Acta Math. Univ. Comenianae 211
Vol. LX, 2(1991), pp. 211-217

ON OSCILLATION OF LIMIT FUNCTIONS

J. BORSIK

In the paper [1] the set of all continuity points of the limit function of a func-
tional sequence by using the oscillation of these functions is investigated. In the
present paper we investigate the oscillation of a limit function.

Let X be a topological space and let (Y, d) be a metric space. Let f: X - Y
be a function. The function wg: X - R [{do} (R is the set of all real numbers),
given by the formula we(Xx) = inf{d(f(U)): U is neighbourhood of x} (where
d(A) =sup{d(x,y): X,y CA}) is said to be the oscillation of the function f. It is
well-known that f is continuous at x if and only if wg(X) = 0 ([2]). The symbol
C(f) denotes the set of all continuity points of f, the letters N and Q stand for
the set of all natural and rational numbers, respectively.

Let fn,f: X - Y (n = 1,2,...) be functions. It is easy to see that if the
sequence () uniformly converges to f on an open set G, then for each x 3 we
have

1) Jim wr, (X) = wf (X).

Therefore, if X is a locally compact topological space, then the uniform on
compacta convergence implies (1) on X. In general the uniform on compacta
convergence does not imply (1).

Example 1.1 in [1] shows that (1) is not true for pointwise or quasiuniform
convergence. We recall that a sequence (f,), f,: X — Y quasiuniformly converges
to f: X - Y (see [2]) if the sequence () pointwise converges to f and

[el> 0 m CNICpl CNICX XA :
min{d(fm+1(x), F(x)), ..., d(fm+p(X), T(X))} <&.

We shall show that for the quasiuniform convergence we have

{x A limsup ws, (X) = 0} CCIF).

N - oo

As corollary we obtain that the quasiuniform limit of continuous functions is con-
tinuous function.
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Theorem 1. Let X be a topological space and let (Y, d) be a metric space. Let
f.fn: X oY (n=1,2,...) and let (f,) converges quasiuniformly to f. Then for
each x X we have

) we(X) < 2limsup wr, (X).

n- oo

Proof. Suppose that there is x [CX such that we(X) = 2limsupw¢(X). Then

n - oo

there are o, B such that

3) 2limsupwr,(X) < a < B < we(X).

n - oo

Since limsupwr,(X) < %, there is n; [N such that for each n = n; we have

n - oo

W, < 5. Then for each n = n; there is a neighbourhood Uy, of x such that
a
(4) d(fn(Un)) < 5.

Since (f,,) pointwise converges to f, there is n, [Nl such that for n = n, we have

B—a

®) d(fn (9, F()) < =

Denote m = max{ns, n2}. Then there is p [Nl such that for each y X we have

Mg (Frs1 1), FO). - dCFmnep ), FON} < P %,

1

Denote U = Um+i. Then U is a neighbourhood of x. Let z [Ul. Then there is
i=1

j 3,2,...,p} such that

B—a
4

(6) d(fm+;(2). F(2)) <
Then according to (4), (5) and (6) we obtain

d(f(2), f(x)) = d(f(2), Fm+j (2)) + d(Fm+j (2), Fm+j (X)) + d(Fm+j (), T(X))
<B_G+E+B_G:E

4 2 4 2°

Therefore, for s, t U we have

d(F(s), F(B) < d(F(5), F(x)) + d(F(x), F() < g+ —p.

N

From this we get wg(X) < B, which contradicts to [3]. 1
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Evidently, [2] is not true for the pointwise convergence. However, we have

Theorem 2. Let X be a Baire space and let (Y, d) be a separable metric space.
Let fy,f: X - Y (n=1,2,...) be functions and let (f,) converge pointwise to f.
Let the function f be locally bounded and let M > 2. Then {X [CX: we(X) <
M - |L”1L[1f wg(X)} is dense in X.

If (Y,d) is an arbitrary metric space then {x [X: wf(X) =M - Iinm iorlf we(X)}
is dense in X for each M > 3. h

First we shall prove the following

Lemma 1. Let X be a Baire space and let (Y, d) be a separable metric space
((Y, d) be arbitrary metric space). Let G be an open set in X, let M >2 (M > 3)
andlet0<S < oo. Letf,,f: X - Y (n=1,2...) be functions and let nllngofn =
f. Let IL”lLrlfwfn(X) < S for each x Q. Then {x [(Q: weg(X) = M-S} is a
nowhere dense set in X.

Proof. Denote A = {x [Q: wg(X) = M - S}. Suppose that A is not nowhere
dense in X. The there is a nonempty open set H [Glsuch that A is dense in H.
We shall show that H [CAl Let z CH —A. Then we(z) < MS. Since ws is upper
semi-continuous ([2]), there is a neighbourhood U of z such that wg(X) < MS for
each x [, a contradiction with the density of A. Hence

(M XICH: we(X)=M -S.

I. (Y,d) is a separable metric space and M > 2.
€1
Let {uy, uy, us, ...} be acountable dense subset of Y. ThenY = S(un, 25—4(M -
=1

2)) (where S(u, €) is the open sphere of radius € > 0 about u). S?Hce X is a Baire
space, there is j [N such that the set H n f‘l(S(uj,z—i(M —2))) is not of the
first category. Denote
1 1
B=Hnf! S(uj,23—4(M -2) ,
1 1
D=Hnf1 S(u,-,%(M +2)) ,

—1 S —1
A= x [H: =k; d(fa(x),f(X) < ﬁ(M —-2)
for k [N
Then evidently B D] Ax [CAk+, foreach k [CNland H = Ay. Then there

k=1
is 1 [N such that B n A; is not nowhere dense. Therefore there is a nonempty

open set J [CHI such that B n A; is dense in J. Then B n A, is dense in J for
eachn=i.
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Now we shall prove ti‘\%‘] —Disa neAempty set. If namely J—D = [ thenJ [
D and hence f(J) CSIuj, $(M +2) . From this we have d(f(J)) < 3(M +2)
and wg(X) < %(M +2) < MS for each x [J] a contradiction with (7).

Let z [JI— D. Let p [N be such that z [CA,. Since Iinnligfwfn(z) =S <

2(M +6), there is m = max{i, p} such that

®) 0 (2) < S (M +6).

Let U be arbitrary neighbourhood of z. Then thereisv CBnAnnUnJ. We
have

%(M +2) = d(f(2),u;)
< 4(F(2), mn(2)) + 0(Fim(2), Fin(¥)) + (i (¥), F(0)) + (V) 07)
< 37 (M =2) + d(Fm(@), (D) + 5, (M =2 + (M —2),

From this we get d(fn(z), fm(v)) > 5 (M +6) and hence d(fm(U)) > (M +6).
Since this is true for each neighbourhood of z, we have ws,, (z) = %(M +6), a
contradiction with (8).

Il. (Y,d) is arbitrary metric space and M > 3.

Denote Ax = {x [H: [Nl= k; d(f (), (X)) < %(M —3)} for k [N. Then
there is i [Nl such that A; is not nowhere dense. Therefore there is a nonempty
open set J [CHIsuch that A; is dense in J.

Let x 1. Let p [N be such that x [CA,. Since Iinnli(gfwfn(x) =S <

=(M +9), there is m = max{i, p} such that wf,(X) < (M + 9). Therefore
there is a neighbourhood Uy of x such that d(f(Ux)) < 15—2(M +9).
Lety Uk n Aj. Then

d(f(y), F(x)) = d(F(y), fm(¥)) + d(fm(y), Tm(X)) + d(fm(x), T (X))
© <§(M—3)+§(M+9)+§(M—3)=§(M+3)
24 12 24 6 '
Let y,z U} n Aj. Then similarly
(10) d(F @), F(2)) < %(M +3).

Now let r 3. Let u,v O, nJ. Then there are s U, n U, n Aj and
t CUk n Uy n A;. According to (9) and (10) we have

d(f(u), f(v)) = d(f(u), f(s)) + d(f(s), F(t)) + d(f(t), F(v)) < %(M +3).
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Therefore d(f(Ur nJ)) < %(M + 3) and hence we(r) < M - S, a contradiction
with (7). 1

Proof of Theorem 2. Since f is locally bounded, we have w¢(X) < oo for each
X [A. Suppose that this theorem is not true. Then there is an open nonempty
set G in X such that

(11) [XI[Q: oo > we(X) >M - Iinm inf we, (X).
Define functions h,g: G - R as

h(x) = ILm inf we,, (X),
g(x) = inf{sup{h(y) : y [U}: U is a neighbourhood of x}.
Then g is a nonnegative upper semi-continuous function. Let K be such that

M>K >2(M > K > 3if (Y,d) is not separable). Then we have h(x) <
Swr(X) < Eor(x) for each x CG. We observe that

909 < -0r(9) < LX)

Since X is a Baire space, so there is z A n C(w¢). Let a be such that g(z) <
a< %wf(z). Then there is an open neighbourhood U of z such that

1
(12) h(X) =sg(x)<a< wa(x) for each x [
Hence according to Lemma 1 the set {x [U: we(X) = Ka} is nowhere dense, a

contradiction with (12). 1

The following example shows that the assumption “f is locally bounded” cannot
be omitted.

Example 1. Let X =Y =R, let Q = {q1,02,03, ... } (one-to-one sequence).
Define functions f,,f: R - R as

Iﬂ_(,l if x =0k and k = n,
0, otherwise;

B it x = g,

f(x) =
) 0, otherwise.

fn(x) =

Then nIim fn =T, 0e(X) = oo for each x [X and Iinm inf we, (X) = F(X) for each
x [XA.

Next example shows that Theorem 2 (and Lemma 1) does not hold for M = 2.
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Example 2. Let X =Y =R, Q = {q1,02,--.} (one-to-one sequence) and
Q = A [B], where A and B are dense disjoint sets. Define f,,f: R - R as
C1
@—% if x =0k, x CAandk<n,
fa(X)= _L-1 ifx=q,x [(Blandk<n,

g, otherwise;

I

B« if X =0k and x A,
fx)= _L—-1, ifx=qkandx B,

g, otherwise.

Then nIim fn =T, we(X) = 2 for each x X and

L1 b ifx =g,

liminf wg, (X) = )
n- co () 0, otherwise.

This example shows also that the set {x X : w¢(X) < M - Iinminf ws, (X)}

(where M > 2) may be not residual.

Since every function f: Q - R is in the first Baire class the assumption on X
to be a Baire space (in Theorem 2) cannot be omitted. Next example shows that
Theorem 2 does not hold for arbitrary metric space (Y, d) with M > 2,

Example 3. Let {Bn: n [N} be a countable base in R. We choose two
di Lerknt points a;,b; B and for n > 1 we choose two di [erent points an, by, 1
Bn —{ai1,b1,...,an—1,bn—1}. Denote P = R —{as,bs1,...,an,bn,... }.

Let X = R with the usu%tolpology and let Y = R with the following metric d:

8 ifx=y,

H ifx=ay, y [Pland |y —an| < |y —bnl,
or x =bp,y CPland |y —ba| < |y — anl,
or x,y [P, x 8y,

dy,x) = d(x,y) =

if x=an, y =bn,
Z, otherwise.

o

Further denote for n NI

Un = (o= B0 =0l o fan=tnl,
Vo = (o — 120700l o 180 2Bl
and for j > k denote —1
E8. ifay [,

Dl = % if aj CVA,
. ifay IOk DV,
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C1 .
5. ifh CUL,

cl = % if bj TV,
. ifbj IOk OV
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Now for j > n choose pi, CPInDI nDJn--.nDJ and g, CRInCInCIn-.-nCi.

Define f,,f: X - Y as

C1
5 ifx [P L{ay, by, ..., an, b},
fa(x)= _pl, ifx=ajandj>n,
oh, ifx=bjandj>n;

f(xX) =x for each x [XA.

Then for each x [CX we have nIim fn(xX) = f(X), wg(X) =3 and Iinm infwg, (X) = 1.
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