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MINIMAL AND MAXIMAL SETS OF BELL-TYPE
INEQUALITIES HOLDING IN A LOGIC

H. LANGER and M. MACZYNSKI

Dedicated to the memory of Prof. Milan Kolibiar

Abstraqt. It is showp-that for every integer n > 1 the poset ({{f: 2tL,....ny
Z| E{:D___’n}f(l)p( irrqi) [0, 1] for all states p on L and all a3,...,an [
L} |L :ortholattice}, [ plossesses asmallest and a greatest element. The functions

in this poset are interpreted as Bell-type inequalities holding in L.

1. Introduction

Consider a quantum mechanical (physical) system whose event space (the so-
called logic) is described by an ortholattice L. By performing experiments and by
measuring relative frequencies of events and relative frequencies of intersections of
certain events (so-called correlations) one obtains some informations concerning
the structure of L. For instance, if there exist a state p on L and events a, b of L
such that 0 < p(a) + p(b) — p(a b)Y < 1 is not satisfied (as it is the case e.g. for
L = MO2) then L cannot be a Boolean algebra, i.e., the corresponding physical
system cannot be a classical one. Inequalities of the above type are called Bell-
type inequalities. A Bell-type inequality is said to hold in L if it holds for every
state p on L and for every elements ay, ... ,an of L. It is shown that there exists a
smallest and a greatest (both with respect to set-theoretical inclusion) set of Bell-
type inequalities (with integer coe Lciehts) holding in an ortholattice. Su [cieht
and necessary conditions in order that for a given L these sets are smallest or
greatest are discussed. The cardinalities of these sets are estimated.

2. Basic Notions and Results

By a logic we mean an ortholattice, that is an algebra (L, CILE10, 1) of type
(2,2,1,0,0) satisfying the following conditions:
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() (L, CILA1) is a bounded lattice,
(ii) (a [)~= a“Ch¥for all a,b L]
(iii) a [@t=1 for all a L],
(iv) (@Y"=aforall a 11
In the following let L, L1, L, denote fixed logics.
L is called orthomodular if b = a (@ Caf for all a,b COwith a<bh. a,b 1
are called mutually orthogonal (in signs a Ch)lif a < b”
By a state on L we mean a mapping p: L - [0, 1] satisfying the following
conditions:
@) p(1) =1,
(ii") ifa,b [dand a [Chthen p(a )= p(a) + p(h).
Let S(L) denote the set of all states on L.

Remark 1. By using an induction argument it can be shown that (ii") implies
finite additivity of p.

Remark 2. Ifa,b [and a < b then a Ch%and hence p(a (13 = p(a) + p(bY
whence p(b [alj = 1 —p(a [0 = 1 —p(a) — p(b") = p(b) — p(a).

\We say that a state p; on Ly can be derived from a state p, on L, if there exists
a homomorphism ¢ from L; to L, with p2 o ¢ = p;.

L is called nearly Boolean if for every p [CSKL) there exists a Boolean algebra
B and a q [CSIB) such that p can be derived from q.

Obviously, every Boolean algebra is nearly Boolean.

p [Ois called subadditive if p(a [b) < p(a) + p(b) for all a,b L1

p [SKL) is said to have the Jauch-Piron property if p(a [h)l= 1 whenever
a,b are elements of L with p(a) = p(b) = 1.

S [S[L) is called separating if for all a,b [0 with a & b there exists a
p CSlwith p(a) & p(b).

S [CSKL) is called full if a < b whenever a,b are elements of L with
p(a) < p(b) for all p CSKL).

Obviously, every full set of states is separating.

In the following let n denote an arbitrary fixed positive integer and put N :=
{1,...,n}

For every a 11" and every i [N let a;j denote the i-th component of a.
For every I [N let g denqte__t]he element b O™ with b; = 1 for i [ and
bli:zlo otherwise. py(1) := p( iqi;_ior all p CSKL), a I and | [N (where

@i :=lasusual). f'd) = G f(K)forall f: 2N - Zand I [N

By a Bell-type inequality (with integer coe Lciehts) of order n we mean an
expression of the form

(1) 0<Mp,x1
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where f: 2N - Z, p [3(L) and a [CO" and where [ p,[tenotes the inner

prOdUCt 1
f(1)pa(l)

I (N

of f and p, in R2". (2) is said to hold in L if (1) holds for all p [CSKL) and all
a L. Let A(L) denote the set of all f: 2N — Z such that (1) holds in L.

If S(L) = it is well-known that such logics L exist; the classical example of
such a logic can be found in [5]) then obviously every Bell-type inequality holds
in L. To avoid this trivial case let us assume that S(L) & [

f:2N . Zis called L-representable if there exists an n-ary term t such that
0 p.&F poty for all p CSIL) where here and in the following t, denotes the term
function on L corresponding to t. Let R(L) denote the set of all L-representable
functions from 2N to Z.

Put

Ao = {f : 2N _ Z] there exist a non-negative integer m and subsets
I1,..., Im of N with I; [} [T such that f(l;) = (—1)J*?
forall j =1,...,m and f(I) = 0 otherwise},

A= {f 2N &z £5EN) {0, 13},

(Here and in the following [—dénotes proper inclusion.)

Theorem 1. Assume that every state on L; can be derived from some state
on Ly. Then R(L2) CRIL,).

Proof. Let f [CR(L;). Then there exists an n-ary term t such that [, p. &
pet., forall p CS(L2). Now let ¢ [CSI(L;). Since g can be derived from some
state on L, there exists a state r on L, and a homomorphism ¢ from L; to L,
with r = ¢ =¢. Now let a I and put b := (¢(a1),...,d(@n)). Then

Mg, Mo, [ M r(t,(0) = r(d(t, (@) = (- t,)(@).

Hence f [CRI(L1). 1
The following lemma shows that states on ortholattices are monotone.
Lemma 2. Letp CSKL) and a,b [COwith a <b. Then p(b) = p(a) + p(b [a7.

Proof. Because of a [Chfwe have p(a) + p(b Cal) = p(a) + 1 — p(a [ =
p(a) +1—p(a) —p(bY) = p(b). 1

Theorem 3. Ag CRIL) CA[L) CA]
Proof. Let p CSIL) and b LT,
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First assume f [CAy. Then there exist a non-negative integer m and subsets
l1,...,Im of N with Iy =} L3 such that f(1;) = (—1)*forallj=1,...,m
and f(1) = 0 otherwise. Put 1

Cj == bi
i 015
forall j=1,...,m. Then

| s
mp,F D ().

j=1

Using Lemma 1 and the additivity of p we obtain

- m
BPF  (pP(Cok—1) —p(cak)) = p(  (Cok—1 [CH))
k=1 k=1
if m is even, and
Ep,F  (p(Cak—1) — P(C2k)) + pem) = p(  (Cax—1 [CH) CCh)
k=1 k=1

if m is odd. (Observe that in the first case the elements ¢; [} ..., cm—1 [CH
are mutually orthogonal since ¢; = ... = ¢y and since for 1 <k <1< 7 we have
2k < 21 — 1 and therefore

Co—1 [CF < Co—1 < Cok < Chp—q [k = (Cok—1 L)

i.e., ca—1 [Cc}] [Cch—1 Ccl. In the second case it follows analogously that
¢1 [} ... ,cm—2 CcB_; are mutually orthogonal. Moreover, we have in this
case Cm < Cox < Ch_; [ = (Cox—1 [Ch)for all k = 1,..., ™~ and hence
the elements ¢; [c¥ ... ,cm—2 [} _;,cm are mutually orthogonal in this case.)
Therefore ¥ CRI(L).

The inclusion R(L) [CA[L) is obvious.

Finally, assume f CA(L). Then 1) = (1l p,, L0, 1} for all I NI Hence
f CA;. -

Lemma 4. For I, K [CNIldefine a;k :=1 and by := (—1)I"\¥! if K [THnd
aik = bk := 0 otherwise. Then the matrices (ajx )i k csmand (bik)i k cxoare
mutually inverse.

Proof. The proof uses the method of interchanging of sum signs and the special
case

L D=+ ()T =8mo (M =0)
i=0
of the binomial theorem. 1
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Lemr&I For every f,g: 2N —, R the following are equivalent:
0] T(K) =qg(l) for all I N,
K

(i)  (=1)MKlg(K) = (1) for all I [N
K 11

Proof. With the notation of the previous lemma we have

1 1 1 1
f(K)= axf(K)and (DM"gK)=  bikg(K).
K 11 K 11 K 11 K 11

L1

Remark. According to Lemma 5 the elements of A; correspond in a natural
bijective way to the mappings from 2N to {0, 1}.

3. Minimal Sets of Valid Bell-type Inequalities

Theorem 6. Assume n [{2,3}. Then the following are equivalent:
(i) AL) = Ao,
(i) there exist p [S(L) and a,b [LIwith p(a [h) < 2@*PO-L

Proof. First we remark that for p [CSKL) and a,b [ the inequalities

p@ +p)—1

p(a h) < 5

and
p(a) +p(b) —2p(a [hY>1
are equivalent. If (i) holds then the inequality
0=p@) +pbh)—2pal=s1

does not hold in L and hence because of the monotonicity of states there exist
p CSIL) and a,b Cwith p(a) + p(b) — 2p(a Ch) > 1, i.e. (ii) holds.
Conversely, assume (ii) holds. In the following we only consider inequalities of

the form 1 1
0= f(hp( a)=1
I N1 i

with (D= 0 since for all £ [CA, it holds f(DJC{D, 1} and since the inequalities
0=x=<1land0=<1-—x=<1are equivalent.

Case 1. n=2

The only Bell-type inequalities corresponding to the elements f of A; \ Ag with
(D= 0 are the inequalities

0=p(@) +p(d)—p@ab)=1,
0=p() +p() —2p(a (D) =< 1.
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Since there exist p [SKL) and a,b [Cwith p(a) + p(b) — 2p(a ) > 1 and since
p(a) +p(b) —p(a Lo} = p(a) + p(b) — 2p(a L) we have p(a) + p(b) —p(a L) > 1.
Hence (i) holds.
Case 2. n=3
Let f [CA; \ Ag with f(Dd= 0. If there exist i,j [{l,2,3} withi & j and
f{i}p) =f{j}) =1 then
1 1

| I | L1 1
f(Dp(  a) =p(a) +p() — L2 () Lp@d ()>1
1 (12,3} i1 I ({112,3}

if (ai,aj,aK) = (a,b,a ) and hence the inequality

I 1 I 1
0= f(Hp( a)=<1

I ({12,3} i [

does not hold in L. Now, up to symmetry, the following twelve inequalities remain
to be considered:

0 <p(a Ch)+p(a Lc)—p(a D)< 1,

0<p(a Ch)+p(a [c)—2p(a [hICCY <1,

0<p(a L)+ p(a Lc)+p(b Lc)—2p(a [hILCY <1,
0 <p(a Ch)+p(a Lc)+p(b [c)—3p(a [hILCY<1,
0<p(a) +p C)—p(a ChICcY<1,

0=<p(a) +p( C)—2p(a ChlLcy =<1,

0=<p(a) —p(a Ch)i—p(a Lc)+p(a (b)Y <1,
0=<p(a) —p(a Ch)—p(a [c)+ 2p(a [hICCY <1,
0=<p(a) —p(a Ci+p(b LY=<1,

0=<p(a) —p(a L)+ p(b Lc)—p(a L=< 1,
0=<p(a) —p(a Ch)—p(a LY+ pb [Y<1,
0=<p(a) —p(a C)—p(a CcY+p(b Ccy+pa ALy <1.

By setting in each single of these inequalities an appropriate one of the three
variables a, b, c equal to 1 one sees that these inequalities are not satisfied in L.
This shows that (i) holds. 1

Remark. The idea of the last part of the proof of Theorem 6 can be used in
order to obtain the following general result: If the inequality

0=p(@)+ph) —2p@ald=<1
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does not hold in L and if f A is such that there exist i,j [N with i & j and
(F(OF{D, T) O, 1,1), (1, —1, —1)} then the inequality
C 1 1
0= f(hp( a)=1

I (N i

does not hold in L. (For the proof put &; := a, a; := b and ax := a [hlfor all
k CN\{i,j})

Lemma 7. Exactly half of the subsets of a finite non-empty set are of even
cardinality (and therefore exactly half of the subsets are of odd cardinality).

Proof. Induction on the cardinality of the base set. 1
Lemma 8. [f(1)|<2!'""1 for all f A, and all I 2N\ {[}H
Proof. For f AL and (& 1 [CNIwe have according to Lemma 5

=217 = —{K O\ K| odd}| = f(1) < {K COJI \K]| even}| =2I"I"%,

1
The following theorem gives a su Lcieht condition for the minimality of A(L):

Theorem 9. If there exist a p [SKL) and a,b [ with p(a) + p(b) > 1 and
p(a [h) < Ze@XPOTD then A(L) = Ao.

Proof. Assume there exist p [C3(L) and a,b [0 with p(a) + p(b) > 1 and
p(a [hy < 2e@*POD ) ot £ [A(L). Then f [AL. Put M :={I CNI|f(l) E
0}. Assume (M, Dot to be a chain. Then there exist two elements of M
which are not comparable w.r.t. C_let B,C be two such elements of M with
the additional property that |B| + |C| is minimal. If D (M n 2B)\ {B} then
because of D,C [CM and |D| + |C| < |B| + |C|, D and C are comparable with
respect to C_NNow C would imply C which contradicts the choice of
B and C. Hence C and therefore D [CCl i.e. D LM n 2°)\{C}. This
shows (M n 2B)\ {B} M n 2°)\ {C}. By a symmetry argument it follows
(M n2°)\{C} LW n2B)\{B}. Hence (M n2B)\{B} = (M n2°)\{C}=:E.
Because of the choice of B and C, E is a chain and we have M n 2B = E (B}
and M n2¢ = E [LT}. We put

1 [E]

If E=[1hen S =0 and if E & [dhen (E, D Has a greatest element, say F,
and S = fYF) [ID,1}. Moreover, we have S + f(B) = fXB) 0,1} and
S + f(C) = fY€) 4D, 1}. Since f(B), f(C) A\ {0}, we conclude that

@ (5. (B),f(C)) X(0,1,1), (1, -1, —1)}.
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Now define a LI as follows:
[ | |

EE N
%%&BB

BnC

Put T := [f paCand 1
U= f(l).
1 (BIC]IIB11IC]

Then T =S + f(B)p(a) + F(C)p(b) + Up(a ) and hence because of (2)

® T [L{b(a) + p(b) + Up(a [h), 1 —p(a) —p(b) + Up(a Ch)}.

But because of
1 1 [ | %I 1 %I n
Ul < f) < [F)I< 21 <2 2=
1 (BIC]ITB1IIC] =1 (N1 i=1 i=0

we have |Up(a [b)] < p(a)+p(b)—1 which together with (3) contradicts T [{D, 1}.
Hence (M, [)$ a chain and A(L) = Ag now easily follows from £ [CA,. 1

A weaker su [cieht condition for the minimality of A(L), which is often satisfied,
is the following:

Theorem 10. If there exist a p CSKL) and a,b [ with p(a) = p(b) =1 and
p(a [b) =0 then A(L) =
Proof. Theorem 9. 1

Remark. The conditions of Theorem 10 are often satisfied in so-called Greechie
logics when one takes for a and b atoms lying in di [erknt maximal Boolean sub-
algebras. (Greechie logics are logics which are built up from finitely many finite
Boolean algebras (containing at least three atoms) by “pasting them together”
in a certain way.) So, one can say that in Greechie logics often only those Bell-
type inequalities are valid which follow directly from the fact that every state is
monotone. This phenomenon also appeared in another context in [1].

Next we want to show that in non-trivial “Hilbert logics” L(H) there hold only
“a few” Bell-type inequalities.

Lemma 11. Let H be a complex Hilbert space of dimension > 1 and let ¢ [
(0,1]. Then there exist a;,a, [H and p [CS(L(H)) such that p(a1}0) p(Za2} 0
>1—¢and {h;}h b} F {0}.

Proof. Since dimH > 1 there exist two linearly independent elements a, b of H.
Clearly, a,b & 0. Without loss of generality, |a] = 1. Because of the continuity
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of polynomials there exists a & > 0 such that a? + 2Re(ab)A + b?A? > 0 for all
A [0, d). Because of the continuity of rational functions on their domain there
exist 81,062 [(0,9d) with &; & 6, and

|a2 + abd;| \/m
a2 + 2Re(ab)d; + b23?

for i = 1,2. Now put a; := a+ &b for i = 1,2 and p(M) := |Pnal? for all
M [IXH) where for each M [CL{H) Py denotes the orthogonal projection of H
onto M. Then a;,a; 80 and

2 12
P} = E;E s N

a2 + 2Re (ab)d; + b25?

for i = 1,2. Finally, let ¢ C{h;}h Ay} Then there exist ap,a, [CQ with
C = a1 = Oay, i.e., op(a+ d;b) = az(a + 62b). Since a and b are linearly
independent, we conclude a; = a» and 0191 = 0292 which together with 31 & 9,
implies a; = a, = 0 whence ¢ = 0. This shows {h;}a Fh,}F {0}. 1

Theorem 12. If H is a complex Hilbert space of dimension > 1 then
A(L(H)) = Ao.
Proof. Lemma 11 and Theorem 9. —1

Remark. It should be mentioned that because of Gleason’s theorem every
state p on L(H), where H is an at least three-dimensional Hilbert space, has the
Jauch-Piron property. Hence for Hilbert spaces of dimension > 2 the result of
Theorem 12 cannot be obtained by applying Theorem 10.

Finally, we will provide an asymptotic formula for |Ag]|.
Theorem 13. |Ao| I__Ebﬁ for n - oo.

Proof. Put a, := |Ag|. Because of the definition of Ag, an is the number of

chains in (2N, D_Let by, denote the number of chains in (2N \ { ] O_1f we put
l‘_'—;'.:! ‘:' npr ey
+ ' —_

bo := 1 then we have
=1+ . bj

lﬂ'
bnoi =1 .

i=1 i=1 i=0

bh =1+

for n = 1. Since a, = 2b,, for n = 0, we have

np —

an =2+ i aj and hence 2a, =2 + . aj
i=0 i=0
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for n = 0. An easy calculation shows that g(x) = 22_9; is the exponentially
generating function g(x) = ak —!I‘: of the sequence ag,az, az,.... Now

k=0

_ 1

According to the Theorem of Mittag-Le [Cerive have

1 1 1
(5) ==+ o

ex—1 2 j:_mx—ZJm

Using (4) and (5) and the formula for the sum of an infinite geometric series we

obtain
1w 1 1
= —1+ k .
9(x) 1 2k=OX e (log 2 + 2ji)<+1

Hence we have
I | 1

o, (log2 + 2jmi)n+1

an = _6n0 + 2n'
==
for n = 0. Now

an _ +|:|Iogz L'T+|1+|:|Iog2 Lo
@ﬁ log 2 + 2mi log 2 — 2mi
+1r—|;||Iog2 I:+I1+1T—I;||Iog2 Lok
=2 log 2 + 2jmi =2 log2 — 2jmi

for n = 1. Since

£IIog2 ME: £IIog2 Lok

OS J A A~ T A A
log2 + 2jmi 1, log2 — 2jmi
@ Lok -C'l Cah
i=2 2jT[ ) 2XT
1 1 1 1

2nm@xmP 1 2nm 2m)n

log2 E:a log 2 E‘l
LIJog2+2n| "Yog 2 — 2mi

for n - oo, and since
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we have
an
7 a1
log2 (log2)"
for n - oo and therefore |
n!
A -
Aol 0g 2 (log 2)n
forn - oo. 1

4. Maximal Sets of Valid Bell-type Inequalities

Theorem 14 (cf. [3]). If n = 2 the A(L) = A; if and only if every state on L
is subadditive.

Proof. From the proof of Theorem 6 it follows that in the case n =2 A(L) = A;
is equivalent to the fact that p(a) + p(b) —p(a () < 1 for all p CSI(L) and all
a,b I Replacing a, b within the last inequality by a5 bt respectively, yields the
desired result. —1

Theorem 15. Assume L to be nearly Boolean. Then R(L) = A(L) = A;.
Proof. Let f CAL. Put

L1 [ 1 1
t(Xg,...,Xn) := ( xi 3 xp)
KONGFK)=1 ilKI i [NNK

and let p CSKL). Since L is nearly Boolean there exists a Boolean algebra B, a
state g on B and a homomorphism ¢ from L to B with go ¢ = p. Let a [ II" and

put b := (¢(a1), ..., P(an)) and
1 1
C = bi 1 bID
i1 i [N\

for all I NI Then

EﬂﬁaB: Eﬂma&%qu

I 1 I 1 I 1 I 1
= f(yy L1 o =1 f(1) q(ck)
I N | KT 1 N I CKIN
1 1
= q(ek)f Iﬂ() = a(ck)
K [N K [N K)=1

=q(te (b)) = a(d(tL(2))) = (p = tL)(a).

Hence ¥ [CRI(L). The rest of the proof follows from Theorem 3. 1
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Remark. The above theorem says that in Boolean algebras, for every f [CAy
there exists a g: L" — L such that (B, p.¥& p g for all p [CSI(L). Since every
Boolean algebra has a full set of states (consider the Stone representation and
states concentrated on one element), the above g is uniquely determined by f.
Observe that for | [CNlg(a;) =1 if 1) =1 and g(a,) =0 if £51) = 0. Hence,
according to Lemma 5 we have

[—
fh= (—n"g(ax)
K

for all 1 [CNI. From the existence of the disjunctive normal form for term func-
tions on Boolean algebras and from Lemma 5 it follows that in Boolean algebras
the functions g corresponding to the elements of A; are exactly the n-ary term
functions on L.

Example. Let Og denote the six-element ortholattice {0, a, a5'b,b51} where
0<a<b<11l Then R(Os) = A(Og) = A;. This can be seen as follows: Let
p [SKL). Since a ChTwe have p(a) = p(a) +p(Y — p() = p(a [aY — p(b7) =
p(1) —p(Y = 1—p(Y = p(b). For every a [0, 1] let py denote the mapping from
L to [0, 1] defined by py(0) := 0, pa(a) = pa(b) := a, pa(@) = pa®y :=1—a
and pg(l) := 1. Then, obviously, S(Os) = {ps|a L[ID,1]}. Now it is easy
to see that every state on Og can be derived from a state on the four-element
Boolean algebra. Hence, Og is nearly Boolean and therefore R(Og) = A(Og) = Az
according to Theorem 15.

In the following we consider orthomodular logics.

Theorem 16. Assume n = 3. Then the following are equivalent:
() L is nearly Boolean,
(i) p(t(a)) = p(t2(a)) for all p CSKL), all m =1, all m-ary terms t1,t, on L such
that the law t; = t, holds in every Boolean algebra and all a [T,
(iii) A=A,
(iv) A is maximal.
Proof. The proof that (i)—(iii) are equivalent can be found e.g. in [4]. The
equivalence of (iv) to each of (i)—(iii) now follows by Theorem 3. 1

Theorem 17. Assume n = 3. Then (i) and (ii) hold:
(i) If L has a separating set of states then A is maximal i [0 is Boolean.
(i) If L has a full set of states then A is maximal i 0 is Boolean.

Proof. Theorem 16. 1

Remark. That (also in case n = 3) the maximality of A does not character-
ize the distributivity of L can be seen by the following observation which shows
that there exist nearly Boolean logics which are not Boolean. In order to see this
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consider a non-trivial Boolean algebra B and a stateless logic L. Since every
non-trivial Boolean algebra possesses at least one state (consider the Stone rep-
resentation and any state concentrated on one fixed element), Lo is not Boolean.
Since Lo is a homomorphic image of B % Ly, B < Lg is also not Boolean. Let
p CSKB x Lo). Since p(0,1) > 0 would imply 283 ['S{(Lo), we have p(0,1) = 0
and hence p(a,b) = p((a, 0) [{Q, b)) = p(a, 0) +p(0,b) = p(a,0) for all a,b [Tland

p(.,0) CSKB). Therefore S(B x Lo) = {(x,y) B q(xX)|q [SKB)}. Hence B x Lg
is nearly Boolean.

Theorem 18. |A;| = 22",
Proof. Remark after Lemma 5. 1

Acknowledgement. The authors are indebted to Dr. P. Kirschenhofer, TU
Vienna, for providing the idea for obtaining the asymptotic formula for |Ao|.
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