursively we have

(14) Jo e, jupT™iouwpi o jiwdiie, C

3.2. Error estimates

Let nowt, <t th. . Multiplying PDE (8) by vg*l and then integrating over
volume p andzusing integration by pzarts, we have:

(15) @u(t; x) vp*t dx g(GI(Wj)r u npvp*t dx = 0;
p @
where @ is the boundary of the volume p and n;, is the outward unit normal vector

to the boundary of volume p and further analogouslyn,q will be the outward unit
normal vector to the edgeeyq. We can write

[
@ = €pq:
a2N (p)
For the discrete schemewe have
n+l u? vtlm X
(16) p pk p (p)

n n+1 n+1 n+l _— .
Oog Tpg Ug Up vy =0

a2 N (p)

Now we denote
e = u(tn;Xxp) up;
where x,, is a represertativ e point of a volumep, p2 .
Then posingvy = €; and subtracting (16) from (15) we obtain:
|
Z 1 1 ’
X nla"  up”
dpq

Z en +1 en
p P an 1 4
K P g
p g2N (p)epq

_ U(tn+1;Xp)  U(tn;Xp) n+i .
= K @u €

n+1

9(I(Wir u npq &
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Now after summation over all volumes p 2 | and integration over I, =

hn;ther) foralln=0;1;:::;m 1 and rearranging the equation we obtain:
1)
Z rx 1Z
jemj2+ jén+l ean
n=0
!
XZX X Z g g
+2 Gif <5 9(I(WDr u npq €&
n=0 | = P2 n G2N (p)e, P
z 1Z z
= e+ ZrX X u(tn+1;xp)k Ultn  Xp) @u et

n:OIn p2 h p

The third term on the left hand side of the last equation can be expressedasit
is usual in the nite volume theory, see[5]:

X 1Z X X Z un+1 un+l
“Third" = 2 G ——g——— 9(IWiru npq e
n=0 | P2 h a2N (pe,, P

|
X 1Zx z un*l g+t )
in

=2 Oq qdip g(I(Wir u npq (ef*  eft):
n=0 E Pq
In “epql
After rearranging we get:
14 1Z X z entl eh+l 2
"“Third\ = 2 g(jJ(u)j)%
n=0 E Pa
I'n €pq |
¢ 1ZX z . un+li un+1t
+2 G 9GIW) ————(g™ &™)
n=0,  E o | P
n Pq
w 1Zy Z . .
+2 gia(j) WneriXe) WaniXo) e gy,
N0, E g Pq

Involving theseterms to the (17) equation we obtain:

4 x 12 x 1Zx Z entl  gn+l 2
ez + @t @jP+2 9(jJ (u)j) 2——

n=0 n:OIn E epq |
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Z 1Z Z
_ jE0j2+ ZrX x u(tn+1;Xp)k U(tn;Xp) @U eB+1
n=0 I p2 y p
X lZ X z n . . ua+1 UB+1 n+1 n+1
+2 Bg  90IW) ——5——(& e )
n=0, E pa
n €pq |
x 1£x Z fo —
+2 () MR )y gy (@ g,
n=0I E Pq
n €pg |
or briey
Z 14 1Z X 1Z X Z en+l en+l 2
jenit+ jert @+ 2 9(jd (u)j) —= g 1
n=0 =0, E ., | Pa
Z n Pq

= JERH 1+ 11

Remark. To obtain an appropriate error estimate we must take into accourt
the regularity of the solution which plays an important role in error analysis. Error
estimates could be done also better, but further regularity for time derivative is
needed. If we supposeug 2 Ly () only, no further regularities are available.

Now we must estimate eadh of the last three terms on the right hand side.

1Z A
X X U(tn+l ;Xp) U(tn;xp) @U en+1

| =2
P
n=0 I p2 n p k
X ! X z +1
=2 (u(tn+1;%p)  U(tn+1;X) + u(tn;x)  u(tn;Xp)) eg
n=0 p2 p
I
X g X ! n n+1 .
=2 (U(tn;xp) U(taix)) & €
p2 n p n=0
X 0
+ 2 (U(tm;xp)  u(tm:;x)) €5 (u(0;xp) u(0;x)) €
P2 h
p_X 2 p_?
2 hir u(ta; )iie"™*  @j+ 2 hir u(tm; )jje"]
n=0

p_Z
+ 2 hjr u(0;)jjig%:
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After using Young's inequality we get

|'X 1Z I’X 1Z Z
| h? Jrouttn; )i* + 5 @t @P h? o u(tm: )i
n=0 n=0
1% z 17
+ > iE"j2+ h?  jr u(0; )j®+ > &%
Finally
Z
:I.rX ! o n+1 n:2 H 2
I je e+ - e
2 n=0 2
Z
17 . h2T L
+ 5 el + T +2h% jir ujje, (5L 20))

We estimate the secondterm in the following way:

14 1Z X YA . un+t n+1
=2 Gl 9(IUCN) (e & dx:
n=0,, epq | P
First we estimate
1% 9GI(W) = jg(erG t(tn; Xpg)i) 9(r G tr(t'ZX)j)j

L TG (g Jemilti ) rG (s Ju(t )d ]

ZlR R
Lg jr G (Xpq ) rG(s itk (ta; )id
|RZ
+ Ly djr G (s iitmk (tn; ) &t )jd -
R

We obtain

i%q 9(I(W))j
LsB . . L o
49% hiiD?G jiL, () liunkiiL, (orym(K )+ LgBiir G jir, (

0 0 1. 1
z 2 Z Zn x ZZ a(y)
B@ j@2dxA +  j@u(s;x)jdsdx+ FEY) ik
p2 @
t "p Xp
wherem(K ) is measureof the compactsupport K , is xed, B isthe estimation

for mirror re exion function. We denote
Cs = 2LgBiD?G ji, () fiunkiL, @rym(K );
Cs= 2LgBjir G jir, () s
Cq is sudh that g(jJ(u)j) Cg:
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The last estimate can be establisheddue to the properties of the solution u. Hence
the whole term Il can be estimated as follows:

0 1.0 1.
X1l X z jun+1 un+1j2 ’ X1l X z jen+1 en+1j2 ’
Il Ch B k Mg~ % T & K &~ & I°¢
n=0 E Ao n=0 E Gog
epq ! epq !
0 10 1 )
X1 X Jun+1 un* j2 : z jentl  enlj2 QZ ok
v C KB - jug” T B 1 ke A
=0 E Pa pq
€pq | epq'
0 1 1 0 1.
wx 1Z _x Z juptt e jen+1 en+l ’
+ C4 %} X % %X
n=0,, E eyl Opo E eyl -
0 11
Z Zn Z X
X
%} j@u(s; x)jdsdx + Ecp @( y)dedxXR
t P2 n p Xp
Z VA 2
4C,C2H2  1X 14 X et gl
I 909 (W) —"——g——
g n=0,, epq | b
z . . v Z
c2? d J€)
9 n=0 E Pa
epq !
. 4C?2 ¢ 1Z X z Jug+1 un+1JZ
s n=0, E o | Opa
n Pq 1
Z Zn
X
¢ i wisace < 00 Sy
t P2 np Xp
2h2
= M+ ||l+ ||2+ ||3;
C§

wherethe inequalities (14), (ii) and the equation (1) hasbeenused. The last term
can be estimated using the properties of the exact solution:

8C2L,C AC2C,.
1B 74(:2 2iD2G jie, ¢ ir iiL, gy * é‘gz % uiia. K
8C2L c
2 HIDG ity ¢ ir UL, .y N

g



ERROR ESTIMA TES FOR PERONA-MALIK EQUA TION 87

Finally the third term can be estimated:

w 1Z x Z . .
=2 gia(wj) WnrtiXd) U)o
_ dq
n=0 I E epq |
(eB+1 eg+l)
We denote
0 1

1 %) z U(th+1;Xq)  U(th+1;Xp) X

Rpq = fu Npg+ —1 R m ()X

m(e d

(Spa) 13454568ep, | b

Applying the properties of function g, this term can be estimated as

x 12 x £
jltj 2 jRpgliep™ €)™ j:

N0, E g

Now using the regularity of a weak solution and the estimateswell known in the
nite volume method see,[5, Chapter 3.1.6], we get

C 'X 1Z Z
jhj C—hz (H (u)(2))?
9 n=0 I
1'% 1Z x Z en+l  gn+l 2
+ yl g(jJ (U)j)%'
n=0,. Eeql -
n Pa

R

Here jH (u)(2)j® = jDiDju(z)j?> and D; denote the weak derivatives with
i =1

respect to the componert z;. Sinceu 2 L,(I; W%2()) we can denote

C . .
Cs = C—JJH(U)JJEZ(QT)
g

and we have

1Z X z +1 n+l 2

el
[l Csh?+ = 9(I (u)j) >2—3
dpq
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Putting all these estimatestogether, we obtain:

z ¢ 1Z ¢ 1Z X z en+tl  gn+l 2
jeni + jgrt @ 9(jJ (U)J)%
n=0 n=0 I E epq | Pa
z
0 h2T L 4C,C
4 JEOJZ + Z(T + 2h2)JJr UlL, gL, 7+ 23 + 2Cs h?
v =gz DTG ik o dir Uiy a0y cz U oo K
8CZL4Cs . " L
* —g2 DG i, o i Uiy a0 h
¢ 1
Z . oos 22
4C, g X T g wET e
Cy n=0 E dpg

If we realize, that the rst term on the right hand side with &° is lessthan Ch
becauseof the properties of the exact solution and the de nition of u?, we are
preparedto use Gronwall's lemmain the form:

Lemma 3.1. If u(t) and v(t) are non-negative measurable functions for t 0

R
and up is a non-negative constant, then the inequality u(t) up+ Vv(s) u(s)ds
0
N R
implies that u(t) ugexp  v(s)ds .
0

To estimate the last term of the previous inequality let us denotefort 2 I, =
hn 1;th)
" " X Z jun+l un+1j2 z
v(t) = g P - . u(t) = ja"jldx:

E dpq
€pq |
If we usethe properties of function v then gve can obtain

Z 2 X 1 Z n+ n+l 2
u u
E chene vk ep@® Kk MU lg
n=0 E epq |

1

2
C exp(Cy)(h?+ k+ h+ h?);

where C is a generic constart depending only on domain , time T and some
norms of the exact solution. To obtain cornveniert error estimate result we can
choose

(18) k= Ch;
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Theorem 3.1. Letthe relation between sale and space discretization be chosen
as in (18). Then for the error estimates for Perona-Malik weak solution and
numerical solution obtained via nite volume methd it holds

N 2 Z
ju(tn+1;X)  Tnk (th+s ;X)jz Ch
n=0 I
and
0 1
x 12 x untl o yn+t 1 Z
m(epq)dpq% d 5 P ru ”pq2 Ch:
n=0 | ol b m(epq)epq

Proof. It is easyto seethat

Ngax £ Z . ,
ju(tn+1:X)  Tnk (th+1 3 X)]
n=o
Ngax £ Z
2h2kr UkL2(|;|_2() + 2 jén+lj2 Ch
n=o
and the rst inequality is proved. Now
0 1,
¢ 1Z X un+i un+li 1 z
m(epq)dpq% . : ru ”pqX
N=0 | el dpg m(epq)e
n Pq
¢ 1Z X z en+1 en+1 2
c 9 (u)) 2———
n=0 | emle, pa
0 1,
¢ 1Z X yn+l  yn+l 1 z
+C dpg B 5 P ey U nqu
n=0 I €pq | Pa Pa €pq
Ch;

where we have again usedthe estimate of the nite volume method for the second
term.

4. Numerical experiments

In this section we present experiments with somearti cial imagesperturbed by
various typesof noise. We want to con rm the relation betweenscalestep, mesh
sizeand the data coe cien ts obtained in the previoustheorem. In simulations, we

usethe function 1

g(s) = Ty K



a0 A. HANDLO VICOVA and Z. KRIV A

Figure 1. The rst column shows the work for parameter K = 10 for dierent scale steps
k = 0:1;0:5; 1; 2:5:, the second column shows the work for parameter K = 100 for scale steps
k = 0:5;1; 4;10: for Example 1.
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Figure 2. Pictures shows the work for parameter K = 10 for dieren t scalestepsk = 0:2;1;5; 10
(from the top to bottom, from left to right) for Example 2.
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Figure 3. Pictures shows the work for parameter K = 100 (top) for dieren t scale steps k =
1;2;5; 10, and for parameter K = 1000 for scale parameter k = 10; 20 for Example 2.
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and the convolution is realized with the kernel
1 _ix?
G (x) = —eixiz 7,
Z
where the constart Z is chosensothat G hasunit mass.

Example 1. To every position of the initial image we apply a 10% salt and
pepper noise.

Example 2. We have chosenanother type of picture with a noisefunction f
de ned asfollows: if (x) is a functiongenerating random valuesin [0; 2C], then
for every position x

f (uo(x)) = MIN(255; MAX (O;up(x) C+ ):

C = 100and the di erence in intensity betweenthe two valuesof the initial image
is 200.

In both examplesthe size of one nite volume corresponds to the size of one
pixel. We computed the sameexamplefor di erent scalesteps. In both gures we
choosethe best visual result for every parameter K in function g which plays an
important role in smoothing e ect. For the best casesit seemsthat the relation
betweengrid mesh, scalestep and parameter K remainsis constan.

References

1. Alvarez L., Guichard F., Lions P. L. and Morel J. M., Axioms and Fundamental Equations
of Image Processing, Arch. Rat. Mech. Anal. 123 (1993), 200{257

2. Alvarez L. and Morel J. M., Formalization and computational aspects of image analysis,
Acta Numerica (1994), 1{59

3. Alvarez L., Lions P. L and Morel J. M., Image selective smoothing and edge detection by
nonlinear diusion I, SIAM J. Numer. Anal. 29 (1992), 845{866

4. CatteF., Lions P. L., Morel J. M. and Coll T., Image selective smoothing and edge detection
by nonlinear diusion, SIAM J. Numer. Anal. 29 (1992), 182{193.

5. R. Eymard R., Gallouet T. and Herbin R., Finite Volume Methods. In: Handb ook of Nu-
merical Analysis Ph. Ciarlet, J. L. Lions (Eds.), North Holland.

6. Kichenassany S., The Perona-Malik paradox, SIAM J. Appl. Math. 57 (5) (1997), 1328{1342.

7. Kriv a Z., Adaptive Computational Methods in Image processing, Edition of scientic works
STU Bratisla va, 15 (2004).

8. Kriva Z. and Handlovicova A., Modie d explicit nite volume scheme for Perona-Malik
equation, Proceedings of ALGORITMY 2002, Conf. on Scientic Computing, 276{28.

9. Kacur J. and Mikula K., Solution of nonlinear di usion appearing in image smoothing and
edge detection, Applied Numerical Mathematics 17 (1995), 47{59.

10. Ladyzenskaja O. A., Solonnikov V. and Uralceva N. N., Linear and quasilinear equations of
paraholic type, Nauka, Moskva, 1967, (in Russian).

11. Lions P. L., Axiomatic derivation of image processing models, Math. Models Metho ds in
Appl. Sci. 4 (1994), 467{475.

12. Mikula K. and Ramarosy N., Semi-implicit nite volume scheme for solving nonlinear dif-
fusion equations in image processing, Numerische Mathematik,

13. Perona P. and Malik J., Scale space and edge detection using anisotr opic di usion. In Proc.
IEEE Computer Society Workshop on Computer Vision 1987.



94 A. HANDLO VICOVA and Z. KRIV A

A. Handlovicova, Department of Mathematics, Slovak Univ ersity of Tednology, Radlinsk eho 11,
81368 Bratisla va, Slovakia, e-mail : angela@vox.svf.stuba.sk

Z. Kriv a, Department of Mathematics, Slovak Univ ersity of Technology, Radlinsk eho 11, 81368
Bratisla va, Slovakia, e-mail : kriva@vox.svf.stuba.sk



