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LYAPUNOV EXPONENTS FOR THE PARABOLIC
ANDERSON MODEL

M. CRANSTON, T. S. MOUNTFORD anp T. SHIGA

ABSTRACT. We consider the asymptotic almost sure behavior of the solution of the
equation
ot t
u(t,z) = wo(z)+k / Au(s,z)ds + / u(s,x)0Bgz(s)
Jo Jo
u(0,z) = uo(x)

where {B; : « € Z%} is a field of independent Brownian motions.

1. INTRODUCTION

We make an asymptotic study of the Lyapunov exponent of the parabolic Anderson
model with white noise potential. Start with a collection of independent, one-
dimensional, Brownian motions {B,(t) : € Z4,¢ > 0}. This provides a random
environment defined on a probability space (2, F, Q). Fixing a k > 0 denote by
(X (t),t > 0,F;, P;) the symmetric random walk on Z¢ with jump rate x. We
assume this process is independent of the field {B,(t) : z € Z9,t > 0}. Under P,,
{X(t),t > 0} is the pure jump Markov process on Z< started at = with generator
kA where A is the discrete Laplacian defined by Af(z) = 55 Dly—a)=1 (fy) —

—f(z)). Then we consider the solution of the stochastic equation

(1.1) u(t,x) = uo(x)+/<;/0 Au(s,x)der/o u(s, z)0By(s)
(1.2) u(0, z) = up(z)

where 0 denotes the Stratonovich differential. A result of Carmona and Molchanov
[4] is that provided ug is bounded, the solution is given by means of the Feynman-
Kac formula

u(t, z) = Ey[ug(X (t))elo Bxe =)
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For important background material on the significance of the model we refer the
reader to the memoir [4] and the references therein. The equation (1.1) and its
variants arise in a variety of circumstances. Equation (1.1) can be written in
differential form as

%:nAu+Vu

with a potential V' = dB. The elliptic version of this equation originated in the
work of Anderson on entrapment of electrons in crystals with impurities. The
parabolic equation can be viewed as a scalar version of magnetic fields in the
presence of turbulence as described in Molcahnov and Ruzmaikin [10] and also
has an interpretation as a population model. Additional references on the subject
is Zeldovitch, Molchanov, Ruzmaikin, and Sokoloff [14] and Shiga [12].

When k& = 0, the solution is simply u(t,z) = wug(x)e B+, In this case,
limy_ o0 %log u(t,z) = 0. However, when k > 0 the situation is quite different.
A result of [4] is that when ug has compact support, then

1
tlim : logu(t,z) = Mk), Q a.s.

The positive constant A(k) is called the Lyapunov exponent. This was proven by
a subadditivity argument which did not extend to the noncompact support case.
Moreover, (k) is independent of u and a principal result of [4] was the existence
of constants ¢y, co such that for all small k > 0,

1 1 1
cl/logg < Ak) < czloglogg/log; .

This was improved in their later work [5] to

1 1
cl/logg < A(k) SCQ/logE7

again for small k. That is, A is continuous at 0 but increases dramatically with k.
In the present paper we remove the restriction that ug has compact support by
showing!
1
lim —logu(t,x) = A(k)
t—oo ¢

when u is a bounded nonnegative, not identically 0 function and that again A(k)
is independent of ug. This will follow from the case where ug has compact support
and a recurrence property of oriented percolation. We also show

1
lim A\ log — =
R1118 (H)ogﬁ c

where we identify ¢ by means of a subadditive ergodic theory argument. We would
like to remark that subadditivity plays a major role in the theory of stochastic
flows. It is the main ingredient in the proof of Oseledets Theorem. We refer the
reader to the books [2] and [3] for further information on the subject. In the final

LAfter this work was submitted, L. Koralov kindly pointed out the reference Asymptotics for
the almost sure Lyapunov exponent for the solution of the parabolic Anderson problem. Random
Oper. Stochastic Equations, 9 (2001), no.1, 77-86, by R. Carmona, L. Koralov, S. Molchanov,
where this limit was also established.
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section we use results of [7] to show that A(x) is the derivative at p = 0 of the
moment Lyapunov exponent, M, (t) = Eq[u”(t, x)].

Our results differ in approach from earlier work on the subject in their use of the
subadditive ergodic theorem and percolation theory. This approach was developed
in Mountford [11] in dealing with survival probabilities of the random walk X (¢)
in a disastrous environment. In the present context this relies on introducing the
space of deterministic paths on which the measure P, is concentrated when the
paths of X are restricted to have a specific number of jumps. For an interval
[a,b] =1 C [0,00) and v : I — Z let N(v,I) denote the number of jumps of v in
the interval I. We shall only deal with paths v which are right continuous with
left limits. Then for z € Z9 define

};.' = {’7 I — Zda’Y(a) =T, "7(3) _’Y(S_)| < 13 for all s € I7N(’Y7I) :.7}

We also define ije to be the intersection of I'; ; with those paths with jump times
separated from one another by e and such that there are no jump times within §

of the boundary of I. Now we consider the functional

= sup / dB.(s(b—s) .

'yEI‘

The corresponding functional when restricting jumps to be € apart will be

b
ApS = sup / dB.5)(b—s).
ers;

Obviously, A7 ; > AT, The functional A7’ will be important in establishing the
lower bound in Theorem 2.14. We simplify the notation a little by first setting
Aop = A[O,n],n' The fact that time is running in opposite directions in the func-
tional A makes it a little clumsy to work with. Instead we define a functional with
the same distribution. This will suffice to give all the conclusions we need about
A. Thus, we set

b
A7 ;= sup / dB.(5)(5).

weF}”’j

—

Make the simplified notation A[O i = Ap,n. Similarly, set

b
/ij = suge/ dB.(s)(5)
very;

and use the simplified notation /an = A?o . One thing to notice here is that
time in the d? and v terms are running in the same direction for the functionals
denoted by A . A very important fact is a scaling relation for the functionals
Ajo,n),; and /T[Om],j inherited from the scaling properties of the Brownian field
{B,(t) : t > 0,z € Z%}. Namely, for j,n € Z, (using the notation £ for equality
in law)
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n Jn s
A?O,n],jn = sup /0 dB.(5(n —s) = sup / dBv(f)(n - =)

’YEF[O nl,jn —YEF[D nl,jn 0 ‘7
= sup dB'y(s)(f(]n —s)) = 7 sup dB'y(s)( —s)
VEL ol gm 7O J T V€LY, 5 /0
1 0
- \TjA[o,jnLjn-

A similar computation gives the same scaling relation for f_l'[om]’jn.
Another observation is that ffo,n is the supremum of the centered Gaussian field
{ f; dB.(5)(s) : v € 1"[0 n],n - Thus, results such as Borell’s inequality are available

for our analysis. For the reader’s convenience, we state the results from the theory
of Gaussian processes which we shall use. Both results may be found in Adler [1].

Theorem 1.1. (C. Borell) Let T be a Polish space and {X;}ier be a centered,
separable, Gaussian field with sup,cr Xy < 00 a.s.. Then E (sup,er X¢) < 00
and for all A >0

P <| supX; — FE <sup Xt) | > )\> < 267)\2/20%,
teT teT

where 02 = sup,cp E(X?).

Let (X¢)ter be a centered separable Gaussian field with the pseudo-metric p on
T;
p(t,s) = E(X: — X,)2.

Theorem 1.2. (Fernique-Talagrand) There exists a universal constant K >

0 such that
E(sup X3) §K/ v/log N(e)de
0

teT

where N () is the least number of p-balls of radius € required to cover T.

Next, given m,n € Z* determine z € Z9 as follows, let = be the smallest value
of y(m) under any well ordering of Z9 taken among paths v which achieve the

+()(8). Then set A, mAn = Afm m4n],n

supremum over paths which have m + n jumps on the interval [0,m + n] which
doesn’t impose any restriction on how many jumps occur in [0,m] or [m,m + n]
it follows that

maximum for fo dB . Since A m4n IS a

A07m+n Z AO,m + Am,m+n-

Then by Liggett’s subadditive ergodic theorem (applied to —/Yo,n) we have the
following
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Theorem 1.3. There is a positive o such that

A
lim — =q.
n—oo N
For € > 0 there is an a(e) such that
_'6
lim —2" = a(e)

Moreover, lim¢ o a(e) = a.

Proof. The conditions of Liggett’s subadditive ergodic theorem [9] apply The
positivity of « is already apparent if one considers the supremum of fo dB.(s)(5)
over paths which are constrained to visit only two adjacent sites in Z9. The
finiteness of « follows from the entropy bound in Theorem 1.2. Namely, for some
universal constant K,

[Aon |<K \/logN )de,

where N(e) is the smallest number of € balls required to cover F([)o n],n Using balls

n
with respect to the canonical metric p. By scaling, Eq [/To,n} = /nEq [/_1'[071]7n].
Thus we will apply the entropy bound to Eg [E[0,1]7n]. Let W,, be the set of n-step

random walk paths on Z¢ and let
Tn:{t:(tla"' 7tn):0<t1 < Stngl}-

Identify T'(,1),,, with W), x T},, where W,, represents the sequence of jumps and 7),
gives the jump times. Then it holds that

n

p((w,t),(@,9)* = EQ[Y (Buy(tes1) = Buy(tr)) = Y _(Buay (s111) — Bay (s1))]

k=0 =0
n n
— Zz&ukwl (e tes1) N (s1,5041)]) £ 2,
k=11=1

with t,11 = sp41 = 1. As is easily seen, the p balls of radius v/2en centered at
the points

(w7 (t17 e ,tn))7
whlich have k; evenly spaced jumps in ((i — 1)e,ie],1 < i < 1, and such that
Y1 ki = n cover W,, x T,,. And since the number of vectors (ki,ka,--- k1)

1
which have nonnegative integer components and with >~ , k; = n is by elementary
1
combinatorics, ([?]:'"), we have

wvaan) < ar (1 77).

n
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Thus,

But by Stirling’s formula,

2n 1+ 2 (1+F)n+3
[E#l+n 20(( 2)n) ——— < O™,
n n7t+%(%n)j"+§
Hence
N(e) < c(2dC) e,
Thus,

0o 2
/ \/logN(e)degx/ﬁ/ VloggdsgC\/ﬁ.
0 0

Thus we obtain
EQ [A’[O,n],n] <Cn,

which implies

n—oo N

. 1 - 1 o
a= lim *EQ[A[O,n],n] = sup EEQ [A[07n]7n] < (C.

The proof for the second claim is entirely analogous. The proof that lim. | a(e) = «
is straightforward and is omitted. O

From the scaling property we have immediately

Corollary 1.4. For any j € Z

15
lim *A([)o,n],jn = ja, Qa.s..

n—oo N

The Corollary quantifies the improvement in the functional /1'([)07"]7].”

tion of j: with more jumps, a greater value is achieved. Now when considering
which paths of the Markov process X contribute the principal term in u(t,x),

as a func-

paths with jt jumps give a potentially greater value for fg dBxs)(t — s) but the
probability of making jt jumps in [0,¢] decreases with j for j large. Our work
shows that j*t jumps, with
= 21

4log” -

%

J

is the optimal number of jumps during [0,f] in terms of balancing payoff
fot dBx(s)(t — s) versus probability. Thus, the principal contribution in the Feyn-
man-Kac representation for u(¢,z) arises from paths with j*¢ jumps.
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2. EXISTENCE OF A LIMIT FOR w
We aim to establish the existence, for arbitrary bounded, nonnegative ug, of the
1
lim —logu(t,z), Qa.s..
t—o0 t

In fact, we shall assume without loss of generality that uo(0) > 0. Recall, this was
established by Carmona and Molchanov [4] in the case of compactly supported ug.
We first establish an existence result for a functional with the same distribution
as u(t, x) when wg is taken to be identically 1. In this paper we treat explicitly the
case where dimension d = 1. This is simply to minimize notation. It will be clear
that the arguments easily extend to higher dimensions. Also we make use of some
large deviations results, Theorem 1.1 and Theorem 2.11.

Theorem 2.1. There is a \i (k) such that for any x € Z9
1 t
M(k) = tlim n log E,[elo ¥Px» )] Qa.s.

Proof. By translation invariance we may take x equal to 0. Set
o(t,y) = Bolel P01, (X (1))]
Z(t) = t,y).
(t) = maxv(t,y)
The functional log Z(t) is superadditive and Liggett’s subadditive ergodic The-
orem (applied to —log Z(t)) gives the @ a. s. existence of
log Z (t
lim 7ogt ®) = A1(kK)

t—oo

for some constant A; (k). From its definition we have that
Z(t) = Bolels BxoO10(X ()]

and so (recalling the results of Carmona and Molchanov [4] mentioned in the
INTRODUCTION) we have that A1(k) > A(k) > 0.
However,

log Eylelo Px ()] > log Z(t)
SO )
litminf n logEo[ejOt Bx )] > A (k), Qa.s.
On the other hand,

1 t 1 t
7 1og Bolel X0 = S log (Bo[Zcppelo P01, (X (1) +

+ Eolelo Px0 )1 ) (X (1))

IN

1 t
;(log(cﬁez(t) + Eo[efo dBX(S)(S)l(tQ,oo)ﬂX(t)DD)~
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But,
Eq[Bolelo X )1 2 1 oy (|X (1)])]] = BolEglelo X )12 5 oy (1IX (1)))]]
=B R (IX(1)] > t2/2) < e

for some positive c. Chebychev’s inequality then implies
t 1 2
Q(Ey[elo PBx 1 40 1 ) (IX(1)])] > %)< e
for K very large but fixed. So by Borel-Cantelli,
s 1 .
QB[S B 15 ) (X(m)] > =, i0) =0,

Now define a stopping time T with respect to F; = o{B(s) :x € Z,0 < s < t}
by T = inf{t > Ny : Eg[elo Px@ )12 (IX (8)])] > 1}.

A simple two moment argument then gives that on the event {T' < oo}, for
T € (n—1,n], one has Q(Eo[eld Bx )1 (2 2,00y (| X (n)])] < %|Fr) tends to 0
as Ny tends to co. Letting Ny tend to infinity one obtains that @ a.s. there exists
to so that

Eolelo Bx 1 (X (8)))] < 1, fort > to.

Thus, for ¢ large,

]. t 1

?10gE0[€f0dBX<S)(S)] < Emg(ct?ewul)
Z(t O(logt
Z(®) , Ologt)

4 t

IN

Consequently, Q a.s.,
1 't
lim sup — log Fy [eJo Bx ()] <\ (k)
t—o0
and therefore,
1 t 1
lim = log Eglelo Px )] = lim ~log Z(t)
t—oo t t—oo t
and the Theorem is proved. O
Our goal of proving the existence of lim;_ %log u(t,x),Qa.s., is enabled by
the introduction of a few auxiliary functionals.

Set

2y
Z(t,t%) = mEZIdn,\aiTgﬁ v(t,x).

Notice that v(¢, x) £ E, [eJo 4Bx() (=91, (X (t))] and we will use information about
v to get the result on u. We also remark that by translation invariance, v(t, z—y) £
£ B, lels Bx&)1,(X(1))].

Theorem 2.2. For any v € Z4

1 ¢
AK) = tlggo n log E,[elo Px )] Qa.s. .
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The proof will be broken up into a sequence of lemmas.
Lemma 2.3. For M sufficiently large, if a < 2, then
Q(Eolels Px 11, (N(X,1)] < ™) > 1 — e~ @+,
Proof. By Fubini and Cauchy-Schwarz,
Eq[Eole)s “Px Ny ooy (N(X,1)]] = EolBglelo Px00 1y o) (N(X, 1))
et/2Py(N(X,t) € [Mt,0))
< l1/2+en—r—M)t

Then, provided M is large enough, Chebychev’s inequality completes the proof. [

Now fix an € > 0. In all that follows we shall assume, without loss of generality,
that Mt € Z.

Lemma 2.4. For M and t sufficiently large,
Q(Eo[efo WBx 1 g (N(X,1))] > e w60)t) > 1 — 90,

Proof. Using Lemma 2.3, with a = —1, and Theorem 2.1, we have for large t,
with @ probability at least 1 — ¢'%0, that
Bolelo P00 10 0 (N(X, 1)) = Bplels 4Px )

= Bolelo X0y ) (N (X, 1)
> M=)t _ ot
and the lemma follows by a little algebra. O
An immediate consequence is the following,
Corollary 2.5. Fort and M sufficiently large, given any x € Z, there exists an
x*(t,x) € 0(By(s) 1y € Z, |y — x| < Mt,s <t) such that
QB [0 1PX 10 g (N(X, 1)) Ly 1,0y (X (1)] 2 €M1 75)7) > 1 — €100,
A more refined consequence is
Corollary 2.6. Given any v € Z there exist v, = x%(t,x) > x and
xt =zt (t,x) <z, with % (t,x) € o(By(s) :y € Z, |y — x| < Mt,s <t) such that
QB [0 PX 110 51y (N (X, )Ly (X (£))] 2 M09 > 1 — &0
and
QUE,[efs 5 1g 1 (N(X, 1) L- (X(1))] > eMI=)1) > 1 — &,
Proof. This is an easy use of the FKG inequalities [8] and the observation that
the events
{E, [efot dBX(S)(S)l[O,Mﬂ (N(X, 1)1, (X ()] > eM =5 for somez™ > x}
and
(B [elo Bx@ 11 30 (N (X, 1)1+ (X (£))] > eP1)=59) for some ™ < a}
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are positively correlated, equally likely and the probability of their union is at
least 1 — €'%° by Corollary 2.5. O

We can move the points x7% a little further away from «,

Lemma 2.7. For M and t sufficiently large there is a ¢; = ¢1(k, M) such that
for all x € Z there exist 2% = x7% (t,x) € [z + §Mt,x + (1 — §)Mt] and x* =
= o (t,x) € [z — (1 — §)Mt,x — SMt], 5 (t,x) € o(By(s) : y € Z,|y — :I:| <
< Mt,s <t) such that

Q{3 B 10 3y (N (X, 1) Ly (X (1))] > 190100 > 1 —
and

QUEalelo X110 0 (N(X, )L (X(1)] 2 €M97019) > 1 — 29

Proof. By symmetry, we only need to argue the first case. By Corollary 2.6, with
probability at least 1 — €, there is an 2% (t(1 —€)) € [z,2 + (1 — €)Mt] such that

t(1—e) .
Eylelo "By ) (N (X, (H(1 = €)as s(1-e)) (X (H(1 = €)))]
> eAi(r)—gg)(t—€)

If % (t(1—¢)) € [x+§5Mt, 2+ (1—5)Mt], we consider the constant path identically
equal to z7 (¢(1—¢)) over the interval [t(1—e¢),t]. Then Pys ;(1—e)) (N (X, €t) = 0) =

);
= e " and Q(ef‘“—‘> Bay ra-o () 5 - e~c2t) > 1—e** Thus, in the case, we can
paste the piece of path from 0 to :1:+( ( —€)) > J:—i— EMt on [0, t( €)] to a constant
path on [t(1—¢),t] and by setting x7% (t) = 27 (t(1— )) [+ SMt, x4 (1—5)Mt],
we get

Q(Ey[elo Px )10 prn (N (X, 1)1y (1 (X (2))] 2 eM1 9750 > 150 emeet,

This gives the result if 2% (¢(1—¢)) € [x+ §Mt, x4+ (1 — §)Mt]. On the other hand,

if first 2 < 2% (t(1 —€)) < o + §Mt, we consider paths in F:[I;%l(tf(j)jti)e)]\/[t for which

all jumps are to the right. Call this set I';;g5:. Then, for some ¢ > 0 it follows that
for all v € I'yigne

Q( [t(l o) 4By(s )(5) > e 2 t) >1— e—cct
Also, for K; = 2M log 2M o o t(1—¢) DX (= t(1 =€) € Tpign) > e K1t Thus,
using the Markov property and the above estimates, we have
t ) K)— £ —e(L
Q(Ey[efo “Px 10 g (N (X, 1)) Ly g1 eptenne(X (1)) = e s —eGHEDN
> 1— 650 _ e—ect

which implies the existence of 2% € [x+ Mtz + (1 — §)Mt] and c; satisfying the
lemma. When 7% (¢(1 —€)) > z + (1 — §)Mt, we use an analogous argument with
I'ie - The measurability claim is an easy consequence of Corollary 2.6 and the use
of paths in I'yighs. O

We now establish a block argument, a la percolation theory, starting with
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Lemma 2.8. Let o (e,t,x) be the points given by Lemma 2.7 when using the
Brownian fields {B,(s),y € Z, €*t < s < t}. Then,

(et w) € o+ SMHL= ) x+ (1= M1 =) C o+ Mt,a+ (1 )M

and

o (e,t,x) € [z —(1— %)Mt(l — ),z — thu —e) Clz—(1- Z)Mt,x - th].

and
Q(Vx € {—Mt, (=M + )t, (=M +2e*)t, ..., (M — *)t, Mt},
B[ Bxe-an 1 (N (L = @) Las (o (X(0)] 2
> e(/\l(/{)fcle)t(lfg)) >1-— 646
and

Q(Vx € {—Mt, (=M + )t, (=M +2e*)t, ..., (M — *)t, Mt},
Byl Pxn®1g yy o (N (X, (1= €)6)Las (e, (X (1)) =
> e()\l(/{)fcle)t(lfg)) >1— 646
provided € is sufficiently small.

Proof. Since there are 25—];4 points = in question, this follows easily from
Lemma 2.7, if € is sufficently small. O

As the next step we establish the previous result for all z € {—M¢t,—Mt+1,...
oo Mt —1, Mt}

Lemma 2.9. For each x € [—Mt, Mt] N Z, there are points x7(t,z) lying in
[v 4+ §Mt,x + (1 = §)Mt],[x — (1 — §)Mt,x — {Mt], respectively, with x% (t,x)
measurable with respect to o(By(s) : y € Z, |y —x| < Mt,s < t) such that for some
c=c(k, M)

Q(Vz € {—Mt,—Mt+1,... Mt—1,Mt},
By eo WPx 0O 10 11 (N (X, ) Las (1.0) (X (1))] > e )=t > 1 — (46,

with the analogous statement holding for x* (t,x). Thus the probability of the in-

tersection of the events for % (t,x) and z* (t,z) is at least 1 — €.

Proof. Start by observing that to each x € {—M¢,—Mt+1,... Mt — 1, Mt},
we can associate a y € {—Mt, (—M + €2)t, (=M + 2€>)t,..., (M — €?)t, Mt} such
that [z — y| < St and P,(N(X,e2t) = |z — y|, X () = y) > e K3 with K
independent of € and ¢t. Also, for some K4, K5 independent of € and ¢t we have by
Theorem 1.1

2t
Q inf dB. ) (5) > —Kue%t) > 1 — e Kot
v(s)
0

F(E
Y€ 0,200 lo—yliv(e2t) =2

Put 2% (t,x) = 2% (¢,t,y) and x* (t,x) = x* (¢,t,y) where the latter are given by
Lemma 2.8. Then, piecing together paths on [0, €2t] which connect x to y and on
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[€2t, Mt] linking y to 27 (e, t,y), and using the fact that there are 2Mt + 1 points
in {—-Mt,—-Mt+1,... Mt—1, Mt}, we have the result. O

We next iterate so we can set up a percolation scheme.

Lemma 2.10. For i€ {0,1,...,(2 — 1)}, and x € [-Mt + L Mt, Mt + £ Mt],
&' € [-Mt — %Mt, Mt — £ Mt] there ewist x% (i,x) € [~Mt + (i'zil)eMt,Mt—l-
+%Mt], x* (i,2') € [-Mt— %Mt Mt— %Mt], measurable with respect
to the Brownian fields {By(s +it) : 0 < s < t}, such that the events

€t €t
A(i) = {Vo € [ Mt + %Mt, Mt + %Mt],
Bylefo P01y (X (1) 1000 (N (X, 1))] 2 0109791
and
a a3
B(i) = {Vz € [-M¢t — %Mt,Mt - %Mt],
By [eli PO 1, y (X () 1o arg (N(X, )] 2 e 79ty
satisfy, for e sufficiently small (depending only on M)
§-1 40 44
Q(N= A(i)) 21 —¢
and
8 _
QNZy B(i)) > 1 - €™,

Proof. We can apply Lemma 2.9. If z € [- Mt + Y Mt, Mt + “Mt], we consider
the two cases © € [~ Mt + % Mt, $Mt+ £ Mt] and x € ($Mt+ £ Mt, Mt + 4 Mt].
In the first case, take z% (i,2) = x% (t,7) from Lemma 2.9, using the Brownian
fields {By(s+ti) : 0 < s <t,|y — x| < Mt}. Then we will have

2t (iy ) e[-Mt + & 21)6

€ i€ €
Mt, ZMIH— ZMt+ (1- Z)Mt] C

i+ 1 i+ 1
C [-Mt+ #Mt,Mt + (ZZJM@

In the second case, take % (i,2) = z* (¢, z) from Lemma 2.9, using the Brownian
fields {By(s+ti) : 0 < s <t,|y — x| < Mt}. Then we will have

,+ 1 ,+ 1
73 (0,2) € [ — (1= §)Mtz — SMt) C [~ M+ (ZZJMt, Mt + #Mt].

An analogous argument handles the selection of the points x* (i, z’). Notice that
1— 8Med6 > 1 — M for e sufficiently small (depending only on M) to get the
probability estimates. O

Proof. We now prove Theorem 2.2, namely that

1 ‘
AK) = tlglgo n log E,[efo 4Bx ()],
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It is clear that we need only do this for x = 0. Since
1 1 t
Ar) = tlim n logv(t,0) < tlim n log Eolelo ¥Bx ()]
and both limits exist Q a.s. we only need show that

1 1 ¢
Q(lim =logv(t,0) > lim - log Eglelo 4Bx(9)]) >
t—oo t t—oo ¢

| =

Using Lemma 2.10, we can conclude that with Q-probability at least 1—e*3, corre-
8 8

sponding to the starting point 0 there exist sequences, {7 (7,0)}_, {z* (i,0)};_,

such that z4(0,0) = 0 with 2% (i,0) € [-Mt + L£Mt, Mt + £Mt], 2% (i,0) €

€ [-Mt— z!fMt,Mt — ZfMt], and for 0 < ¢ < % -1,

By (i,0) [efo dBX(S)(SHt)lx;(iH,o) (X (t)Ljo,m0(N(X,1))] > e (m)mee)t
and

Ey+ (i,0) [ef"t dBX(S)(S—Ht)1zi(i+1,0)(X(t))1[O,Mt](N(Xv t))] = e (m)=ea)t,

Thus, by the Markov property

g s 8 8 k) —ce) &t
Eqlelo 2Bxe )1“(%,0)(X(Et))l[o,M%t](N(Xv Et))] > eMlm)mea s,

This induces the following percolation system:

{Y(,n),n >0, €Z,l+n=0 mod 2}.
We say that (I,n) — (I+1,n+1) if Vo € [(2] — 1)M¢, (20 + 1) Mt], Fxo, ..., x5 _q,
with g = x, such that x; € [(2] — 1) Mt 4 5 Mt, (2] + 1)Mt + 5 Mt], and

D g g (N (X () L, (X (£))] > (07t

And we make an analogous definition for (I,n) — (I—1,n+1). By the measurability
claim in Lemma 2.10, this is a 2-dependent percolation scheme with Q-probability
of an open bond at least 1 — ¢*3. Thus, by Durrett [6] we have for any n, with
Q@-probability at least % that there is a path (0,0) — (I1,1) — -+ — (0,2n). Thus,
for some z* € [—Mt, Mt],

B, [elo 4Bx(

i

8i2n
Eo[ef"e t2 dBX(s)(s)lx* (X(§t2n))] > e (r)—ce) gtan
€

But, for some h > 0, independent of t,n, e, z* with Q-probability at least %,

16 16 Lm
€

16t
E$*[€f" e dBX(S)(s+§t2n)10(X(?t))] > et

Thus, with Q-probability at least % we have

B12(n+1) 8 s
Eo[efo dBX(S)(S)lo(X(7t2(n—|— 1)))] > e(/\l(n)—ch);Q(n-‘rl).
€
T his proves the theorem. O

The next result will lead to the existence of lim;_.o T logu(t, z).
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Theorem 2.11. Given € > 0 there is a positive constant ¢ such that
Q(Eo[efot dBx(e)()] > M (mFe)ty < o=ct
Before proving this Theorem we derive the following consequence,

Corollary 2.12.

1 t
lim sup n log Eglefo Bx t=9)] < (k).

t—o0o

Proof. Since the distribution of E [efot 4Bx()(t=9)] and Ey [efJ 4Bx () (%)] are iden-
tical, we can apply Theorem 2.11 and Borel-Cantelli to get the result. (]

Corollary 2.13. For ug positive, strictly positive somewhere and bounded,
1
lim —logu(t,z) = A(k).
t—oo t

Proof. Without loss of generality we take ugp bounded by 1 and strictly positive
at the origin. By Carmona and Molchanov, [4], liminf, .. 1 logu(t,z) > A(k).
By Corollary 2.12 however

1 1
lim sup n log u(t, ) < lim sup : log E[efot aBx-9(3)] = A\ (k) = A(K).

t—oo t—o0

We now state our result on the asymptotics of of A(k).

Theorem 2.14.
2

1
lim A(k) log — = %

k|0 K

The proof of Theorem 2.14 will be given in the next section. Some of the results
needed for the proof of Theorem 2.14 will be used in the proof of Theorem 2.11,
which is given in the final section.

3. ASYMPTOTICS OF THE LYAPUNOV EXPONENT

The proof of Theorem 2.14 is based on Borell’s inequality and Fernique-Tala-
grand’s theorem for Gaussian random fields together with a classical large devia-
tion result for Poisson processes.

Recall from Theorem 1.1, that o > 0 satisfies o = sup,, 2 Eq [E[O,7z],n} <C.

Lemma 3.1. Let any a > 0 be fixed. For every e >0
Q(Eno(w) : (Oé*E)VmTLS /Y[O,n],m < (a+€)vnm ,VmZ an, V?’LGo) =1.

Proof. Applying Theorem 1.1, we have

- — en _e?
QUAR 1.0 = Bl Ay all > 57) < 267712,
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—

Since Eg[AY

[0,n],n

] ~ an by Liggett [9], it holds that for large n

—

Q(|A?0’n])n —an|>en) < 2e=<n/8,
which becomes

QUAR ) — av/rim| > ey/rim) < 2e7 75,

by the Browinian scaling invariance;

- r n -
Ajo,nlm = 4 EA[O,m],nz'

Finally use the Borel-Cantelli lemma to complete the proof of Lemma 3.1. (I

Lemma 3.2. (i) Let F:[0,00) — R be a continuous function satisfying

F
lim sup (z)
r—oo Xlogx

< 1.

Then

N(X,n)

1
lim — log Egle™( )] = sup{F(z) — xlog Lo K}
K

n—oo N, >0

(ii) For0<a<b<oo

1 « n n)— n
lim —logEO[e( VN X.n)-BN(X, )) can < N(X,n) < bn]

n—oo N
= sup {oz\f—ﬁx—xlogE +x— K}
a<z<b K

Proof. Since N(X,n) has a Poisson distribution with mean xn, it follows from
a large deviation theorem by Cramer that for any bounded continuous function
F:[0,00) — R

1 n
lim — log Eo[e”F(N()5 ))] = sup{F(z) — xlog IS K}.
K

n—oo N, >0

Furthermore it is easy to extend it for any F' satisfying the assumption. (ii) follows
from (i) immediately. d

Lemma 3.3. (i) For6 >0,

02
sup{e\/:?—mlogf—kx—/ﬁ}w — (k10).
>0 K 4log -

(ii) Forec>0,0>0,0<qg<1andkr >0,
62 1

sup (0\/5 + (logck?)z — x log z + - H) ~
kI<x<b R

ol Y
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Proof.  For (ii) let
f(z) =0V + (logck?)x — xlog% +x — K.
Then,
0
J'(2) = 5=+ (ogen?) - log =

is a decreasing function and f/(x?) > 0 and f/(b) < 0 for a sufficiently small x > 0,
so that f has a unique maximum at x(x) € (k%,b) such that

¢ 2(x)

+ (log cx?) — lo =0.
N (log cx?) — log
This implies
’_ L (+qlogs (x10)
~ og — (K .
2/z(k) VOB
Hence
F) = fa)) ~ L
su z) = f(z(k)) ~ ——mM ——.
Hqgfgb 4(1 + q) log %

Proof of the upper bound
By Lemma 3.1, we can suppose that for ¢ > 0 and € > 0,
A’[O,n],m <(a+e)ymn (Vm>an) Q—a.s.
Then

n

(3.1) Eglelo 4Bx@ ) . N(X,n) > an] eAoms Py(N (X, n) = j)

“

an

J

< ) elTIWVINR(N(X,n) = j)

j=an

< EylelatoVaNXm),
Noting that E[O,n],m is increasing in m we have
Eqlelo 4Bx ) . N(X,n) < an] < eAoman < elatovan,
Combining ([13]), ([7]) together with Lemma 3.2, we have
A(k) < sup{(a +€)vz — xlog% —x+ K} + (a+e)Va.

Choosing a suitable a = a(k), by using Lemma 3.3 (i) we obtain

1 2
limsup A(k) log — < M,
~\.0 K 4

which gives the upper bound of Theorem 2.14.
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Proof of the lower bound
Fory el . letty <ty <--- <ty <n,bethe jump times of v during [0, n],

[0,n],
and let I be the interval [Z€, Lgl)e] with j; € Z, including t;. If n € T, has
§1 < +++ < Sy, < m as its jump times during [0,n], I]' = I and ~(t;) = n(s;) for
every 1 < i < m, we denote 1 ~ . Then it is easy to see that if n,v € Ffo nl,m

satisfy n ~ 7,

|Acm%¢$fé(wmﬂw<wm»

where

w(By : I) = sup |B.(t) — Bz(9)|.

t,sel

Lemma 3.4. For any d > 0, a > 0 and b > a there exists ¢g > 0 such that for
all 0 < e < ¢g and for all an < m < bn,
(i) there is a K > 0 such that

Qw(y) > cn) < K™e Ve for allvy € Lo, n),m-

(i)
Q ( sup  w(y) > 5\/7%) <ce "

YET

[0,n],m

(ii) Moreover,

Q (Elng(w) : osup w(y) <dvnm ,Vm € [an,bn], Vn > n0> =1.

’YEF[SOJL],?YL
Proof. We first count the number of increasing sequences j; < jo < -++ < j, of
integers which determine the intervals If. We must have j,, < 2. Thus, there are
fewer than
3 Snydeil
?76’ < (72) 3e T3
m = a m+1 3 my\n(2-1)+1
m™re (n(5; — 7)) 2
C2
S Cl(i)m7

€
where c1, co are positive constants. For each such sequence, j; < jo < -+ < Jm,
there are 2" possible sequences of sites visited. This means there are C1( 2%)’”
possible variables 2(w(B,), I§) + w(By,_,), I{_1)) to consider. For each such
sequence,

wn) EVEY Y

where Y; are i.i.d. random variables satisfying

EQ[eYi} =K < oo.



180 M. CRANSTON, T. S. MOUNTFORD a~p T. SHIGA

Then for fixed v € I'°

[0,n],m>
Qw(y) > en) < K™e™ V%,
which proves (i). Therefore,

Q( sup w(y) > ceynm) < (=

yET;

[o, n]n

S Clefcn

provided e is sufficiently small. The third statement follows easily from the second.
O

Lemma 3.5. For any 6 > 0, and all a > 0 and b > a there exists eg > 0 such
that for 0 < e < €

Q (Hno( ) | Afg p)m — av/nm| < 6y/nm,Vm € [an,bn], Vn > n0> =1
Proof. By Borell’s inequality,

Q ('A'fo,n],m - EQ ["LYFO,n],m” >

(5\/nm> < 9p-m/8
5 < .

Since
1€ n 1e
Eq [A[O,n],m] =4/ %EQ [A[o,m],m] ~ v nmao

uniformly in m € [an,bn] as n — oo, we have

Q (148 — av/mim| > b3/ ) < 2e75/%,
(]
By Lemmas 3.6 and 3.7 we can assume that the Brownian motions {B,(t)}

satisfy the following two conditions:
For every § > 0, a > 0 and b > a, there exists ¢y > 0 such that if 0 < € < ¢,

dngsuchthat sup w(y) < dy/nm  forallm € [an,bn|, foralln > ng,

’YEF[D n],m

and
Ing such that |fff0’n]$m —ay/nm| < §y/nm  forallm € [an,bn], foralln > ng.
Then,

[ de( > ]

%

Z I dBx (o) () :N(X,n) =m)

m=an

— Z {0,n], m Fole (5" dBx () ()= [g" dByn.m (5)(5)) . N(X,n) =m)]

m=an

(*)
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where v € Ffo n],m is defined by

—
€

n
[O,n],m = A dB’y"’m(S) (S)

Thus,
bn .
() 2 Y om0 )Ry (X ~ g N(X,0) = m)
b
> Z ela=20)vnm p (X ~y™"™ N(X,n)=m).
m=an
Since |
m! /e\N™
Py (X ~y""[N(X,n) =m) = o (6) )

supposing a = k? with 0 < ¢ < 1, we have some ¢ > 0 satisfying

Py (X ~ 4™ N(X,n) =m) > (ces?)™,
so that

Eolelo 1Bx ()
> B [6((a—25)\/m+log(cefsq)N(X,n))
kin < N(X,n) < bn}.

Hence by Lemma 3.3 (ii), we obtain that for every § >0 and 0 < ¢ < 1
1 a—26)2
P (4(1 - q)) ’
which gives the lower bound of the Theorem 2.14, letting ¢ \, 0 and s \, 0.

lim inf 1
im in (k) log

4. PROOF OF Theorem2.11

Before making the next definition we remark that by Lemma 3.2 with a = M,
b = 0o, a replaced by a + €, 8 = 0 then if M is sufficiently large,

o0

Byleld BxoO 1y y (N N))] < D eformain PN (X, No) = m)
m:MN()

< 3 VI p(N(X, Ny) = m)
m:MNO

E, [EletavmNo . \rNg < N(X, No)]
e(1+5)N0((a+e)\/M7]\/I log & + M —k)

IAIA

e~ ¢MNo , for some positive c.

For the remainder of the section, we assume that the value of M is large enough
to make the above estimate valid. This means that we no longer need to worry
about the random walk paths that make too many jumps (i.e. more than M Ny
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in time Np,) their contribution to the expectation is negligible. We introduce a
notation for the time-shifted Brownian motion field by setting

Bi(t) = By(t + ).

Definition 4.1. Break up space-time into disjoint blocks of the form
((i = 1)M Ny, (i+ 1) M No| x [(j — 1)No, jNo| where i € Z,j € Z*. satisfy i +j =0
mod 2. Label the block ((i — 1)M Ny, (i + 1) M No] x [(7 — 1)No, 5 No] by (i, 7). We
say (4,7) is a good block (denoted (i,7) € G) if Vx € ((i — 1)M Ny, (i + 1) M Ny],

Eyle!™ 1750 ) gy (N(X, No))) < 00 9%,

Next we introduce a discretization scheme for paths in I‘?O 1Mt which will allow
us via simple counting arguments to derive some estimates on our basic functionals
of {B,}. For a path y € F?O%Mt we say that its Ny-skeleton (or skeleton since the
value Ny will be "understood’) is the sequence A(0),v(No),v(2No), ..., v(t), where
we assume without loss of generality that ¢ is a multiple of Ny. We claim

Lemma 4.2. Given € > 0 there is an N so that for Ng > N, the number of
et
distinct skeletons corresponding to paths in F?O,t],Mt s bounded by e10 .

Proof. Each skeleton determines a sequence {i; : j =0,..., Nio} withi; +7=0
mod 2 such that v(jNo) € [(¢; —1)M Ny, (i +1)M Ny] for each j. We shall call the
sequence {i; : j =0,..., Nio} the trace of v. Letting A(iq, 42, . .. ,iNL) denote the

0
set, of skeletons of elements of F?O,t],lwt with trace {i;: j =0,..., Nio}7 it is easy to
see that if Ny is sufficiently large,

|A(i1, 9, .. .,i e )| < (2MNp)™.

it

No
Furthermore the number of traces of elements of F([)o 1,0t is constrained by the
requirement that the corresponding path have no more than Mt jumps. In terms
of the trace, this translates into the bound

Z(Iij —ig-nl —1)4 < N
J

There are at most 2>°¥ such sequences. Thus, the total number of skeletons of

elements of F([)O,t],Mt is bounded by

(2M Np) ¥ 23708 < e,
provided Ny is chosen sufficiently large. O

Lemma 4.3. For any § > 0,and M < oo as above, there is an Ny so that for
Ny > Ny, we have

Q((i,j) € G) =14
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Proof. Without loss of generality we may treat the case j = 0. Fix an n with
0 <1 << 53 Then, Vo € (=M Ny, M No] N Z,

N
Em[efo 0 dBX(S)(S)l[O,MNO] (N(X,Np))] <
2MNo nNo (=mNo g pnNo (o)
< Z Ez[efo Bx(s)(s)]El[e 0 X(s) ]
I=—2M No

An easy argument using Chebychev’s inequality and the fact that

nNg

EQEx[efO"rNO dBX(s)(S)] f— ExEQ [ef(']rlNO dBX(s)(S)} —e 2

)

shows that the event

eNg
_ AMN. N0 dB x (4 (s) e
C(No) — ﬁa::—OMNo{Eaf[efO X(s)\8 ] < m}

has limpy, -0 Q(C(Ng)) = 1. Moreover, on the event C'(Np), we have

N,
sup Bylelo” dBX(S)(S)l[o,MNO](N(Xa No))l
we[fMN[),MNo]

eNg (1—n)Ng nNg
< e sup E [efo 4Bx (97,

1€[—2M No,2M No|

The right hand side in this inequality can be bounded by a supremum over a
finite number of terms, where that finite number is independent of Ny. To do this,
take points 1, a, ..., xR in [—2M Ny, 2M Ny], separated by WETNO so that R &2 %/[.

For a fixed z; and any [ with |z; — | < Lévoa

E, [BJ,ONO dBX(S)(s)} > Eac,- [ej-onNO dBX(S>(S)ll(X(T]N0))]E’l [efo(lfn)No dB;I(JFIE)(s)].

(3

Now we claim

lim Q(  inf By feld dBxe)1,(X (pNp))] > e

N, i
No—o0 |l*1i|§n‘20

T2 ) = 1.
Before proving this claim we proceed to show how it proves the lemma. Assuming

the claim,

lim Q( sup Ewi[efONO dBX(s)(S)] >
No—oo "~ 1<i<R

~(1—n)Ng nNg
>e 12 sup E; [ejo dBX(S>(S)]) =1.
1€[—2M No,2M No]
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Thus, with @ probability approaching 1 as Ny — oo we have for all x €
€ [-M Ny, M Ny],

N,
Bylelo? 4Bx 15 v (N(X, No))) <
<

eNg "(1=m)No ;1No
e sup E, [610 (S)]

1€[—2M No,2M No|

X(s)

eNg "No
<es sup By, lelo’ Bx ()]
1<i<R

s eP+5)No R independent of Ny,

= e W+5)No a5 desired.

AN

Now back to the proof of the claim. First, given [ with |z; — | < WETNU, take an
x; — to — | path v taking exactly |z; — [| steps and evenly spaced jump times.
Using the notation of the previous section (see material preceding Lemma 3.6,)
then making sure € is taken so that ke < 1, we have

(AnNo)

Po(X ~ry) = 27l
(X ~7) P

i

e o, — 1)~ ()=

_ meNg neNg

275 (Ae) "2

e~ “MVo_for some positive c.

67)\771\[0

AV

Then using Lemma 3.6, we have for some ¢ > 0,
QUE, [e0™" 1Bx (1, (X (5))] < e T

B, el P X n ] < e )

nNg dBMs)(s)-i-w(W)Pmi (X ~7q) < 6—%)

Jo
f”NO dB (8)+cnN —No —cn N
Jo ~(s) WOPM(XN’)/)SQ 12)+€ nNo
o

N N
n 0 dB. (4 (s) < 6761—207an0) _|_67an0

< Q(
< Qe
< Qe
< Qe

eN e
= Q(Bo(nNo) < _TQO — enNo) + e~ Mo,

which clearly tends to 0 as Ny tends to co. This is enough to establish the claim
and that finishes the proof of the lemma. O

With this lemma we can now conclude that

Lemma 4.4. For any n > 0, there is an Ny such that YNy > Ny,
.,

.. — 8t
Q(sup Z lge(ij,7) > nt/Ng) < e No.
=0

where the sup is taken over all traces compatible with paths starting at zero and
having less than Mt jumps in time interval [0, t].
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Proof. This follows from elementary large deviations for the binomial random
variables and Lemma4.2. O

The next lemma says that the contribution of any collection of a restricted
number of blocks can not be very big with high probability.

Lemma 4.5. Given € > 0 and 1 > 0 as in Lemma 4.2, for all Ny sufficiently
large,

t
Q3 x4y, iy, ..., , ) compatible with < Mt jumps, J C {1,2,..., ﬁ}
No 0
nt
ith |J| < —
with |J| Ny
HE‘,L,l fNO dB;(Z\(’o) ] e%) < —
Proof. First fix a skeleton (z;,,%i,,...,z; , ). For a given subset J C {1,2,...,
o
71\%} with |J] < % and skeleton (z,, s, - . - 7951'1\%)7 we have by Chebychev’s
0
inequality,

Q(HEQJ [efONO dB;]\(]S)(s)] 5—0) < eld1/2g—et/10
>

We now complete the proof by first summing over the set of possible J and then
the set of possible skeletons (z;,, iy, ...,2; , ), using Lemma 4.1. O
No

In the same way we have,

Lemma 4.6. Given € > 0 as in Lemma 4.2, for all Ny sufficiently large,

t
Q(3(iy, Tiny -+ - l‘ii) compatible with < Mt jumps, any J C {1,2,..., Fo}
No
N N €l
[1E. " B Lrr o) (N (X, No))] > eb) < emcet,
J
We can now give the proof of Theorem 2.11.
Proof. (of Theorem 2.11) For a given skeleton (zg,1,...,2_+ _;), compatible
0
with a path starting at zero with no more than Mt jumps, we have that
7_1 L—l
t j N
Bfeli 550 T L, (XGNo)] < H By, el 7% ()
7=0

— HE o dB ;jﬁg)m} HE%. [ef0 B ﬂ?)(s)],
G

where G is the set of j so that block (ij,7) is a good block, B is the set of j
where this condition fails. By Lemma 4.3 we have that outside of probability
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e~8t/No that for every possible skeleton |B| < nt/Ny. By Lemma 4.4 ( outside of
probability e=“" ) we have for all skeletons and all choices of B, with |B| < -,

HECE[ B;(g)(s)] < eft/10

Moreover we can split up [[4 ., [e Ja dB%, 9)]

JiNo t JiNo s
H(Exj [6‘[" B (s )1(MN0 o) (N (X, No))] + Ex, [6‘[” Pt )1[0,MN0](N(Xa No))l)
G

= 3 T Boy e 25010 g (N (X, No))]

ICG jel

t JNg s
X H ij [efo B (! )1(MNo,oo) (N(X7 NO))]
J¢l
By Lemma 4. 5, (outside of probability e~
simultaneously, the term ngéIE e I 4B )1(MN0,00)(N(X7 No))] < et/10. So
with large probability,

iNo (g . INO (g
HEzj[ o dBY ) ( )] < eft/10 Z HE%[ o dB% ) (s )l[O,IV[NO](N(Xa No))]
ICG jel

eet/102t/No et()\(n)—&-e/S)

C“) for all skeletons and subsets I,

IN

by definition of a good block. That is we have shown that provided N, was fixed
sufficiently large, then outside probability e~ + e~t/No for every compatible
skeleton

_t

No
EO dBX(S)(s H ,]NO ))} < eet/loeet/lOQt/Nget()\(ka)Jre/B)'

By Lemma 4. 1, the number of skeletons compatible with no more than Mt jumps

€t/10°  Thus we have outside the above probability

is bounded by e
Blelo X O Iy (N (X, 1))] < e C0+2/5),
The Theorem now follows from the estimate

E[efot dBX“)(s)I(Mt,oo)(N(X, )] < e~eMt,

5. MOMENT LYAPUNOV EXPONENTS

In this section we outline a relation between moment and sample Lyapunov expo-
nents. Let
u(t,x) = EI[efot dBX(tfs)(S)]

as before. For p € R, set
My(t) = Eq[u”(t, )],
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which is finite for any p € R. Using Jensen’s inequality, one can easily see that for
pel01]
Mp(t +s) = My(t)My(s) (t,s = 0),
and for p € R\ [0, 1],
Mp(t +s) < My(t)My(s) (t,s = 0).
Thus, there exists a moment Lyapunov exponent A(p) as defined by
1 1
A(p) = lim —log M,(t) =sup —log M,(t) (p € [0,1]),
t—oo t t>0 t
and ) )
Alp) = tlim n log M, (t) = t1r>1‘(f) n log M,(t) (peR\][0,1]).
Recall that A(k) = A1(k) denotes the sample Lyapunov exponent, and by
Theorem 2.11, given € > 0 there is a positive constant ¢(e) such that

Q(u(tm) > e(k(n)-{-e)t) < e—c(e)t.
Applying Theorem 2.11 and the results of section three of [7] we obtain the fol-
lowing result.
Theorem 5.1.  A(p) is differentiable at p =0 and
A(k) = A'(0).
Proof. For the proof we summarize several facts about A(p) from [7].
Fact 1. A(p) is concave for p € [0,1] and convex for p € R\ [0, 1] with A(0) = 0.
Thus, for every p, the right derivative A’(p+) and the left derivative A’(p—) exist.
Moreover it holds that
A (04) > A'(0-).
Fact 2. 1
tlim EQ[|E logu(t,z) — A'(0—)]] = 0.
Combining Fact 2 and Corollary 2.13 we have
Fact 3. A(k) = A'(0—).
Applying Theorem 2.11 and the Schwarz inequality we see that for p > 0
M,(t) = EgluP(t, ) : u(t,z) < )T
+Eg[uP(t,x) : u(t,x) > e+
ep()\(n)+e)t —|—M2p(t)1/2Q(u(t,x) > e()\(n)+e)t)1/2
ep()\(ﬁ)-‘re)t + M2p(t)1/26—c(e)t/2,

IN A

from which it follows that
1
Alp) < max{p(A(x) +€), 5 (A(2p) — c(€))}-
Dividing both sides by p > 0, and letting p \, 0, we have that for every € > 0

X(04) < lim max{A(x) + <, %(A(Qp) — ()} = A(R) + €.
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Therefore
N(04) < AM(r) = A'(0-),
which completes the proof of the theorem. O
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