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COMPLETE SPACELIKE HYPERSURFACES
WITH CONSTANT SCALAR CURVATURE

SHU SHICHANG

ABSTRACT. In this paper, we characterize the n-dimensional (n > 3) com-
plete spacelike hypersurfaces M™ in a de Sitter space S{”Ll with constant
scalar curvature and with two distinct principal curvatures one of which
is simple.We show that M" is a locus of moving (n — 1)-dimensional sub-
manifold Mln_l(s), along Mln_l(s) the principal curvature A of multipli-
city n — 1 is constant and Mlnfl(s) is umbilical in S?Jrl and is contai-
ned in an (n — 1)-dimensional sphere S"_l(c(s)) = E"(s) N ST and

2_(1_R)/ 2
is of constant curvature (d{log|)\ d<sl Rl n}) — A2 4 1,where s is the
arc length of an orthogonal trajectory of the family Mlnfl(s)7 E™(s) is an
n-dimensional linear subspace in R’f+2 which is parallel to a fixed E™(so) and

_1
u = ’)\2 —(1- R)} " satisfies the ordinary differental equation of order 2,
Py u(+252L +R-2) =0

ds?

1. INTRODUCTION

Let R?*2 be the (n + 2)-dimensional Lorentz-Minkowski space and S be the
de Sitter space given by S = {p € RI*? | (p,p)p = 1}. A hypersurface M™ of
S7* s said to be spacelike if the induced metric on M™ from that of ambient
space is positive definite. In [4] we investigated the spacelike hypersurfaces M™
in a de Sitter space ST with constant scalar curvature and with two distinct
principal curvatures whose multiplicities are greater than 1. We showed that

Theorem 1.1 ([]). Let M™ be an n-dimensional complete spacelike hypersurface in
S{L'H with constant scalar curvature and with two distinct principal curvatures. If the
multiplicities of these two distinct principal curvatures are greater than 1, then M™
is isometric to the Riemannian product H*(sinhr) x S"*(coshr), 1 <k <n — 1.

As we know that Otsuki [J] characterized the minimal hypersurfaces in a Rie-
mannian manifold M of constant curvature ¢ with two distinct principal curvatures
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one of which is simple and Cheng [2] investigated the n-dimensional oriented com-
plete hypersurfaces (n > 3) in Euclidean space R"*! with constant scalar curvature
and with two distinct principal curvatures one of which is simple. It is natural and
important to investigate the spacelike hypersurfaces M™ in a de Sitter space S{H’l
with constant scalar curvature and with two distinct principal curvatures one of
which is simple. In this paper, we obtain the following

Theorem 1.2. Let M™ be an n-dimensional (n > 3) complete spacelike hypersur-
face in a de Sitter space S} with constant scalar curvature n(n — 1)R and with
two distinct principal curvatures one of which is simple, then M™ is a locus of
moving (n — 1)-dimensional submanifold M~ (s), along M~ '(s) the principal
curvature \ of multiplicity n — 1 is constant and M}~ *(s) is umbilical in ST and
is contained in an (n — 1)-dimensional sphere S"~*(c(s)) = E™(s) N Sy and is
of constant curvature (d{log|)\2—d(sl—R)\1/"}>2 — A2 + 1, where s is the arc length of
an orthogonal trajectory of the family M~ '(s), E™(s) is an n-dimensional linear
subspace in RY*? which is parallel to a fived E"(so) and u = |A\? — (1 — R)‘_%
satisfies the ordinary differental equation of order 2

d?u n—21
Yy (s — R—2):0.
ds? u( 2 u"+

2. PRELIMINARIES

Let M™ be an n-dimensional spacelike hypersurfaces in S?+17 we choose a local
field of semi-Riemannian orthonormal frames e, ..., e,41 in S{”l such that at
each point of M™ ey, ..., e, span the tangent space of M™ and form an othonormal
frame there. We use the following convention on the range of indices:

1<ABC,---<n+1; 1<k --<n.

Let wi,...,wnt1 be the dual frame field so that the semi-Riemannian metric of
Spt s given by ds? = Y w? — w2, =3 eaw?, where ¢; = 1 and 6,41 = —1.
i A

The structure equations of S?H are given by

(2.1) dezz:eBwAB ANwp, wap+wpa=0,

B
(2.2) dwap = Zechc ANwep +Qag,

c
where

1
(2.3) Qap = —5 Z Kapcpwe Awp ,
C,D

(2.4) Kapcp = eaep(6acdpp — 0apdpc) -

Restrict these forms to M™, we have

(25) Wn41 = 0.
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Cartan’s Lemma implies that

(2.6) Wnt1i = Z hijwj,  hij = hji .
J

The structure equations of M™ are
(27) dw; = Zwij ANwj, wij +wj = 0,

J

1

(2.8) dwij = Zwik Nwgj — 5 Z Rijklwk Nwy,

k k,l
(2.9) Rijii = (0indji — 0udji) — (hirhji — hahji)
where R;ji; are the components of the curvature tensor of M™ and
(2.10) h = Z hijw; ® w;

,J

is the second fundamental form of M™.
From the above equation, we have

(2.11) n(n —1)R=mn(n—1) —n>H? + |h|?,

where n(n — 1)R is the scalar curvature of M", H is the mean curvature, and
|h|> = > hZ; is the squared norm of the second fundamental form of M™.
iJ

Ty
The Codazzi equation and the Ricci identity are
(2.12) hije = hikj ,

(2.13) hijri — hijik = Z Ponj Ronirt + Z him Romjna s
where h;ji and h;j;i; denote the first and the second covariant derivatives of hy;.
We choose ey, ..., e, such that h;; = A;0;;. From (2.6) we have
(214) Wn 414 :)\iwi, 1= 1,2,...,%.
Hence, we have from the structure equations of M™
dwnHi = d)\l N w; + )\Zdah
(215) =dN\ ANw; + N\ Z wij N\ wj.
J
On the other hand, we have on the curvature forms of S{LH,

1
Qg1 = —3 Z Ky 11icpwe Awp
C.D

> (6n1100ip = Sut1pdic)wo Awp
C.D

(2.16)

N =

= Wn+1 /\w,-:().
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Therefore, from the structure equations of S{H'l, we have

dwp 15 = an+1j AWj; — Wntint1 A Wntti + Qpyas

J
= Z /\jwij A Wij.
J

From (2.15) and (2.17), we obtain

(2.17)

(218) d\; Nw; + 2:()\Z — )\j)wij Nwj = 0.
J

Putting

(2.19) Vij = (i = Aj)wsj .

Then v;; = 1;;. (2.18) can be written as

(2.20) Z(@/JU + 6Z‘jd>\j) Aw;=0.

j
By E. Cartan’s Lemma, we get

(2.21) 1/Jij + 5ijd)\j = Z Qijkwk ,
k

where @Q);;1 are uniquely determined functions such that

(2.22) Qijk = Qik;j -

3. PROOF OF THEOREM

We firstly have the following Proposition 3.1 due to [1], which original due to
Otsuki [3] for Riemannian space forms.

Proposition 3.1 ([1]). Let M" be a spacelike hypersurface in S such that the
multiplicities of the principal curvatures are constant. Then the distribution of the
space of principal vectors corresponding to each principal curvature X is completely
integrable. In particular, if the multiplicity of a principal curvature is greater than
1, then this principal curvature is constant on each integral submanifold of the
corresponding distribution of the space of the principal vectors.

Proof of Theorem 1.2. Let M™ be an n-dimensional complete spacelike hyper-
surface with constant scalar curvature and with two distinct principal curvatures
one of which is simple, that is, without lose of generality, we may assume

M=X== 1=X, Ay=u,
where \; for i = 1,2,...,n are the principal curvatures of M™. Since the scalar
curvature n(n — 1)R is constant, from (2.11), we obtain
(3.1) nin—1)(1-R)=(n—1)(n—2)A*+2(n— ).

If A =0 at some points, then R = 1 at these points from (3.1), since R is constant,
we know R =1 on M™. Since these principal curvatures A and p are continuous
on M", from (3.1) and R = 1 we obtain A = 0 on M™. Hence, from the Gauss
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equation, the sectional curvature of M"™ R;j;; = 1—Au =1 > 0, by Myers’ theorem
we know that M™ is compact. From the result of Zheng [6] [5], we know that M™ is
a totally umbilical spacelike hypersurface. This is impossible because we assumed
that M™ is of two distinct principal curvatures. Hence, we can assume A % 0 on
M™. From (3.1), we have

~n(l1-R) (n—2)A

(32) =7 2

Therefore, we get

we know A2 — (1 — R) # 0.

Let u = ’)\2 —(1- R)r%. We denote the integral submanifold through z € M™
corresponding to A by M~ *(z). Putting

(3.3) AA=) Npwp, dp=Y ppws.
k=1 k=1

From Proposition 3.1, we have
(3.4) Mi=Ao=-=X,1=0 on M ().
From (3.2), we have

n(l—R) n-—2

(3.5) du:[— o }d/\.

Hence, we also have
(3.6) B =f2="=fn1=0 on M '(z).

In this case, we may consider locally A is a function of the arc length s of the integral
curve of the principal vector field e, corresponding to the principal curvature p.
From (2.21) and (3.4), we have for 1 <j <n —1,

d)\j = Z ijkwk

d\ =
k=1
(3.7) .
= Z ijkwk + ijnwn = A\pWn -
k=1

Therefore, we have
(38) ijk = O, 1 S k S n — 1, and ijn = A,n .
By (2.21) and (3.6), we have

du = d)\n = E ankwk
k=1
(3.9)

n—1 n

= E ankwk + annwn - § Hyi Wi = Uypn Wh -
k=1

= 1=1
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Hence, we obtain
(3~10) Qunk =0, 1<k<n—-1, and Qnun = fhn -
From (3.5), we get

nl—R) n-—2
3.11 o = fom = | — _
(3.11) Q 0 e 5
From the definition of %;;, if i # j, we have ¢;; = 0 for 1 < i < n —1 and
1 < j <n—1. Therefore, from (2.21),if i #jand 1 <i<n—land 1<j<n-—1
we have

Aon -

(3.12) Qijk =0, forany k.
By (2.21), (3.8), (3.10), (3.11) and (3.12), we get

'l/)'n: Qn c
(3.13) ! ; ke

= ij"wj + annwn = >\m wj .
Since A and p are two distinct principal curvatures of M™, we have

A2 (1-R)

o) #0.

A—p=n
From (2.19), (3.2)and (3.13)we have

wjn _ )\ﬂL
A—pu  A—p
_ A ¥
- O-R) _n-2y "
e e A

2D,
= o 1 oW

n[A2 — (1 — R)]

(314) Win = '

Therefore, from the structure equations of M™ we have

n—1
dw,, = Zwk A Win + Wpn Awy, = 0.
k=1

Therefore, we may put w,, = ds. By (3.7) and (3.9), we get

d)\:)\7nd87 )\;nzﬁa
ds

and

dp
d:u’:,uvndsv Hng
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Then we have

22\ 242
1 R m J— ds )
(3.15) YT e (1 —R]Y T a2 —(1-R)]
_dflog |~ (L= R)F}
o ds 7

3.15) shows that the integral submanifold M/ ! T C()rrespondin to A and s is
g 1 g
umbilical in M™ and S;L 1.

From (3.15) and the structure equations of ST, we have

n—1

dwjn = Z Wik A Wgn + Win A Wnn + Win+1 N Wntin + an
k=1
n—1
= Z Wik N\ Wkn + Wint1 A Wntin — W5 Awn
k=1
_ dflog X — (1 —

R
) }ijkAwk—()\u+1)ijds.
k=1

ds
From (3.15) we have

d*{log|\? — (1 - R)|~} d{log |\ — (1 - R)|=}

dwjn = 752 ds Nwj + ds dw;
d*{log |\* — (1 - R)|=} d{log I/\2 BES
= ds2 ds ANw ijk N Wi
d*{log|\? — (1 - R)|} d{logIAz—(l—R)I%} 2
o { B d32 + [ ds } }wj N ds
d{log |/\2

}ijk/\wk

From the above two equalities, we have

d*{log |\* — (1= R)[v}  ydflog|[\* — (1 — R)[7}12
(3.16) - - { — } (1) =0.
From (3.2) we get

2 o 2 o % o 2 . % 9
(3.17) d*{log | d82(1 R)| }7{d{1g|)\ d8(1 R)| }}

N¥—-(1-R)]+R-2=0.

1
Since we define u = [A? — (1 — R)| ", we obtain from the above equation

d?u n—21
(3.18) @—u<:t TR )_0.
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Since STt is an (n + 1)-dimensional de Sitter space of constant 1 in R}, We

consider the frame e, es,..., €, €n41,€nt2 in R?H. Since the second fundamental
form of S{H'l as the hypersurface R]‘H is given by hap = — ) g €pdap, we have
Wntinge =0, and wijppo = —w;.

Then, from (2.14), (3.15) and (3.16), we have

n—1
de; = Z wij€; + Winen + Wint1€n+1 + Win42€n+2
j=1
n—1 1
d{log |\?> — (1 - R)|=»
= Zwijej + {log]| d( ) Wi€n — AW;i€n 11 — EntoW;
= 5
n—1 1
d{log |\ — (1 — R)|=
= Zwijej + [ {log | di ) }e” — Xepy1 — en+g] wj .
j=1

On the other hand, by means of (3.16) we get

d{log|\? — (1 - R)|=} _yd{log|X* = (1 - R)|}
d{ ds en = Aeni1 en+2} - d{ ds } En
d{log|\2 — (1 — R)|=
4 Hlog] di ™} e dden i — ey — den s
d?{log|\2 — (1 — R)|=} dX
={ ds? e = ggent1} ds
d{log|\2 — (1 — R)|»} /2
+ { | di )‘ } ( ; Wnj€j + Wnnt1€nt1 + wnn+2€n+2>
n—1 n—1
- )\( Z Wn415€5 + Wnt1n€n + wn+1n+26n+2) - Z W;i€j — Wnen
j=1 j=1
d?{log |\2 — (1 — R)|=} dX
- { ds? n Ee”“} ds
d{log|\2 — (1 - R)[+} /'~
+ ds (;wmej — MWn€pt1 — wnen+2)
n—1 n—1
_ )\()\ Z wje; + uwnen) — Zwiej — Wn€n
j=1 j=1
_d*{log|\2 — (1 - R)|%}
:{ 72 —A\u— 1} €nWn

(@, o~ U= R

ds ds ,u}enﬂwn
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_ d{log|X* — (1 - R)|*}
ds
_ d{log|) — (1 —llf)l%}{d{loglk2 —(1-R)"}
ds ds

EntoWn (mod{ey,...,en—1})

€n — Aen-‘,—l - en+2} ds.

We put

1

d{log |\* — (1 - R)|}
ds

W:el/\---/\en,l/\{ en—)\en+1—en+2}.

Therefore we have
1

2_(1- z
_ d{log |\ (1-R)|~} Ws.,

ds
(3.19) shows that n-vector W in R7"? is constant along M7~ (x). Hence, there
exists an n-dimensional linear subspace E"(s) in R7"? containing M}~ !(x). By
(3.19), the n-vector field W depends only on s and by integrating it, we get
AN(s)—(1—-R) =
w={ = Wiso).
W(s0) (1 ) o)

Hence, we have that E™(s) is parallel to E™(sq) in RT 2.

(3.19) dw

Since Q;; = —w; A wj, from (2.2) the curvature of M{"~'(x) is given by
n—1
dwij — Z Wik AN Wk = Win A Wnj — Win+1 AN Wn415 — Wi A Wy
k=1

_ _{(d{log|)\2 —(1-R)|»

Is }>2—)\2+1}wi/\wj.

1
Therefore we know that the curvature of M (z) is (d{log ‘)‘ZZIS_R)‘ i3, )2 —A?+1

and M7~ (z) is contained in an (n — 1)-dimensional sphere S"~!(c(s)) = E"(s) N
STHL of the intersection of ST and an n-dimensional linear subspace E”(s) in
R72 which is parallel to a fixed E™(sg). This completes the proof of Theorem 1.2.
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